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Abstract\We journey to learn, yet in travelling grow each dayfurther and further from where we began" { Wade DavisTaxonomies are prevalent in a multitude of �elds, including ecology, linguistics, programming languages, databases,and arti�cial intelligence. In this thesis, we focus on several aspects of reasoning with taxonomies, including themanagement of taxonomies in computers, extensions of partial orders to enhance the taxonomic information thatcan be represented, and novel uses of taxonomies in several applications.The �rst part of the thesis deals with theoretical and implementational aspects of representing, or encoding, tax-onomies. Our contributions include (i) a formal abstraction of encoding that encompasses all current techniques; (ii)a generalization of the technique of modulation that enhances the e�ciency of this strategy for encoding and reducesits brittleness for dynamic taxonomies; (iii) the development of sparse logical terms as a universal implementationfor encoding that is supported by a theoretical and empirical analysis demonstrating their e�ciency and 
exibility.The second part explores our contributions to the application and extension of taxonomic reasoning in knowledgerepresentation, logic programming, conceptual structures and ecological modeling. We formalize extensions to partialorders that increase the ability of systems to express taxonomic knowledge. We develop a generalization of equalityconstraints among logic variables that induces a partial order among equivalence classes of variables. For graphicknowledge representation formalisms, we develop techniques for organizing the derived hierarchy among graphs inthe knowledge base. Finally, we organize abstract models of landscapes in a taxonomy that provides a frameworkfor systematically cataloging and analyzing landscape patterns.
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Chapter 1Introduction\In all things of nature, there is something of the marvelous"{ AristotleThe drive to categorize and organize knowledge has been ubiquitous throughout human intellectual development.Taxonomic knowledge was �rst formalized by Aristotle, who proposed to de�ne the intention of a complex concept interms of its genus, or general type, and di�erentia, or speci�c properties. It is therefore natural that a large portionof current knowledge is taxonomically related, and that taxonomies are prevalent in a multitude of �elds.In this thesis, we are concerned with research on the e�cient representation and use of taxonomies, extend-ing partial orders for taxonomic knowledge representation and reasoning, and applying taxonomies to a variety ofapplications. Central to this research is the partial order (Figure 1.1).
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Figure 1.1: Research overviewThe motivation for this thesis is based on the following observation:Observation Taxonomic knowledge is a useful artifact for organizing many aspects of human thought, much ofwhich can be captured in a mathematically elegant way with partial orders. The capability of automated systemsdepends on the identi�cation, application and e�cient organization of taxonomic information.1



CHAPTER 1. INTRODUCTION 2Due to the multi-disciplinary nature of this thesis, we pose a number of speci�c theses to explore this observation:Thesis 1 (Taxonomic encoding) : There exists a formal characterization for the representation, or encoding, ofpartial orders in computers as the expression of certain aspects of taxonomic information that is distinct from themanner in which that information is implemented.Thesis 2 (Modulation) : Concepts naturally group into related, but not necessarily independent, partitions, andthis can be exploited to decompose large taxonomies into manageable units.Thesis 3 (Sparse term encoding) : There exists a universal encoding implementation that combines the advan-tages of other implementation techniques.Thesis 4 (Extending partial orders) : Partial orders can be extended with taxonomic information beyond sub-sumption, and this can enrich the expressive power and consistency of a taxonomic reasoner.Thesis 5 (Reference constraints) : The symmetry of equality constraints can be decoupled into two asymmetricreference constraints that induce a novel and practical hierarchy on equivalence classes of logical variables.Thesis 6 (Conceptual graph generalization hierarchy) : Knowledge-bases ofgraphs that exhibit a derived hierarchical structure can be organized as a spanning tree that permits improved traversale�ciency for operations on that hierarchy.Thesis 7 (Landscape ecology: hierarchy of landscape models) :Generators of landscape models can be viewed as imposing sets of constraints on pattern generation. These sets ofconstraints induce a hierarchy on landscape models that serves as an organizational framework for model generatorsand for the analysis of landscape patterns.1.1 Motivation and Summary of Thesis ResultsWe motivate the thesis by discussing a number of open problems that we focused our research e�orts on, and someof the signi�cant results that we obtained. This thesis crosses a number of disciplinary boundaries, and advances thestate of the art in several di�erent �elds. The list below follows somewhat the structure of this thesis.1. Encoding: Mellish [102] studied the use of logical terms for encoding lattices. He characterized the classes oflattices for which term encodings were possible for di�erent forms of terms (e.g. 
at terms). However, noalgorithm was presented, and so no constructive solution to the problem of encoding was proposed.On the other hand, researchers advocating the use of bit-vectors and related approaches have applied encodingin real applications (e.g. object-oriented programming [24], operating systems [97]). However, these approacheshave been ad hoc, and no formal apparatus has emerged to permit objective comparison and evaluation of thedi�erent techniques.We develop a formal apparatus for objectively characterizing all encoding algorithms. Our framework permitsthe separation of the informational content of an encoding from its implementational details, and allows com-parison at an abstract level of di�erent encoding techniques. Furthermore, the advantages and disadvantagesof various approaches for implementing encodings can be analyzed for their e�ect on space and time e�ciency,and their dynamic behaviour.2. Modulation: Modulation is a well-known technique for the analysis of partial orders in discrete mathematics(e.g. [60]), but it wasn't until the seminal work of A��t-Kaci et al. [2] that its use for encoding was proposed. Thealgorithm proposed in this paper produces an approximate modulation in a time e�cient manner. Researcherson partial order theory, on the other hand, have worked on exact modulation algorithms, but it was onlyrecently that an e�cient (linear) algorithm was developed [76]. Even with the ability to decompose taxonomies



CHAPTER 1. INTRODUCTION 3into modules, however, the ability to take advantage of modulated taxonomies has received limited attentionbeyond the proposal in [2].An additional issue, and perhaps more important, is that modules are rigidly de�ned constructs. Even ifadequate modulations are possible in real taxonomies, dynamic updates have the potential to invalidate muchof the work involved in modulation. Prior to our research, no proposal had been made to address this seriousissue that undermines the potential advantages of modulated encoding by making modules too brittle for realapplications.Taking advantage of the decomposition tree of a modulation, we develop a technique for modulated encodingthat reduces the size of codes, and the time to compute taxonomic operations, beyond that proposed in [2].Furthermore, our abstract treatment of modulation permits a direct generalization to a relaxed de�nition ofmodules that degrade gracefully under dynamic updates. We design algorithms for operations on generalizedmodules, which we prove to be correct.3. Logical term encoding: The viewpoint taken in the analysis of Mellish [102, 104] is: given a technique forimplementing encodings, what forms of taxonomies can be encoded? We feel that, for real-world problems,this viewpoint is 
awed. In applications that require encoding, we may not have the luxury to restrict theform of a taxonomy to encode. Thus, we believe that a better viewpoint is: given a taxonomy, what is the bestapproach to encode this taxonomy? This stance makes it easier for people to describe things naturally, anddoes not overly constrain their expressive power. We highlight \best", since there are a number of criteria bywhich we may evaluate encoding. The most prevalent criterion is the size of the resulting codes, although wediscuss others later.Due to the structural potential and 
exibility of logical terms, we feel that term encodings are the mostpromising form of implementation. For example, logical terms may permit dynamic updates to a portion of ataxonomy without requiring a full re-encoding, while any change to the length of a bit-vector encoding requiresupdating every code. However, prior to research conducted for this thesis, no algorithms for encoding withlogical terms had been proposed.Our early attempts at logical term encoding using Prolog terms were unsuccessful due to the vast number ofanonymous variables that produced excessively large terms. For this reason, we developed and implementedsparse logical terms for the speci�c task of logical term encoding, although we later found other uses for them.Sparse terms vastly improved our term encoding results, but we later discovered how the bene�ts of encodingwith logical terms, integer vectors and interval sets could be integrated into an extended form of sparse term.In this thesis, we propose these extended sparse terms as a universal encoding implementation that encompasses(in terms of e�ciency) most other approaches to implementing encodings, and we devise and implement the �rstpublished logical term encoding algorithms. This claim is backed up by theoretical comparisons of sparse termswith other approaches to encoding, as well as an empirical comparison between bit-vectors and sparse termsfor encoding two medium size taxonomies from existing applications. Even though each item of informationin a sparse term uses more space in an absolute sense (i.e. one atom vs. one bit), sparse terms outperformedbit-vectors by nearly an order of magnitude. This result is strengthened by the improved 
exibility obtainedby the use of logical terms over more rigid implementations such as bit-vectors.4. Extending partial orders: The maintenance of taxonomic knowledge has been polarized. At one extreme,systems use mathematically pure, but limited, partial orders for representing taxonomic information. At theother extreme, terminological systems provide rich formalisms for specifying knowledge, and taxonomic infor-mation is derived through the expensive (and potentially intractable) operation of classi�cation [18, 19, 159].In order to gain e�ciency, some terminological systems limit expressive power to obtain tractable classi�cation.However, there has been no corresponding push in the other direction, namely to embellish partial orders withfurther power to incorporate additional forms of taxonomic knowledge other than simple subset information.One of the dangers of this situation is that taxonomic operations, such as meets, have been interpreted as equiv-alent to conceptual, or set-theoretic operations, such as intersection. Although this correspondence appears



CHAPTER 1. INTRODUCTION 4natural, it may lead to invalid inferences, as pointed out in [28] in the context of many-sorted logic.The solution to this problem suggested in [28] is to embed the taxonomy in a special Boolean lattice thatprovides consistent inferences. This is adequate for logic, but inadequate for applications that must reasone�ciently with taxonomic knowledge, due to a potentially exponential increase in space. We analyze sortreasoning as a distinct reasoning task, and suggest the inclusion of a sort reasoner in applications that utilizetaxonomic knowledge. By developing a sound and complete sort logic (not a sorted logic for reasoning withsorts, but a logic for reasoning about sorts), we clearly identify the task required as the sort reasoning problem.We prove that this problem is NP-Hard, but analyze the sources of intractability. By limiting certain forms oftaxonomic declarations and queries, we show that intractability can be bounded, resulting in a sort reasoningprocedure that only requires polynomial time.5. Reference constraints: During the development of a constraint based view of encoding, we identi�ed the utilityof constructing a hierarchy of logical variables (actually, of equivalence classes of variables). In this way,uni�cation can be split into two uni-directional components that allows, for example, updates to a variable Xto be automatically uni�ed with variable Y , but not vice versa. This form of relation among logical variableshas not been previously proposed.We develop a formal description of reference constraints, and show how they may be speci�ed in a logicprogram. We also explain how the resulting hierarchy of equivalence classes is maintained and satis�ed duringthe processing of a logic program. Finally, we discuss how reference constraints can be implemented, andpropose potential modi�cations to the control strategy of logic programming languages that may take fulleradvantage of this new form of constraint.While working out the details of reference constraints among logical variables, we identi�ed a broad area ofapplication in hypothetical reasoning systems. Reference constraints naturally lead to the notion of individual-level inheritance. The classical notion of inheritance involves inheritance of properties among classes (e.g. theclass cat inherits properties from the class mammal) and from classes to individuals (e.g. the cat Ash inheritsproperties from the class cat). Individual-level inheritance is a novel and distinct form of inheritance amongindividuals, which are approximated by terms in logic programming. If individual A inherits from individualB, then the term that approximates A must be more fully speci�ed than the term that approximates B. Thisnotion has applications in systems that reason with uncertainty, to separate, but relate, hypothetical fromknown information in a given context.6. Conceptual structures: Conceptual structures is a graph-based formalism for knowledge representation thatrelies heavily on taxonomies. The type and relation lattices are declarational structures to which encodingtechniques are directly applicable. The generalization hierarchy, however, is a partial order formed by graphsusing the complex operation of projection, which is akin to classi�cation in terminological representations suchas KL-ONE [18]. Essentially, one graph subsumes another if the former contains a subset of the information ofthe latter. However, the computation of this derived taxonomy is expensive, and the taxonomy itself is highlydynamic as changes to the knowledge base transpire. To organize this hierarchy, a number of techniques,including encoding [42], have been proposed, although research on this problem is ongoing.We develop a solution that takes advantage of the information content of graphs to organize the generalizationhierarchy. Graphs are preprocessed using some normalization techniques to produce a standard form, calledspanning tree normal form due to the representation of a graph as a tree with coreference links. The generaliza-tion hierarchy itself is also organized as a tree, and graphs are further normalized into generalization hierarchynormal form as they are inserted into the tree. The advantage of this tree form is that the projection operationbetween a node and its parent in the tree is greatly simpli�ed, so traversals down branches are less costly thangeneral traversals in the hierarchy. Furthermore, in [42] it is argued that the most e�cient traversals of thegeneralization hierarchy are topological. We show that, given a spanning tree produced from a left-to-rightdepth �rst traversal of a partial order, a right-to-left depth �rst traversal of this tree corresponds to a depth�rst topological traversal of the partial order.



CHAPTER 1. INTRODUCTION 57. Landscape ecology: model generation Work on theoretical models of landscapes, known as neutral models,has proceeded steadily over the last few years (e.g. [25, 66, 67, 148]), but is now rapidly expanding, as thenumber of presentations that focused on neutral models at a recent landscape ecology symposium testi�es(e.g. [64, 73, 83, 100, 157]). However, although the development and use of neutral models and neutral modelgenerators has proliferated, no unifying framework for organizing and categorizing models has emerged.By de�ning the general notion of a landscape model prototype, we provide a formal framework for describingand comparing theoretical landscape models and model generators. A landscape model prototype describes anexpected pattern in the absence of additional ecological information, and so de�nes a distribution of landscapepatterns in a multi-dimensional space of possibilities. Using this notion, a hierarchy of prototypes is induced;near the top are general prototypes that correspond to neutral models, while lower down are more predictivemodels. Overall, the hierarchy clari�es gradients of neutrality in landscape models, and can be used to aidselection of existing landscape model generators, in guiding the development of new model generators, and foranalyzing data sets of landscape models with respect to the degree of neutrality.1.2 Organization of ThesisThe thesis is divided into two major parts. In Part I we look at some theoretical and implementational issues forrepresenting taxonomies, while part II considers several applications and extensions of reasoning with taxonomies.The following chapter provides relevant background information for the thesis. In particular, some basic partial ordertheory is presented as well as deviations from standard theory that we found important for our research. Due to thediversity of topics covered, each chapter will also present background material and related work important to thechapter.Part I, taxonomic encoding, is divided into four chapters that contain research on various aspects of this topic.Historical developments in taxonomic encoding are described in Chapter 3. In Chapter 4, we provide an in-depthstudy of encoding and develop our framework for formalizing encoding. We describe our generalizations of modulationin Chapter 5. In Chapter 6 we develop sparse logical terms as a universal encoding implementation. Theoretical andempirical evidence is presented to support this position.Part II is divided into four chapters pertaining to research on extensions to, or applications of, reasoning withtaxonomies. In Chapter 7, we present results on extending the mathematical notion of a partial order to enhancethe ability to represent taxonomic knowledge. In chapter 8, we describe an application of partial orders in logicprogramming for generalizing equality constraints among logical variables. We present the use of taxonomies inconceptual structures in Chapter 9. In particular, we focus on techniques for organizing the generalization hierarchyinduced by conceptual graphs, including graph normalization and a spanning tree representation of this hierarchy.Finally, we show in Chapter 10 how a partial order can be de�ned among abstract models of landscapes in orderto enhance the organization and speci�cation of generators of landscape models, and the analysis of data sets oflandscape models.



Chapter 2Background and MathematicalPreliminaries\From here on down, it's uphill all the way" { Walt KellyThe cohesive theme of this thesis is the partial order, a simple yet elegant and powerful mathematical concept to whicha lot of attention has been devoted (e.g. [15, 38, 144]). Partial orders underlie central aspects of many domains, suchas mathematical logic [128], sorted logic [27, 28, 93] and logic programming [3, 4, 93], type systems [106], naturallanguage processing (e.g. typed feature structures [23, 71, 118], systemic networks [80, 101]), object-orientation(e.g. databases [1], languages [24]), knowledge representation (e.g. conceptual structures [42, 136], knowledge bases[45], description logics [17, 18, 159], default inheritance and non-monotonic reasoning [22, 85, 143, 151]), machinelearning (e.g. description identi�cation [103] and concept learning [108, 156, 161]), formal concept analysis [153, 155],distributed systems [97], and ecology and ecological modeling [8, 11, 39, 75, 115].As the size of partial orders increases, it becomes important to �nd representations that are both space e�cient,and support fast execution of desired operations (e.g. greatest lower bounds). Suitable encoding techniques willdepend on the nature of these partial orders (e.g. whether they can change dynamically, whether certain propertiessuch as distributivity or bounded width are satis�ed) and the operations to be supported. Research on taxonomicencoding has explored a variety of possibilities (e.g. [2, 24, 34, 35, 43, 45, 61, 77, 78, 79, 93, 97, 101, 102, 104, 114]).In order to empower logical terms for encoding, we developed sparse terms [51], based on an analogy to sparsematrices. There are many similarities, but also some important di�erences, between sparse terms and  -terms inLIFE [4], as well as sorted feature structures [23, 118].Although mathematically clean, partial orders limit the representation of taxonomic knowledge to subsort-supersort (or isa) relationships. We cannot, for example, directly state that two sorts are incompatible or de�neone sort as the intersection of a set of other sorts. This poses problems for specifying more complete taxonomicrelationships as well as for denotational semantics in sorted logic [28]. Research on many sorted logics has addressedthis issue by expanding the expressive power of relationships among sorts. In simple many sorted logics the sortssimply partition the domain of discourse, while more complicated logics permit much more expression [28].The potential applications in which we could explore reasoning with taxonomies are many. We choose to focus onlogic programming, conceptual structures and ecological modeling. An important application that we only exploresuper�cially is natural language processing, where important uses of taxonomies include lexical speci�cation andtyped feature structures (e.g. [23, 118]). We have also used taxonomies in the resolution of anaphora and co-speci�cation in discourse processing [54] (synthesizing and extending research in [9, 84, 133]), and for hypotheticalreasoning [36].Equality constraints partition logical variables into coreference classes, each of which denotes an individual (whichmay be unspeci�ed or partially speci�ed) in a domain of discourse. These constraints form a basis for a number oflogic programming languages, such as Prolog [138] and LIFE [4]. However, the resulting classes are unrelated to eachother. Our application is the exploration of a generalization of equality constraints that induces a partial ordering6



CHAPTER 2. BACKGROUND AND MATHEMATICAL PRELIMINARIES 7among coreference classes.Conceptual structures [136] is a rich application for taxonomies. Taxonomic encoding has been proposed for thetype lattice [35], and for the generalization hierarchy of graphs [41, 42]. Other research has analyzed normalizationtechniques for conceptual graphs [107, 160]. Our focus is on the use of normalization techniques for a novel ande�cient organization of the generalization hierarchy.Landscape ecology [58] and ecological modeling are also prime application areas for taxonomies, particularlyfor spatially explicit population models [40], ethology (animal behaviour) models [39], individual-based modeling[14, 57, 130], and intelligent simulation [105, 110, 124, 129]. Our focus is on spatially explicit models of landscapes[10, 135, 146]. Work on theoretical landscapes has shown that models which contain no or very little ecologicalinformation, known as neutral models, provide a null hypothesis for landscape pattern and change [66, 67, 148, 145,147, 150, 149]. We have extended this notion to provide an incremental path from neutral models to landscapemodels that incorporate ecological information, and possibly real data (e.g. from a GIS), inducing a partial orderingamong landscape models [55, 56].2.1 Partial Order TheorySince the core of this thesis revolves around the partial order, it is important to have a clear understanding of theunderlying mathematics upon which much of this research rests. In this section, we present some basic partial ordertheory, as can be found in [38], or any other lattice theory text. De�nitions and theorems that introduce our additionsto, or deviations from, standard theory will be followed by an asterisk.A (partially) ordered set is a pair (P;�) where P is a set and � is a re
exive, transitive and anti-symmetric binaryrelation de�ned on P . Often, we leave � implicit and simply call P an ordered set. We call � subsumption, and usesubscripts (e.g �P ) to disambiguate di�erent orders. If x � y or y � x, then we say that x and y are comparable.We denote that x and y are incomparable by xjjy. If x � y but x 6= y, we write x < y. We say that x is covered by y,or y covers x, if x < y and x � z < y implies that x = z. Genealogical terms are also used: if x � y, then we say xis a descendant of y, or y is an ancestor of x. If x is covered by y, then we say x is a child of y, or y is a parent of x.An ordered set P is a chain (or total order) if 8x; y 2 P either x � y or y � x; P is an anti-chain if 8x; y 2 Px � y implies that x = y (i.e. if x 6= y then xjjy). Any subset Q of P is a suborder if, for any x; y 2 Q, x �Q y if andonly if x �P y.Examples of ordered sets include families of subsets of some domain X ordered by set inclusion (i.e. A � B ifand only if A � B), sets of integers ordered by divisibility (i.e. x � y if and only if x is a factor of y), and logicalterm spaces ordered by term instantiation. An example of a total order is the set of integers ordered by relativemagnitude. Ordered sets can be shown diagrammatically (in Hasse diagrams) by placing subsuming elements abovesubsumed elements and only drawing arcs in the transitive reduction, as shown in the samples below.
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nFigure 2.1: Sample ordered sets2.1.1 Properties of ordered setsWe de�ne the dual P @ of an ordered set P by reversing �. We similarly de�ne the dual of a statement regardingordered sets. The Duality Principle allows us to deduce the dual of a statement once the statement itself is proven.Suppose we have a subset Q of an ordered set P . Then q 2 Q is a maximal element of Q if q � x 2 Q impliesthat q = x, and q is the greatest (or maximum) element of Q if q � x for every x 2 Q. Minimal and least elementsare de�ned dually. The set of maximal (minimal) elements of a set Q is denoted as dQe (bQc). If P has a greatest



CHAPTER 2. BACKGROUND AND MATHEMATICAL PRELIMINARIES 8(least) element, we call it top (bottom), denoted by > (?). If P has both > and ?, then we call P bounded. Anelement x 2 P is an upper (lower) bound of Q if q � x (x � q) for every q 2 Q. The set of all upper (lower) boundsof Q is denoted Qu (Ql).De�nition 2.1 Let P be an ordered set and Q a subset of P . If Qu has a least element x, then x is called the joinor least upper bound of Q, denoted tQ. If Ql has a greatest element x, then x is the meet or greatest lower boundof Q, denoted uQ1.If Q has exactly two elements, x and y, then tfx; yg and ufx; yg may be written x t y and x u y, respectively.The join xt y may fail to exist because x and y have no common upper bound or because they have no least upperbound (i.e. bfx; yguc is not a singleton). In the former case we call x and y join incompatible, and if x and y have nocommon lower bound they are called meet incompatible. Note that in a �nite ordered set, there exists a non-uniquemeet if and only if there exists a non-unique join. In the ordered set in Figure 2.2, we can see that dogtwild doesn'texist, while dog uwild = feral dog.
domestic canine wild social

dog wolf african
wild dog

feral dogpoodlecollie terrier kit fox red fox

foxFigure 2.2: Example ordered setDe�nition 2.2 (*) Let P be an ordered set and Q a subset of P . The set of minimal upper bounds of Q is calledthe join base of Q and the maximal lower bounds of Q is the meet crest of Q.By abuse of notation, we denote lower bound, or meet, crests the same as meets (and upper bound, or join, basesthe same as joins), although the result is a set, not a single element. Thus, in Figure 2.2, neither dog u fox nordog twild exist, but wild u social = fwolf; african wild dogg and fox twolf = fcanine; wildg.De�nition 2.3 Let P be an ordered set and Q a subset of P . Then Q is a down-set if for x 2 Q and y 2 P , y � ximplies y 2 Q. Up-sets are de�ned dually.We can construct the smallest down-set containing a set Q as #Q = fy 2 P j9x 2 Q; y � xg. If Q consists ofthe single element x, we write #x. Note that Q is a down-set if and only if Q = #Q. As an example, in the secondordered set in Figure 2.1, #6 = f6; 3; 2; 1g. The family of all down-sets of an ordered set P is denoted by O(P ), andis ordered by set-inclusion. A down-set with a single maximal element is called principal, otherwise it is compound.Compound down-sets can be viewed as the union of a set of principal down-sets. Note that if P is an anti-chain,then O(P ) = 2P (the power set of P ). In general, O(P ) � 2P and is much smaller for most ordered sets.There is a complementary correspondence between down-sets and up-sets, as formalized in the next theorem.Note that we use the symbol \n" for the set di�erence operator.Theorem 2.1 (*) If #Q is a down-set in an ordered set P then Pn#Q is an up-set.Proof: If e is not in the down-set, then it is not subsumed by any element in Q. So every ancestor of e is also not in thedown-set. Thus, this complement is an up-set. 2When P is �nite, every non-empty set #Q 2 O(P ) can be characterized by its maximal elements, called thefactors of the down-set. In a canonical down-set #Q, every pair of elements in Q is incomparable (i.e. they form ananti-chain) and is thus the set of factors of #Q. Hereafter, we assume that all down-sets are canonical.1Some order theory texts use ^ and _ to denote meets and joins. (e.g. [38]). These symbols, however, con
ict with the symbolstraditionally used in predicate logic for conjunction and disjunction. The symbols u and t are also used in order theory, and provide amore consistent notation.



CHAPTER 2. BACKGROUND AND MATHEMATICAL PRELIMINARIES 92.1.2 LatticesDe�nition 2.4 Let L be a non-empty ordered set. If joins and meets exist for every x; y 2 L, then L is a lattice. Ifthe join and meet exists for every subset S � L, then L is a complete lattice.Every complete lattice must be bounded and every �nite lattice is complete [38] (since the meet of any set canbe expressed as the successive meets of pairs of elements). An example of a lattice is 2X for a set X, ordered by setinclusion. Also, if P is an ordered set, O(P ) is a complete lattice ordered by set inclusion. All of the examples inFigure 2.1 are lattices, but the example in Figure 2.2 is not. Note that the dual of a statement regarding lattices isobtained by interchanging u and t in addition to reversing the order relation.De�nition 2.5 A non-empty down-set #Q of a lattice L is an ideal if a; b 2 #Q implies a t b 2 #Q.Thus, an ideal is a down-set that is closed under join. A dual ideal is called a �lter. An ideal #Q is called properif Q � L. For each a 2 L, #a is an ideal and "a is a �lter, respectively called the principal ideal and principal �lterinduced by a. Thus, every principal down-set is an ideal. Also, in a �nite lattice, every ideal or �lter is principal [38].De�nition 2.6 Let L be a lattice and Q a proper ideal in L. Then Q is a prime ideal if a; b 2 L and a u b 2 Qimplies a 2 Q or b 2 Q. A prime �lter (ultra�lter) is de�ned dually.De�nition 2.7 Let P be an ordered set and e 2 P; e 6= >. Then e is meet irreducible if xuy = e implies that x = eor y = e.Thus, e is meet irreducible if it is not the (unique) meet of any set of elements not containing e. Join irreducibleelements are de�ned dually. We represent the set of meet and join irreducible elements by M(P ) and J (P ),respectively. In a lattice L, the meet (join) irreducible elements are the elements that have exactly one parent(child). For ordered sets, however, the set of meet (join) irreducible elements is not as easily identi�ed.Theorem 2.2 (*) Let P be an ordered set. Then an element x 2 P is meet irreducible if and only if the set ofparents A of x is a singleton or has a non-singleton meet crest.Proof: Let x be an element of P and let A be the set of parents of x.) If A is not a singleton and has a singleton meet crest, then the meet is x, so x is not meet irreducible.( Suppose A is a singleton or has a non-singleton meet crest. In the former, x is clearly meet irreducible. For the lattercase, suppose x is non-meet irreducible. Then there is a set of elements Q for which uQ = x. Let A0 be the elements of Asubsumed by some element of Q. It follows that uA0 = x. Clearly x 2 uA. Consider any lower bound b of A. Since b is alsoa lower bound of A0, b � x. Thus x is the greatest lower bound, so A has a unique meet. 22.1.3 Order mappings and lattice completionsDe�nition 2.8 Let P and Q be ordered sets. A map ' : P ! Q isi. order-preserving (or monotone) if x � y in P implies '(x) � '(y) in Q.ii. an order-embedding if x � y in P if and only if '(x) � '(y) in Q.iii. an order-isomorphism if it is an order-embedding mapping P onto Q (denoted as P �= Q).Note that if ' is an order-embedding, then '(P ) �= P . Also, an order-embedding is one-to-one, so its inverse is apartial function, and an order-isomorphism is bijective, so its inverse is a total function. Figure 2.3 shows an orderedset and example order-preserving and order-embedding mappings. Two order-isomorphic sets must have isomorphicdiagrams.De�nition 2.9 Let K and L be lattices. A map ' : L ! K is a homomorphism if ' is join and meet-preserving.That is, '(a t b) = '(a) t '(b) and '(a u b) = '(a) u '(b).A bijective homomorphism is a lattice isomorphism. If ' is one-to-one, then the sublattice '(L) ofK is isomorphicto L and ' is an embedding of L into K. If '(?) = ? and '(>) = >, then it is called a f0,1g-homomorphism.Figure 2.4 shows a simple lattice and two homomorphisms, both of which happen to be f0,1g-homomorphisms. Thesecond is also an order-embedding.
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)Figure 2.3: Example order mappings. The �rst (centre) mapping is order-preserving and the second (right-hand)mapping is an order-embedding.
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ϕ(T)=ϕ(b)

ϕ(a)=ϕ(

T

)

ϕ(T)

ϕ(a) ϕ(b)

ϕ(

T

)

T

cFigure 2.4: Example lattice mappings. Both mappings are f0,1g-homomorphisms and the second (right-hand)mapping is also order-embedding.2.1.4 Lattice completionsSince many results depend on a lattice structure, we now describe how to form a lattice from an arbitrary orderedset using an order-embedding. This is known as lattice completion.De�nition 2.10 Let P be an ordered set and L a complete lattice. If ' :P ! L is an order-embedding, then L is acompletion of P (via ').For example, the mapping '(x) = #x embeds P into the complete lattice O(P ). Other completions includethe Boolean lattice completion of Cohn [28]. It is, however, possible to specify a completion of minimal size. Thefollowing de�nition is isomorphic to the Dedekind-MacNeille completion [38, 77] (which maps into a sublattice ofO(P )) and the completion described in [2] (which maps into a sublattice of 2P ). Recall that for ordered sets, wede�ne the \u" operation to return the set of maximal lower bounds (as opposed to a single meet element).De�nition 2.11 Let P be an ordered set and LP � 2P be a lattice de�ned as follows: A 2 LP if and only if 9a; b 2 Pfor which A = auP b. For A;B 2 LP , A �LP B if and only if 8a 2 A, 9b 2 B such that a �P b. The minimal latticecompletion of P is the order-embedding ' : P ! LP , where for a 2 P , '(a) = fag.This lattice completion can be constructed simply by checking each pair of elements in P . If their meet is notunique, then create a new element that represents this meet. Clearly, LP �= P if and only if P is already a lattice.We could also de�ne a minimal completion in terms of joins, which is isomorphic for �nite lattices. As an example,Figure 2.5 shows a minimal completion of the lattice in Figure 2.2, where pack dog = fwolf; african wild dogg andwild dog = fferal dog; fox;wolf; african wild dogg.
domestic canine wild social

dog

wolf
wild dog
african

feral dogpoodlecollie terrier

kit fox red fox

fox

wild dog

pack dog

T

TFigure 2.5: Minimal completion of the ordered set in Figure 2.2



CHAPTER 2. BACKGROUND AND MATHEMATICAL PRELIMINARIES 11A minimal completion can be viewed in two ways. The �rst is as an abstract construct that gives formal meaningto meet crests within P (by adding new nodes to stand as proxies for non-singleton meet crests). In this context, wework with the original ordered set. When computing meets, we may obtain a non-singleton meet crest, which requiresadditional search in the ordered set. This is the approach taken in [2] and is useful when many lattice operations areperformed before output to the user is required. The second viewpoint, taken in [24, 102], is to realize the completion.Working with a lattice leads to simpler encoding algorithms and decoding schemes. Unfortunately, completion mayresult in adding an exponential number of elements to our original set. This problem can be alleviated somewhatusing the technique of lazy completion in [77], where elements representing non-unique meets and joins are only addedas they are computed.An ordered set P that does not possess a ? element is called ?-unbounded. For a lattice L, every meet in Lnf?gexists, except those that result in ?. All �nite lattices must be bounded, otherwise they would not be closed underjoins and meets. In many real lattices, however, ? is only implicit (e.g. as an absurd element). There are severalways that we can handle ?. First, we can treat it as any other element, which is simple but may not be verysatisfactory, particularly for orders that are wide or that may change dynamically. A second approach (espoused in[102]) is to treat ? as meet failure. That is, if a u b = ?, then the meet operation must fail. We can also treat it asdecode failure - if the code computed for a meet has not been assigned to any element, then assume it is ?. Theselatter two approaches essentially treat the lattice as ?-unbounded.
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Chapter 3The Evolution of Taxonomic Encoding\In rivers, the water you touch is the last of what has passed andthe �rst of that which comes: so with time present"{ Leonardo da VinciLeibniz (in [136]) initiated the quest for representations, or encodings, of lattices and partial orders that could beused to e�ciently compute operations, such as greatest lower bound and comparability. This quest continues today,and has been an active area of research in the past few years. In this chapter, we review the developmental historyof taxonomic encoding.3.1 IntroductionTaxonomies appear in a multitude of guises and in many �elds. As the size of these taxonomies increases, there isa growing need to represent them in a form that is amenable to performing operations, such as meets, e�ciently.Encoding taxonomies in a manner that permits quick execution of such operations has been a goal in logic pro-gramming, and in other areas computer science, for some time now. Although many encoding schemes have beensuccessful, research in this area is ongoing in the quest for general purpose, compact, 
exible and e�cient encodingtechniques.In logic programming, encodings have been used to reduce the length of the proofs needed to deduce some kindsof facts, to facilitate intensional replies and to achieve partial execution of some queries (e.g. [33, 34, 87]), and tointegrate many-sorted logic [4]. In natural language processing, they have been used to permit quick semantic agree-ment veri�cations on queries, to calculate domain intersections through uni�cation, and for incremental descriptionre�nement (e.g. [32, 98]). In systemic linguistics, these techniques have been used for representing and makinginferences from systemic networks [101].The evolution of taxonomic encoding has involved interactions among researchers working with both the logicprogramming and bit-vector approaches. Other techniques are introduced within our formal framework for encodingin the following chapter. The early work in the logic programming [32, 34] and bit-vector [2] directions has beenexpanded within [24, 96] and between [101, 102] research lines.Schemes for encoding taxonomies so that the basic operations can be performed through uni�cation have beenstudied, e.g., in [34, 98, 101, 120]. Alternative approaches involve rewriting the logic programming interpreter orcompiler to extend uni�cation to facilitate e�cient encodings [52], or to encompass type operations directly [3].Bit-vector encoding techniques can be applied using logical terms, but logical terms may possess structure not easilymimicked with bit-vectors, so the converse may not be as apparent. In general, most schemes can be abstractedfrom the particular space used for the codes (e.g. terms or bit-vectors) to analyze the actual taxonomic informationencapsulated in the encoding.The following sections of this chapter outline early research on encoding. The viewpoints are expressed in theform of the original research. In the next chapter, some of these approaches and other techniques are re-cast in ourformal framework. 13



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 143.2 Encoding tree-shaped hierarchiesOne of the early encoding techniques [33, 34] dealt e�ciently with tree-shaped hierarchies (i.e. hierarchies thatdo not allow multiple inheritance). It was inspired by the simple observation that by representing a type t as aterm t&t1&:::&tn, where we assume that the relationships t � t1; t1 � t2; : : : ; tk�1 � tk hold, we can also representpartially known types by similar terms in which a variable stands for the unknown sequence of set inclusions, andthen check for operations, such as set inclusion, through uni�cation. By extending Horn-clause terms, a simplerepresentation of taxonomic information is obtained. Essentially, a type in a such a hierarchy can be represented asthe (unique) path from the root node to the type. As meets are always ? in a tree-shaped hierarchy, we are onlyconcerned with joins and subsumption checking.As an example, the elements chameleon and dog in Figure 3.1 can be encoded as the paths [animal; reptile;chameleon] and [animal;mammal; dog], respectively.
animal

mammal

dog cat

reptile

snakechameleonFigure 3.1: A tree-shaped hierarchyChecking subsumption in this representation can be done by checking if the path of the subsuming label is a pre�xof the path of the subsumed label. So, for example, the path of mammal, [animal;mammal], is a pre�x of thatof dog, as mammal subsumes dog. By representing the paths as di�erence lists1, this operation can be performedwith a single uni�cation. Thus, mammal and dog would actually be represented by [animal;mammaljX]nX and[animal;mammal; dogjY ]nY , respectively. If this uni�cation fails, then the two elements are incompatible. The joinoperation can be achieved by simply retaining the longest common pre�x of the two paths. Thus, dog t cat will�nd the longest common pre�x of [animal;mammal; dog] and [animal;mammal; cat] which is [animal;mammal].Decoding is done by �nding the label with this path, which is mammal. Since each element has no more than oneparent, joins will always be unique.With the di�erence list representation of paths, we can express incomplete types. That is, we store a path fromthe root to the most speci�c type known, with the possibility of extending this path as more information is obtained.For example, if we all know about an object is that it is a mammal, the code for mammal, [animal;mammaljX]nX,can be extended as more information is discovered.This technique permits us to formulate intensional replies, to perform quick semantic agreement veri�cations onnatural language queries and to achieve partial execution of some queries. For example, we can state that all reptilescrawl: crawl(A 2 [animal; reptilejX]nX). Now we can ask which animals crawl (e.g. ?- animal(A), crawl(A).).This will quickly reply with reptile. If we desire further information, we can backtrack to �nd more speci�c elementsin our hierarchy which crawl.This approach has the advantage of being simple, e�cient and entirely within the framework of Prolog terms.However, limiting taxonomies to being trees imposes a severe restriction on the types of inheritance and operationsthat can be performed.1A di�erence list is a list representation that allows for appends to execute in one uni�cation step. To achieve this, a list is viewed asthe di�erence between two other lists. For example, the list [1;2;3] can be viewed as the di�erence between [1;2; 3;4;5] and [4;5]. Byusing a variable as the second list (e.g. representing [1; 2;3] as [1;2; 3jX]nX), we can append any list to it simply by giving a value to Xthrough uni�cation.



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 153.3 Extending trees to graphsExtending the above method to deal with general partial orders, Massicotte [96] partitions the nodes into two sets:nodes with a unique path from the root (deterministic nodes) and nodes with multiple paths from the root (non-deterministic nodes). Non-deterministic nodes are a result of one or more ancestors having multiple inheritance.In essence, the maximal tree portion of the hierarchy (the tree pre�x), starting at the root, is treated in thesame way as above. Thus, a deterministic node is represented by a path, expressed as a di�erence list, from theroot to the node. For a nondeterministic node, the paths from the closest ancestors with multiple inheritance areexplicitly represented, and the paths from the root to these ancestors are implicitly represented (through a predicatecall associated with each such path). If a node has multiple parents, then multiple paths are associated with it, onefrom each closest ancestor with multiple inheritance, or from the root if no such ancestors exist.To demonstrate, Figure 3.2 shows a hierarchy in which we have emphasized the tree pre�x. The deterministicnodes are f>; person; adult; child; butterfly; larvag and the non-deterministic nodes are fteenager; caterpillar;?g.To represent adult requires only storing the path [>; person; adult], but to store teenager requires the paths[adult; teenager] and [child; teenager]. To �nd all paths from > to teenager requires appending the path [adult;teenager] to each path from > to adult and appending [child; teenager] to each path from > to child. This can beachieved via uni�cation; the recursive nature of the implicit paths ensures that all paths will be found.
person

child

teenager

adult

butterfly

caterpillar

larva

⊥

⊥

Figure 3.2: Taxonomy showing tree pre�xTo test whether a label, e1, subsumes another label, e2, now requires checking if there exists a path from the rootto e1 which is a pre�x of some path from the root to e2. If both e1 and e2 are deterministic nodes, then this operationcan be achieved in one uni�cation. If either one is a non-deterministic node, this will require one uni�cation for eachpossibility in the worst case. Provided the taxonomy is a join semi-lattice, joins may also be formulated in a recursivemanner. There is, however, no simple way to use this approach for meets, or for �nding join crests in non-lattices.This approach enjoys the simplicity of Dahl's encoding, and it also remains within the scope of Prolog. However,it cannot tolerate many multiple inheritances before its recursive nature will limit its e�ciency.3.4 Characterizing term encodable hierarchiesThe technique of using uni�cation to perform hierarchical operations can be generalized to use logical terms ascodes, rather than di�erence lists. We �rst note that the approach of [34] for encoding tree-shaped hierarchies,can also be achieved by representing the partial paths as nested, unary function symbols (as pointed out in [101]).So, for example, the taxonomy in Figure 3.1 can be represented using terms as shown in Figure 3.3. Checkingsubsumption still requires one uni�cation. If the uni�cation succeeds, then the term that was further instantiatedsubsumes the term that was not. If the uni�cation fails, then the two elements are incompatible. Joins can beachieved through anti-uni�cation, the dual of uni�cation. For example, to compute the join dog t cat, we anti-unifythe terms animal(mammal(dog( ))) and animal(mammal(cat( ))), resulting in animal(mammal( )) which is theterm associated with mammal.With this scheme, it is possible to utilize functions with more than one argument. The technique in [21] is directextension of [33] that allows a set of tree shaped hierarchies, leading to multi-argument terms where a subterm has
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animal(_)

animal(reptile(_))

animal(reptile(snake(_)))

animal(mammal(_))

animal(mammal(dog(_)))animal(mammal(cat(_)))animal(reptile(cham(_)))Figure 3.3: Logical term encoding of a tree-shaped hierarchyone argument per tree rooted at that node. This can be taken even further to encode more general taxonomies, bypermitting logical variables. As an example, consider the term encoding shown in Figure 3.4 of our example hierarchyfrom Figure 3.2.
f(_,_,_)

f(person,_,_)

f(person,adult,_)

f(person,adult,child)

f(person,_,child)

f(insect,butterfly,_) f(insect,_,larva)

f(insect,butterfly,larva)

⊥Figure 3.4: Encoding of type hierarchy in Figure 3.2Mellish (in [102]), provides a characterization of lower semi-lattice taxonomies (i.e. unique meets exist) for which aparticular type of term encoding exists. Such encodings are targeted at determining meets and checking subsumption.Essentially, a term encoding, in Mellish's sense, requires that the meet of two elements can be determined by unifyingthe terms associated with these elements. If the uni�cation fails, then the result is bottom. Otherwise, the resultingterm is exactly the term associated with the unique meet element. This is de�ned more formally as follows:De�nition 3.1 A hierarchy H = (�;�) is term encodable i�, for some term space G, there is a mapping � : �!Gsatisfying:1. If � (e1) = � (e2) then e1 = e22. � (?) = ?3. � (e1 u e2) = � (e1) u � (e2)where e1 and e2 are elements of �, and u represents the term uni�cation operation.The �rst condition ensures that the mapping is invertible, which is necessary for decoding if we are to supportmeets. The third condition requires that � not only preserves subsumption, but also that the uni�cation of the termsof two elements is exactly the term of the meet of those elements. The second condition guarantees that if this meetis ?, the uni�cation fails. Therefore, if we can �nd a term encoding for our taxonomy, meets can be determinedusing one uni�cation step.Although no algorithm for constructing term encodings is given, Mellish does categorize taxonomies accordingto the complexity of the types of terms required for such encodings. The simplest encodings require only tree terms(i.e. terms in which all variables are singletons). Such terms can always be drawn as trees. At the next level, 
atterms are studied (i.e. terms in which variables may corefer, but the depth is restricted to one). Flat terms can thenbe generalized to the set of all terms. Going beyond terms leads us to the use of rational trees in encodings [30].Unfortunately, determining which type of terms are required for encoding a given taxonomy appears to be di�cult.Also, constructing encodings that employ terms more complex than simple tree terms may be non-trivial, and limitsthe possibility of exploiting parallelism in uni�cation. Even some simple taxonomies turn out to be non-tree termencodable, according to the above de�nition of encodability. We provide examples of this in the next chapter.



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 17Furthermore, a change to the taxonomy may require recomputation of the entire, or a signi�cant portion of, theencoding.In [104], Mellish extends his characterization to taxonomies encodable by graphs.3.5 Bit-vector encodingsA number of researchers have explored the possibility of encoding taxonomies using bit-vectors, using the operationsof logical (bit-wise) AND and OR to compute meets and joins. The founding research on using bit-vectors was byA��t-Kaci et al. [2] for use in the logic programming language LIFE [4]. The de�nition of encoding used assumesthat the taxonomy is a lower semi-lattice. In order to achieve this, a minimal semi-lattice completion is presented.It is important to note that this semi-lattice construction is not actually computed, but rather is used to providea semantics for computing meets that are not unique. This contrasts with the approaches by Mellish, above, andCaseau, below, which actually require the taxonomy to be a lower semi-lattice. Performing this construction may beexponential in the worst-case.Transitive closure. A simple bit-vector encoding, called transitive closure, can be achieved by associating oneposition in the bit-string with each element in a taxonomy (except ?). Let us call element(i) the elementassociated with position i in this bit-vector. For each element e, position i is a 1 if e subsumes element(i)and a 0 otherwise. Thus, each code for an element incorporates all of the lower bounds of that element. Todemonstrate, consider the taxonomy of Figure 3.2. Table 3.1 associates one bit with each element, and Figure3.5 shows the transitive closure of the table according to subsumption (in a bottom-up manner).Table 3.1: Assigning bits to elements from Figure 3.2> person butter
y larva adult child teenager caterpillar> 1 0 0 0 0 0 0 0person 0 1 0 0 0 0 0 0butter
y 0 0 1 0 0 0 0 0larva 0 0 0 1 0 0 0 0adult 0 0 0 0 1 0 0 0child 0 0 0 0 0 1 0 0teenager 0 0 0 0 0 0 1 0caterpillar 0 0 0 0 0 0 0 1
01001110

00000110

00000010

00001010

00100001

00000001

00010001

11111111

00000000Figure 3.5: Bottom-up bit-vector encoding of taxonomy in Figure 3.2Both subsumption checking and meet operations can be performed using logical AND operations. That is,e1 � e2 if and only if � (e1) AND � (e2) = � (e1). Also, e1 u e2 is computed by � (e1) AND � (e2). If the meet isunique, this will be the code of that element. If not, this code will represent the crown and additional decodingmust be done to extract the elements comprising this crown.



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 18Compact encoding. The above approach requires one bit for every element except ?. Thus, a taxonomy with nelements requires n� 1 bits per code. By analyzing the structure of the taxonomy, it is possible to reduce thisnumber. When an element has exactly one child, we must use an additional bit to distinguish its code fromthat of its child. But when an element has multiple children, it may be possible to encode it simply using theOR of the codes of its children. The compact encoding scheme optimistically assigns codes in such a way, andif this leads to two incomparable elements having comparable codes, then additional bits are added. Thus,while transitive closure indiscriminately uses one bit per element, compact encoding adds bits only as necessary,saving space on elements that do not require a bit to maintain the encoding homomorphism. Subsumptionchecking and meets are computed using logical AND, as before.Consider our example taxonomy. We start with 0 for ?. Then we assign 1 to teenager and 10 to caterpillar.Next adult is allotted 101 and child 1001. Butterfly is given 10010 and larva 100010. Then person, sinceit has two children is assigned 101 AND 1001 = 1101. Finally >, with three children, gets 1101 AND 10010AND 100010 = 111111. In this simple example, we reduce the code size from 8 bits to 6 bits. This compactencoding is shown in Figure 3.6.
001110

000110

000010

001010

100001

000001

010001

111111

000000Figure 3.6: Compact bit-vector encoding of taxonomy in Figure 3.2Which elements require a bit? For a bottom-up compact encoding, it is precisely the join irreducible elements.If this scheme was applied in a top-down manner, it would be the meet irreducible elements. Therefore, unlikethe transitive closure approach, a compact encoding may require a di�erent number of bits depending onwhether it is applied in a top-down or a bottom-up fashion.Modulation Many objects naturally group themselves into relatively disjoint, dense groups with few links betweengroups. This can be exploited by treating these groups, or modules, as a single unit in the taxonomy [2].Then the modi�ed taxonomy (with one module node replacing all the elements of the module) can be encodedseparately from the elements in the module. To do this, the module must itself have the form of a taxonomy.That is, modules have a top and a bottom element, and every path from outside to lower elements inside themodule goes through the top node of the module, and every path from inside to lower elements outside themodule goes through the bottom node of the module.Since modules are sub-taxonomies, this process can continue recursively, until each module contains a smallnumber of elements. The di�culty lies in �nding modules. The heuristic algorithm provided in [2] attemptsto modulate a given taxonomy, but is not guaranteed to �nd a maximal modulation. A fast (linear) algorithmfor modulation has recently been developed [76].An element may now reside within a module, which is itself within a module and so on. In [2], the code of suchan element is the juxtaposition of the codes of the containing modules (starting with the maximal containingmodule) and the code of the element, which was calculated in the least containing module.The operations of subsumption checking and meet are complicated by modulation and will be described onlyfor one level of modulation. To check if element e1 subsumes element e2, we must �rst check which modulesthey are in. If they reside in the same module, we simply check if the code for e1 subsumes the code for e2, as



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 19before. If they are in di�erent modules, we check if the code for the module containing e1 subsumes the codefor the module containing e2. Otherwise e1 does not subsume e2.To determine the meet of e1 and e2 involves a similar process. If they are in the same module, then simplytake the AND of their codes. If e1 subsumes e2, then the meet is e2. If e2 subsumes e1, then the meet ise1. Otherwise, take the logical AND of the containing module codes to obtain the meet module and the meetelement is the topmost element of this module. For non-unique meets, crowns are found, as in the compactencoding method above.To illustrate, we add an insect element above butterfly and larva in our example taxonomy. Now, the portionof the hierarchy dealing with people can form one module, and the portion dealing with insects can formanother. These modules can then be encoded using the compact encoding. This modi�ed taxonomy and itsmodulated encoding are shown in Figure 3.7, where the module codes have been separated from the elementcodes by a colon.
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⊥Figure 3.7: A modulated taxonomy and its encodingTo �nd the meet adultu child, we AND the element codes 01 AND 10, and prepend the module code 01 to get01:00, which is the code of teenager. To �nd adult u butterfly, we AND the module codes 01 AND 10 to get00, which is the module code of ?.These operations can be extended in an obvious way for further levels of modulation. Since each level ofmodulation adds one more step in the process and since there can be at most logN levels of modulation for ataxonomy of N elements, these operations take at most logN steps. So, although modulation has the potentialto reduce the size of the codes substantially, it also increases the complexity of computing operations. Theassumption is that most operations will be within, not between, modules, so that only one step is required.Also, the complexity of determining a modulated encoding is substantial. Modi�cations to the taxonomy can beeither more or less costly than for non-modulated taxonomies. Changes within a module restrict the extent ofchanges to within that module. If, however, one or more modules are breached (e.g. a link is added that entersor leaves a module at a mid-point), then we may have to re-modulate a signi�cant portion of the hierarchy.In Chapter 5, we formally deal with and extend modulation.Encoding for subsumption only If the only operation required is subsumption checking, then it may be possibleto reduce the length of codes further, without resorting to modulation. In this situation no decoding is necessaryand the codes can be such that neither meets nor joins can be determined, as long as the subsumption relationis maintained.One such approach has been developed for the Laure object-oriented programming language [24]. This schememodi�es a top-down version of compact encoding, but is restricted to taxonomies that are lattices. Thealgorithm basically assigns a bit position, or gene, to each meet irreducible element. Since the taxonomy is alattice, these are the elements with a unique parent. The code for an element is the union of the genes (i.e.logical OR) of its ancestors, plus its gene, if it is meet irreducible. Since we are not concerned with computingmeets or joins, it is possible to assign the same gene for some elements, provided this doesn't violate the



CHAPTER 3. THE EVOLUTION OF TAXONOMIC ENCODING 20subsumption relation. Caseau's algorithm performs this incrementally, in a top-down manner. As each meetirreducible element is processed, an attempt is made to assign a gene already in use. For other elements, acheck is made to see if the union of the parent genes violates subsumption. If so, mutations of ancestral genesare performed until subsumption is respected.Using this algorithm, we encode the taxonomy in Figure 3.7 as shown in Figure 3.8. In the taxonomy at theleft, we display the genes assigned to each meet irreducible element. As can be seen the adult and butterflyelements share a gene, as do child and larva. This reduces the code size to 4 bits, as achieved by modulation.Checking for subsumption requires only one logical AND operation: element e1 subsumes e1 if and only if� (e1)AND� (e2) = � (e1). We cannot, however, compute meets or joins due to the polymorphic character ofgenes.
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Figure 3.8: A subsumption only encoding3.6 DiscussionIn this chapter, we have attempted to describe the evolution of taxonomic encoding in a general and intuitive manner.Where possible, we described techniques from the viewpoint of the original research. Some of the techniques coveredhere, and additional techniques, are described in the following chapter, where the emphasis is on characterizingtechniques using our formal framework.



Chapter 4The Foundations of TaxonomicEncoding\Everything is simpler than you think and at the same timemore complex than you imagine" { GoetheMost of the research on encoding has focused on algorithmic and implementational details of encoding, and haslargely ignored or left unstated the informational content of the technique. In this chapter, we explore a fundamentalstructure underlying encoding. By characterizing encoding using spanning sets we are able to provide a conciseframework in which all schemes can be compared, regardless of the actual implementation. This analysis permitsa separation of the informational content of an encoding scheme from the implementational details, and allows usto see how both of these aspects a�ect time and space requirements. This exploration expands and formalizes ourintroduction of spanning sets for encoding that appeared in a short workshop paper [48].In addition to the theoretical appeal of our framework, we also develop several important results. We show acorrespondence among several existing encoding techniques (sections 4.5 and 4.6). We prove two NP-Hardness results,which demonstrate limitations to encoding algorithms and reveal avenues for approximation algorithms (sections 4.7and 4.8). Our abstraction also exposes a more comprehensive view of some existing techniques, indicating directionsfor further research. We discuss in more detail in section 4.10 our contributions to taxonomic encoding as well asspeci�c directions for future research.In the following section, we motivate and de�ne taxonomic encoding. We rely heavily on the lattice theoryconcepts introduced in section 2.1, including our departures from standard theory. In section 4.2 we characterizeencoding as order-embedding mappings induced by spanning sets. Since the result of these mappings is a set,taxonomic operations reduce to set operations, independent of the implementation. Section 4.3 introduces a varietyof implementations of order subsets, speci�cally for the implementation of spanning sets and section 4.4 describeshow we can permit portions of a taxonomy to be in�nite while still bene�ting from encoding techniques.Using this framework, we analyze the information content of various spanning set types and develop formaltechniques to reduce the representation cost of the spanning set mapping. Through much of this analysis, weintroduce existing encoding techniques, characterize them in terms of our spanning set framework, and then abstractgeneral properties and limitations of such spanning sets. We �rst characterize some simple encodings in terms ofspanning sets of principal down-sets in section 4.5. This includes the transitive closure and compact encodings of[2]. We then show a correspondence between principal down-sets and prime up-sets, providing a direct link to theapproach of [77]. Section 4.7 explores and characterizes spanning sets that preserve only subsumption, and we provethat determining a minimal such spanning set is NP-Hard. The approach of [24] is shown to be an approximation ofthe optimum. We next consider how decomposing a spanning set can achieve more concise results, as in the proposalsof [97] and [102]. We also prove that, for certain forms of decomposition, �nding the optimal is NP-Hard. Section 4.9views partial orders as systems of constraints, and encodings as preserving certain properties by representing a subsetof these constraints. Using coreference, more expressive encodings are possible. Finally, we discuss areas for future21



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 22research, including expanding the theory presented, exploring implementational issues and designing approximationalgorithms.4.1 Setting the StageThe general problem we wish to address is as follows: given an ordered set P , how do we represent P to provide fastcomputation of subsumption, and possibly meets and/or joins? We focus on encoding �nite ordered sets, althoughwe later describe how these can be augmented with certain forms of in�nite orders. Some ordered sets, such asfamilies of subsets ordered by set inclusion, sets of integers ordered by divisibility (i.e. x � y if and only if x isa factor of y), and logical term spaces ordered by term instantiation, have in common the simplicity of elementcomparisons: determining if x � y can be done locally (i.e. using only information directly related to x and y)and e�ciently. This is not true, however, of many others, such as sets of graphs ordered by subgraph isomorphismand multiple inheritance hierarchies in object-oriented systems. In the former case, local information can be used tocheck subsumption, but this is costly. In the latter case, only the intransitive, irre
exive portion of the partial orderis maintained (i.e. the transitive reduction), so there is no local information to determine if x � y. It is in contextssuch as these that encoding is bene�cial.We will assume that we are given an ordered set P as a graph G = (P;E), where E is either the transitive closure(i.e. (x; y) 2 E if and only if x � y) or the transitive reduction of P . We need a way to implement P that isboth space e�cient and facilitates fast computation of operations. Directly implementing P using standard graphrepresentation techniques is straightforward (where G = (P;E)); two common techniques are adjacency matrices,which take O(jP j2) space, and adjacency lists, which take O(jEjlogjP j+ jP j) space. If G is the transitive reductiongraph of P , then adjacency list representation corresponds to maintaining the list of parents (or children) for eachelement. Subsumption, meets and joins can be determined in O(jEj) time for either implementation. If G is thetransitive closure graph of P , then subsumption can be computed in constant time for adjacency matrices, andO(jP j) time for adjacency lists. In both cases, meets and joins take O(jP j) time.Before de�ning encoding, we recall our generalizations of meet and join: for a subset Q of an ordered set P , wecall the set of minimal upper bounds of Q the join base and the maximal lower bounds of Q the meet crest1. A join(meet) is simply a singleton join base (meet crest). We use the same notation for joins and join bases (and meetsand meet crests). Thus, in Figure 2.2, fox t wolf = fcanine; wildg and wild u social = fwolf; african wild dogg,whereas dog uwild = fferal dogg.De�nition 4.1 Let P and Q be ordered sets, and � an order mapping � : P ! Q. Then � is� a (subsumption) encoding for P if � is an order-embedding (i.e. x �P y if and only if � (x) �Q � (y)).� a meet encoding for P if � is meet-crest-preserving: if a; b 2 P then auP b = ��1(� (a)uQ � (b)), where ��1 isthe inverse of �2.� a join encoding for P if � is join-base-preserving: if a; b 2 P then a tP b = ��1(� (a) tQ � (b)).Although �Q de�nes a partial order on Q, determining if x �Q y may be accomplished in a number of ways, as wediscuss in section 4.3. The intent of an encoding is that taxonomic operations in Q can be performed more e�cientlythan in P . There are several forms of encoding that have appeared in the literature; the trademark of encoding isthe pre-computation of the encoding function � and the association with each element x 2 P the value, or code, � (x).Thus encoding trades the cost of explicitly storing � for improved time to compute taxonomic operations.In most schemes, the target space Q has the property that elements are independent. That is, the order relationis somehow encoded in the elements themselves. Examples of this include bit-vectors and logical terms. In the1The set of upper bounds (lower bounds) is an up-set (down-set). The join base (meet crest) is precisely the set of factors for this set- its base (crest). Join bases and meet crests are anti-chains.2In general, �(a)uQ �(b) is a set of elements in Q, so ��1 must map this set back to the meet crest in P . Depending on the structureof Q, however, ��1 is normally treated in one of two ways: (i) If Q is a lattice, then �(a)uQ �(b) reduces to a single element of Q. In thiscase, Q embeds a minimal completion of P , and the inverse ��1 must map back to the meet crest in P ; (ii) If � is an order isomorphism(i.e. it maps P onto Q), then �(a)uQ �(b) reduces to the set of elements in Q corresponding to the meet crest in P . Here, ��1 must mapeach element in this set back to P . Note that if P and Q are both lattices, then � must be meet-preserving in the lattice-theoretic sense.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 23tree encoding scheme of [78], however, Q is a tree data structure, and � maps elements of P to nodes of the tree.Operations in P are translated to operations on this data structure.In this chapter, it is our goal to develop a uni�ed framework that separates the content (semantics) of the encodingmap from its implementation (syntax). We do this using a structure called a spanning set, which we introduce insection 4.2. Through this separation we provide a common ground on which di�erent encoding schemes can becompared, analyze the e�ect on time and space of di�erent implementations, and study the semantic content thatencodings must possess in order to preserve certain properties of an ordered set. We also strive to provide a principledbasis on which to select or design encoding algorithms for particular taxonomic applications, and to expose some ofthe limitations and restrictions to encoding.There are several aspects by which we can characterize encoding algorithms:� The taxonomic operations supported.� The time and space complexity of the encoding algorithm.� The space requirements of resulting encodings.� The time complexity of performing operations using resulting encodings.� The complexity of modifying an encoding.� The complexity of decoding (i.e. computing ��1).We show how various encoding techniques and implementations a�ect these characteristics. Since the focus andrequirements of particular taxonomic applications may di�er, it is apparent that there may be no best encodingalgorithm to satisfy all needs. Rather, the designer of an encoding algorithm must take into account the needs ofthe application, and the form of the taxonomies to encode, in order to determine the relative importance of theabove characteristics. Using our framework, appropriate techniques and implementations can be selected, leading toexisting algorithms, or the need to design new algorithms.Our framework would be improved with empirical results that demonstrate the behaviour of various encodingalgorithms with respect to the above characteristics. In order to be useful, however, such testing would have tobe extensive and this is beyond the scope of this thesis. Our research, however, provides an organizational basiswith which such testing could be carried out. Some empirical results on the space e�ciency of di�erent encodingalgorithms is available in [43].4.2 Spanning SetsNow we present spanning sets as a basis for encoding, generalized from [102].De�nition 4.2 Let P be an ordered set. A family of subsets S of P is called a spanning set if the function C : P ! 2Sde�ned by C(x) = fs 2 Sjx 2 sg is one-to-one.A spanning set S is ordered under set inclusion (where, for s1; s2 2 S, s1 �S s2 if and only if s1 � s2), and thefunction C is an order mapping, called the component mapping (where elements of S can be regarded as componentsfrom which P is constructed). In the next subsection we describe some structural restrictions that enable us to usespanning sets to perform taxonomic operations locally. Encoding can then be viewed as computing a spanning setthat preserves the desired properties of an order P , and then e�ciently representing the component mapping. As anexample, the �gure below shows a simple lattice and two spanning sets: S1 = fs1 = fa;?g; s2 = fb;?g; s3 = fc;?gg,and S2 = fs1 = fa; b; cg; s2 = fb;?g; s3 = f>; b; cgg. It can easily be veri�ed that component mappings for both ofthese are one-to-one. For S1, we have C(a) = fs1g, C(>) = ; and C(?) = fs1; s2; s3g.In [12], a variation of spanning sets was studied to produce a number of fundamental duality results. It is alsoworth noting the similarity between spanning sets and reduced or minimal bases in Wille's concept lattices [155],where lattice elements and spanning set components correspond to objects and attributes, respectively, in Wille'sterminology.We are primarily concerned with spanning sets of down-sets (and up-sets), where S � O(P ) and C : P ! 2O(P ).What makes these interesting components is that they encapsulate much of the order information. In Chapter 5, weintroduce the concept of a spanning set of order intervals.
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S1 S2Figure 4.1: Diamond lattice and two spanning setsWe hypothesize that all encodings can be characterized as computing a spanning set of down-sets, up-sets orintervals, possibly augmented with constraints, and implementing its associated component mapping. Rather thantrying to establish this claim, we portray all the encodings we are aware of by using spanning sets. These portrayalsare supported by a number of formal results. We later discuss augmenting spanning sets with constraints (suchas coreference constraints as provided by logical variables) (section 4.9) and spanning sets of intervals (Chapter5). Viewing encoding in terms of spanning sets allows us to separate the implementation details of any particularencoding algorithm from the structural properties of the spanning set being constructed. The spanning set embodiesthe content (semantics) of an encoding and the implementation embodies the form (syntax).4.2.1 Taxonomic operations using spanning setsWe now demonstrate how spanning sets that satisfy certain restrictions reduce taxonomic operations to set operations.De�nition 4.3 A spanning set S on an ordered set P preserves subsumption if either (i) for all a; b 2 P , a � b ifand only if C(a) � C(b), or (ii) for all a; b 2 P , a � b if and only if C(a) � C(b).Equivalently, this requires the component mapping to be an order-embedding. Although order-preserving map-pings maintain comparability, we need to also preserve incomparability. We say that subsumption is preserved withsubsets in case (i) (i.e. a is subsumed by b if and only if C(a) is a subset of C(b)) and with supersets in case (ii). IfS is a spanning set of down-sets, then the component mapping is monotonically increasing as we descend the order(since if x 2 #Q then any descendant of x is also in #Q). In this case, subsumption may only be preserved withsupersets. Conversely, if S preserves subsumption with supersets, then S must be a spanning set of down-sets. Thus,not all spanning sets preserve subsumption. In the above example, S1 preserves subsumption (with supersets) butnot S2, since C(a) = fs1g � fs1; s3g = C(c) yet ajjc.De�nition 4.4 A spanning set S on a lattice L preserves meets if either (i) for all a; b 2 L, C(a u b) = C(a) \ C(b),or (ii) for all a; b 2 L, C(a u b) = C(a) [ C(b). S preserves joins if either (i) for all a; b 2 L, C(a t b) = C(a) \ C(b),or (ii) for all a; b 2 L, C(a t b) = C(a) [ C(b)3.If a spanning set preserves meets or joins, then it preserves subsumption, because a � b if and only if a u b = aand at b = b. Also, a spanning set of down-sets can preserve joins only with intersection and meets only with union.In general, if a spanning set S preserves subsumption with supersets (i.e. S is a spanning set of down-sets) thenC(a) [ C(b) � C(a u b) and C(a t b) � C(a) \ C(b). Unfortunately, it is not always possible for a spanning set topreserve both meets and joins (unless the ordered set is distributive4, as discussed in section 4.2.2). Consider againthe non-distributive ordered set in Figure 4.1. The spanning set f#a; #b; #c; #fa; cgg preserves subsumption, but notjoins or meets, since a u c = ?, but C(a) [ C(c) = f#a; #c; #fa; cgg 6= f#a; #b; #c; #fa; cgg = C(?). Also, a t c = >,but C(a) \ C(c) = f#fa; cgg 6= ; = C(>). The spanning set f#a; #b; #cg preserves joins with intersection but notmeets, while f#fa; bg; #fb; cg; #fb; cgg preserves meets with union but not joins. Suppose we have a spanning set Sthat preserves joins with intersection. Since the join of any pair of a; b; c is >, the intersection of any pair of theircomponent mappings must be C(>). Further, each must be in at least one component di�erent from the others. Butthen the union of any pair cannot possibly be C(?).3To generalize this de�nition to an ordered set P , we say S preserves meet crests if either (i) for all a; b 2 P , au b = C�1(C(a)\C(b)),or (ii) for all a; b 2 L, a u b = C�1(C(a)[ C(b)).4A lattice L is distributive if 8a; b; c 2 L, a u (b t c) = (a u b) t (au c).



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 25Theorem 4.1 Spanning Set Duality Theorem. Let L be a lattice and S a spanning set of down-sets for L. LetS be the set of up-sets de�ned as S = fLn#Q j #Q 2 Sg. Then (i) S preserves subsumption with supersets if and onlyif S preserves subsumption with subsets and (ii) S preserves joins with intersection if and only if S preserves joinswith union.Proof: Consider the component mapping for S: C(x) = fLn#Q 2 Sjx 2 Ln#Qg. But x 2 Ln#Q if and only if x =2 #Q, so C isisomorphic to the converse mapping of C: Cc(x) = f#Q 2 Sjx =2 #Qg.(i) Suppose S preserves subsumption with supersets. Consider any two elements, a; b 2 L. The converse mapping mapsthese elements as follows: Cc(a) = SnC(a) and Cc(b) = SnC(b). If a � b then C(a) � C(b), so clearly Cc(a) � Cc(b). If a 6� bthen C(a) 6� C(b), and so Cc(a) 6� Cc(b). The case when S preserves subsumption with subsets is similarly proved.(ii) Consider the join of any two elements a; b 2 L. If S preserves joins with intersection then C(a) \ C(b) = C(a t b).The converse mapping maps these as: Cc(a) = SnC(a), Cc(b) = SnC(b) and Cc(a t b) = Sn(C(a) \ C(b)) = SnC(a) [ SnC(b) =Cc(a) [ Cc(b). Now, if S preserves joins with union then Cc(a) [ Cc(b) = Cc(a t b). The component mapping for S maps theseas: C(a) = SnCc(a), C(b) = SnCc(b) and C(a t b) = Sn(Cc(a) [ Cc(b)) = SnCc(a) \ SnCc(b) = C(a) \ C(b). 2This theorem demonstrates that for every spanning set of down-sets that preserves joins with intersection, thereis a spanning set of up-sets that preserves joins with union. Since this construction is invertible, the converse is alsotrue. Together with the dual, this shows we can characterize all spanning sets that preserve joins or meets withintersection or union by analyzing only those that preserve joins with intersection.We require an e�cient means to evaluate the component mapping C. A key feature of encoding is that C iscalculated a priori, or incrementally, and stored in a form amenable to e�cient computation. This amounts toassociating with each element x of the taxonomy the set representing C(x), as we describe in section 4.3.4.2.2 Representation theory and encodingRepresentation theory attempts to identify a small suborder Q of a lattice L from which the entire lattice canbe constructed easily and uniquely. In [38], it is shown that this can be done satisfactorily in the �nite case fordistributive lattices. In this case L is uniquely identi�ed by its set of join (or meet) irreducible elements, whereQ = J (L) and L �= O(J (L)). The general case for lattices and partial orders is not so amenable to such an analysis.Although encoding can bene�t from the results of representation theory, there are a number of important dif-ferences. First, although we associate with an ordered set P a small set (i.e. the spanning set), we want a subsetS � 2P , not Q � P . Second, we are interested in representing P in order to facilitate e�cient computation. To thisend, we associate a code with each element of P . This contrasts with the above goal of uniquely representing P bythe set Q. We do not want to reconstruct P , but rather we wish to associate with it a spanning set S from whichcodes can be formed.There are, however, some results from representation theory that are fundamental to encoding, particularly theidenti�cation of join and meet irreducible elements as basic elements from which all other elements in an ordered setcan be de�ned. This conclusion is also found in section 4.5, but doesn't require the ordered set to be a distributivelattice (as in Birkho�'s representation theorem [38]), so we can view spanning sets as partial representations ofordered sets (only preserving certain properties such as meets).Since we are given an arbitrary ordered set P , we may not have the luxury to ensure that certain properties aresatis�ed (e.g. that P is a lattice or is distributive) - maintaining certain properties may entail adding an inordinatenumber of elements to P (e.g. the minimal lattice completion for a standard example Sn [144], which has 2n elements,contains 2n elements [38]). If we can be sure that our set observes certain properties, or that the addition of a small(or bounded) number of elements can achieve these properties, then our encoding scheme can utilize this structureto generate more concise and/or 
exible codes. For example, if we are guaranteed to have a distributive lattice, thenwe can specify spanning sets that preserve both meets and joins, although in general this is not possible [153]. Infact, every distributive lattice is isomorphic to a lattice of sets [38] (i.e. where meets and joins are computed byintersections and unions, respectively). This suggests a fundamental connection between representation theory andspanning sets. For a detailed analysis of properties of distributive and simplicial lattices related to encoding see [78].In our presentation, we focus on the problem of encoding general partial orders and lattices and make no further



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 26structural assumptions regarding the given ordered set, although our analysis should apply to techniques designedfor more constrained orders.4.3 E�cient Implementations of Component MappingsIn this section we describe some approaches to implementing subsets of ordered sets, particularly down-sets and up-sets, as returned by component mappings. This list is by no means exhaustive, but includes all the implementationsthat have been used for encoding. We are interested in implementing subsets within the order induced by a spanningset S, not in our original order P . This order is isomorphic to a suborder of P for spanning sets of principal down-sets,but not for more complicated spanning sets. Note that for any spanning set S, the subset C(x) is an up-set in S.Given a spanning set S for an ordered set P , our goal is to represent, for each x 2 P , the mapping C(x). Ingeneral C can be viewed as a relation: for x 2 P; s 2 S, (x; s) 2 C if and only if s 2 C(x). We may, however, be ableto exploit the structure of the order induced by S.4.3.1 Unordered implementationsBy treating C(x) as an unordered subset of the domain S (i.e. by treating C as an unordered relation) we can realizeimplementations that do not utilize the hierarchical structure of the ordered set S. Such representations employexisting techniques for implementing sets. In the representations we describe below, the elements of S are given alinear order � (which is not necessarily a linear extension of S).Characteristic vectors In a characteristic (or bit) vector implementation, we represent a subset Q � S using a bit-vector of length n = jSj, essentially embedding S into the Boolean lattice of bit-vectors of length n. We place a 1in position i if element i (in the chain �) is a member of the subset and a 0 otherwise. This approach is analogousto adjacency matrix representations of graphs5. Set union and intersection are computed using bitwise OR andAND, respectively. For two subsets Q1 and Q2, Q1 � Q2 if and only if Q1\Q2 = Q1 (or Q1[Q2 = Q2). As anexample, suppose S = fs1; s2; s3; s4; s5g. We can represent the subsets fs1; s4g and fs2; s3; s4g by the strings10010 and 01110, respectively. The advantages of this representation include minimal storage requirements foreach position (one bit) and immediate hardware implementation of set operations. Disadvantages include theneed to store un�lled positions (i.e. every subset has length n), and more complicated processing required forlarge domains (asymptotically, the set operations grow linearly with the size of the domain).Interval sets An alternative (proposed in [1]) is to represent a subset Q with a set of intervals, where each contiguoussequence of elements (in �) is represented by an interval. For example, the above subsets would be representedas f[1; 1]; [4; 4]g and f[2; 4]g. Although this scheme alleviates the need to store un�lled positions, the setoperations become more complex. Unlike the bit-vector approach, the order � may have a signi�cant e�ect onthe size of resulting codes. We discuss in section 4.5 how the approach in [1] �nds optimal orderings.Adjacency lists and hashing Analogous to adjacency list graph implementations, we can maintain for each ele-ment x 2 P the list of the elements C(x). This is space e�cient for cases when C(x) is relatively small (i.e. thespanning set is large, but the component mapping only maps each element to a small number of elements), butbecomes unwieldy as the size of C(x) increases. To speed up access to particular elements, we can hash C(x)for each x 2 P (i.e. for a given x 2 P; s 2 S, we can quickly determine if s 2 C(x)). Using this technique, thereis no direct support for union and intersection operations.4.3.2 Tree representations and code sharingUsing a linear ordering � of a spanning set S, we can implement the component mapping in a labeled tree formthat permits some sharing of common subsets. We propose a generalization of the tree encodings in [77, 78, 114],which apply only to distributive lattices. In fact, this technique can be used to implement any family of �nite subsets5If jP j = m, then an adjacency matrix requires m2 bits, whereas here we require n �m bits.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 27from the same domain. The basic structure of such a tree representation is as follows. The elements in the originalordered set P are nodes in the tree (although there may be additional empty nodes, as discussed below). Each labelis a subset of elements of S, and the union of all labels on the path from an element x 2 P to the root forms the setC(x).There are several ways that we can build this tree. If our original ordered set is a distributive lattice L, then theapproach of [78, 114] builds a very e�cient tree for the spanning set S = f#xjx 2 M(L)g. Every node of the treeis an element of L and each label is a single element from S. Thus, the size of the tree is linear with respect to thesize of L. Furthermore, the labels on all paths from a node to the root are monotonically increasing according to thelinear extension � of S, and paths are joined at common su�xes. By ordering the children of each node accordingto �, operations can be performed in O(jSj) time, using the algorithms in [78, 114]. Decoding (i.e. the inverse of thecomponent mapping) is achieved for free as a by-product of computing operations in these trees.We can apply this technique to a general ordered set P , although we can no longer guarantee that labels will besingletons, or that there will be no empty nodes. We order the results of C according to �, and form the tree byjoining elements at common pre�xes (or su�xes). If a common pre�x is not the code of any element, this results inthe creation of an empty node. As above, the code for x 2 P is the union of all labels on the path from x to theroot. To illustrate, consider the lattice in Figure 4.2. This lattice is not distributive since a u (b t c) = a u > = a,but (a u b) t (a u c) = ? t c = c. The tree T1 implements the spanning set S1 = f#a; #b; #c; #d; #e; #fg, where �is the given order of S1 and elements are assigned numeric values according to �. In this case, no empty nodesare created, but there is one edge with a non-singleton label. The second tree, T2, implements the spanning setS2 = f#fb; dg; #fb; cg; #b; #fa; fg; #fa; eg; #ag, where � is the given order of S2. Here, two empty nodes were createdas well as edges with non-singleton labels.
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2,3,4,5,6Figure 4.2: Tree representationPerforming unions, intersections, and subset checking is accomplished by locating the position of the two elementsin the tree and comparing the labels along the paths from these elements to the root. To be more concrete, considerthe above spanning set S2 that preserves meets with union (and thus subsumption with subsets). To check if x � y,we incrementally compare the set of labels C(x) and C(y) on the paths from x and y to the root, respectively. Fromthe structure of the spanning set, we know that x � y if and only if C(x) � C(y). Since the components in labels aremonotonically ordered within labels and along these paths, this comparison is linear in the size of the label sets. Forexample, C(g) = f1; 2; 4; 5; 6g � f1; 4; 5; 6g= C(d), so g � d, but C(g) 6� f1; 2; 3; 4; 5g= C(h), so g 6� h.To compute x u y = z, we incrementally union the labels on the two paths from x and y to the root. Then wedescend the tree using this union to �nd the meet element. For example, to �nd cud, we �nd C(c)[C(d) = f1; 2; 4; 5; 6g,and descend to �nd that this set is C(g). Thus, c u d = g.Operations can be further optimized by �nding the node in the tree at which the two paths converge, and onlyconsidering the portions of the paths below this point (which is how the algorithm in [77] works). We can avoidfurther comparisons above this point, since the remainders of the two paths coincide. For details of the tree traversalalgorithms that compute subsumption, meets and joins for distributive lattices, see [77, 78]. The modi�cationsrequired to handle our generalization of this tree representation are trivial.Determining the space complexity of these trees is not as simple as before. Since empty nodes must have at leasttwo children, the number created will be bounded by jP j. Non-singleton labels cause these trees to be non-linear inthe size of the ordered set, but the code sharing can still greatly reduce the overall space requirements. Operations



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 28are no longer bounded by the depth of the tree, but rather by the number of labels on a path to the root. This isalso true in the distributive case, but there each edge has a singleton label. As before, children of nodes are orderedlexicographically by edge labels. Since the labels from an element to the root are in strictly decreasing lexicographicorder, operations are linear in the size of the codes using an adaptation of the algorithms in [78, 114], and decodingcan still be achieved e�ciently. Clearly, the tree constructed will depend on the ordering � of S (which is usually alinear extension of S), so algorithms need to be developed that �nd orderings for which optimal trees can be foundor approximated.4.3.3 Logical termsWe can also implement sets using logical terms, embedding our order into the lattice of generalized atomic formulae[121]. Terms with no structure can be used in a manner similar to bit-vectors using anonymous variables in place of 0.For example, 11010 can be represented as p(1; 1; ; 1; ) for an arbitrary predicate p. However, terms can also be usedto capture some structural information. Set union and intersection correspond to uni�cation and anti-uni�cation,respectively. Subset checking becomes term subsumption checking. We can also exploit the hierarchical structureof an up-set to reduce storage requirements. It is important to note that logical terms also provide the ability toimplement unions that produce the entire domain (e.g. ?) by uni�cation failure. To illustrate, consider the orderedset in Figure 2.2. We may represent the up-set "kit fox by the term p(canine(fox(kfox)); wild; ) and "collie byp(canine(dog(collie)); ; domestic). Their intersection is obtained by anti-uni�cation: p(canine( ); ; ) (representing"canine). If we represent "dog by p(canine(dog( )); ; domestic) and "wolf by p(canine(wolf); wild; social), wecapture the fact that doguwolf = ? with uni�cation failure. Although desirable, we shall see that this is not alwayseasy to achieve. We show in section 4.8 how compact tree terms (terms in which all variables are anonymous) canbe derived from spanning sets. In section 4.9 we discuss the use of coreference constraints, as provided by logicalvariables, in encoding.A disadvantage of logical terms is that specifying �lled positions (with an atom or functor) requires more spacethan the 1 bit required for the bit-vector approach. An advantage is that not all un�lled positions need to be speci�ed.In our example, the subset for "canine, p(canine( ); ; ), only reserves three additional spaces (via anonymousvariables); additional spaces become available dynamically through instantiation at these positions. It is also possibleto implement parallel algorithms in hardware for uni�cation and anti-uni�cation of tree terms.4.3.4 Sparse logical termsSparse terms [51] allow an e�cient and direct implementation of hierarchical sets by providing the tree-shaped struc-ture of ordinary terms as well as several other key features. They are similar to the directed acyclic graphs (DAGs)and feature structures used in natural language processing systems (e.g. [118]). In [104], the use of DAGs to imple-ment encodings is explored in detail. In Chapter 6, we develop sparse terms in detail as a universal implementationfor encoding.4.3.5 Integer vectorsNatural numbers can be used to implement chains or anti-chains. All �nite total orders of size n are isomorphicto the interval [1; n], providing a simple and e�cient binary number implementation using only logn space for eachelement. We �nd it convenient to use the dual of the natural order, so that 1 is the top of the chain. Each integerthen represents all the preceding elements in the chain (i.e. k, 1 � k � n represents the interval [1; k]). Subsets canbe checked in an obvious way (a � b if and only if a � b), while a [ b = max(a; b) and a \ b = min(a; b).Every anti-chain of size n is isomorphic to the 
at lattice of the natural numbers [1; n]. In this lattice, each pairof unequal integers is treated as meet and join incompatible. To represent an anti-chain, we assign each element aunique number in [1; n], and use 0 to represent the empty set. The set operations are de�ned as follows:subsets: i � j , i = j or i = 0.union: i [ j fails if i 6= 0; j 6= 0 and i 6= j. Otherwise i [ j = max(i; j).intersection: i \ j = i if i = j, otherwise i \ j = 0.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 29By viewing an ordered set as being composed of a number of chains or anti-chains, we can use integer vectors torepresent up-sets.De�nition 4.5 Let P be an ordered set. A partition Q = fP1; P2; � � � ; Pmg of P is called a chain (anti-chain)partition if the suborder de�ned on each of the Pi is a chain (anti-chain).An anti-chain Q is called meet (join) incompatible if every pair of elements in Q is meet (join) incompatible. Inessence, the above partitions view a partial order as a number of parallel interconnected chains or anti-chains. As anexample, consider the chain and meet incompatible anti-chain partitions of the ordered set of Figure 2.2, shown inFigures 4.3 (where each chain is represented vertically) and 4.4 (where each anti-chain is represented horizontally).
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foxFigure 4.4: Meet incompatible anti-chain partition of the ordered set in Figure 2.2Integer vectors can be used to represent up-sets using chain or incompatible anti-chain partitions by assigningone position in the vector to each chain or anti-chain, since we only need to represent at most one element of each.The integer vector encoding in [97] uses a chain partition. A partition of size k requires vectors of length k. Weneed to have a special integer (we use 0) to place in a position when the up-set does not contain any elementfrom the corresponding chain or anti-chain. For chain partitions, an entry represents all preceding elements in thecorresponding chain. For meet incompatible anti-chain partitions, at most one element from each anti-chain can bepresent, so a non-zero entry represents an element plus the absence of all other elements in the anti-chain. The entirevector then represents the union of the information represented in its entries. We denote each entry of a vector V ofsize k as V [i], 1 � i � k. The set operations for chain partitions are de�ned as follows:subsets: V1 � V2 , 81 � i � k; V1[i] � V2[i].union: V1 [ V2 = V , 81 � i � k; V [i] = max(V1[i]; V2[i]).intersection: V1 \ V2 = V , 81 � i � k; V [i] = min(V1[i]; V2[i]).In our example, we represent "kit fox by [0; 0; 0; 0; 3; 0;1;0] and "terrier by [2; 0; 1; 0;1;0; 0; 0]. Their intersectionis the code for "canine: [0; 0; 0; 0;1; 0; 0;0]. We now consider the set operations for meet incompatible anti-chainpartitions:subsets: V1 � V2 , 81 � i � k; V1[i] = V2[i] or V2[i] = 0.union: 81 � i � k, V1 [ V2 = V fails if V1[i] 6= 0; V2[i] 6= 0 and V1[i] 6= V2[i].Otherwise V [i] = max(V1[i]; V2[i]).



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 30intersection: V1 \ V2 = V , 81 � i � k, V [i] = V1[i] when V1[i] = V2[i]Otherwise V [i] = 0.In our example, we represent "kit fox by [0; 1; 1; 2;5] and "terrier by [1; 1; 0; 1; 3]. The intersection of these is[0; 1; 0; 0;0] ("canine) but their union fails.Bit-vectors can be viewed as a special case of both forms of integer vectors, where an ordered set is seen as aset of n chains or anti-chains of size 1. Note that any singleton anti-chain is vacuously meet incompatible. For bothcases, 0 represents that no element of the corresponding chain or anti-chain is in the subset, and 1 represents thatthe �rst, and only, element is in the subset. The logical operations of AND and OR compute the set operations.Also, 
at logical terms (i.e. terms with no functors or nesting) provide a direct logical realization of incompatibleanti-chain vectors, using anonymous variables instead of 0 and atomic symbols instead of integers. For example, theabove vectors could be represented as p( ; 1; 1; 2; 5) and p(1; 1; ; 1; 3), respectively. Note that we can apply sparserepresentations to integer vectors (i.e. introduce indices for non-zero elements, and eliminate the zero entries), as weshow in Chapter 6.4.4 In�nite SubordersOur analysis of encoding assumes that the original ordered set is �nite. For many applications we require theintegration of a �nite order with one or more in�nite orders such as real numbers, integers, strings, intervals,etc. Clearly, we cannot compute codes for the elements of an in�nite suborder a priori, so we need to be able toperform taxonomic operations involving one or more elements in an in�nite suborder dynamically. Provided certainrestrictions are obeyed, we can permit portions of our set to be in�nite while still bene�ting from encoding. As faras we know, such a formulation has not previously been described.Suppose we have an ordered set P with an in�nite suborder Q. We can encode the �nite portion of P using thetechniques described in this chapter provided Q obeys the following:Classi�cation Given any element x in Q, we must be able to ascertain that in fact x 2 Q. Note that one in�nitesuborder may be a suborder of another in�nite suborder (e.g. integers and reals). Thus, we must be able toclassify elements correctly (e.g. checking if 1 < 3=2, we must classify 1 as a rational number).Locality The order relation within Q must be locally determined and e�cient. This is required for operationsinvolving only elements of Q, so that encoding is not necessary. For example, it is easy to locally determineorder between integers, strings or intervals of real numbers. If meets or joins must also be preserved in Q, thenthese operations must also be locally computable.Encapsulation In order to compute operations involving one element in Q and another not in Q, Q must bebounded (i.e. it must have top and bottom elements, >Q and ?Q)6. In a sense, these elements provide entryand exit points to the in�nite suborder and can be incorporated into the �nite portion of the ordered set.Normally, the bottom will simply be the bottom of the ordered set. We also require that Q be closed. Thatis, Q = #>Qn#?Q [ f?Qg and Q = "?Qn">Q [ f>Qg. This requires that the bounds of Q must provide theonly entry and exit points. We show in Chapter 5 that bounding and closure implies that Q must be a modulewithin P .These requirements allow us to encode the �nite portions of an ordered set, including the bounds of any in�nitesuborder, as though the entire set was �nite. For operations involving elements within an in�nite suborder, we uselocality to compute the operation. In the case of meets and joins, the result will also be in the in�nite suborder. Foroperations involving one element in an in�nite suborder Q and another not in Q, we can use the one of the boundsin place of this element. If the result of a meet or join is this bound, it can be replaced by the original element. Weprovide more details of how this may be achieved when we discuss modulation in Chapter 5.6It may be possible to relax this restriction to require a �nite number of maximal and minimal elements of the in�nite suborder.This, however, complicates taxonomic operations. For example, the meet of two elements not in an in�nite suborderQ may result in anyelement in Q, not just one of the maximal elements.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 314.5 Spanning Sets of Principal Down-sets and Up-sets4.5.1 All principal down-setsThe transitive closure encoding introduced in [2] and described in section 3.5 encodes a partial order with k elementsusing bit-vectors of length k�1 as follows. Each element ai 2 P (except ?) is assigned a unique integer i in [1; k�1].For any element aj 2 P , bit i, 1 � i < k will be 1 if and only if ai � aj. The actual procedure given in [2] producesthis encoding in a bottom-up manner, starting at ? and propagating codes upwards towards >.In terms of our framework, this procedure simply computes the spanning set S1 consisting of every principalup-set for the bottom-up case described, or the spanning set of every principal down-set for the top-down case. Theencoding is the characteristic vector implementation of these component mappings. The orders induced by thesespanning sets are isomorphic to the original order. As an example, the following �gure shows a lattice, a componentmapping, and its bit-vector implementation.
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}Figure 4.5: Principal down-set encodingThe interval encoding in [1] is closely related, and is based on the same spanning set S1, but implemented usingsets of integer intervals. Recall from section 4.3 that, under a total order � of S1, any set of components can beimplemented using the corresponding set of intervals in �. In [1], an algorithm for �nding an optimal ordering isdescribed. A cover tree T for the ordered set P is identi�ed by choosing, for each element x 2 P , the parent thathas the most ancestors. The authors show that the total order � de�ned by the postorder traversal of T producesinterval set codes that minimize the overall space requirements of the encoding (i.e. the total number of intervals forall codes)7. In case P is a tree, for each element x 2 P , C(x) will be exactly one interval. To illustrate, Figure 4.6shows a cover tree T , the preorder number of T , and an interval implementation of the lattice in Figure 4.5.
[1,8]

[1,4] [1,2],[5,6] [1,1],[3,3],[5,5],[7,7]

[1,2] [1,1],[3,3] [1,1],[5,5]

[1,1]

d e f

a b c

T

T

2 3 5

4 6 7

8

1Figure 4.6: Cover tree, preorder numbering and interval encoding for the lattice in Figure 4.5Theorem 4.2 Let L be a lattice. The set of principal down-sets of L forms a spanning set S1 that preserves joinsthrough intersection.Proof: We need to show that e1 t e2 = e if and only if C(e1)\C(e2) = C(e). Suppose that e1 t e2 = e. Consider any principaldown-set #a 2 C(e1) \ C(e2). Then e1 � a and e2 � a. By the de�nition of join, e � a, so #a 2 C(e). Consider any principaldown-set #a 2 C(e). Then e � a. Since e1 � e and e2 � e, #a 2 C(e1) \ C(e2). Therefore, C(e1) \ C(e2) = C(e).Assume that C(e1) \ C(e2) = C(e). Since #e 2 C(e), e1 � e and e2 � e. So e is an upper bound of e1 and e2. Now ife1 t e2 = a then #a 2 C(e1) \ C(e2), so #a 2 C(e) and e � a, implying e = a. 27This optimum in fact only holds when we do not consider merging two adjacent intervals (e.g. [i1; i2] and [j1; j2] where j1 = i2 + 1could be replaced by [i1; j2]). When merging is performed, the total order identi�ed may not be optimal. However, adjacent intervals inthe codes resulting from � may be merged to provide an approximation to the optimal.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 32The dual of the above theorem shows that the set of principal up-sets forms a spanning set that preserves meetsthrough intersection.Such spanning sets lead to a particularly time e�cient implementation using a Boolean matrix in which entry(i; j) = 1 if i � j and 0 otherwise [114]: checking subsumption can be accomplished in constant time8. In [93], theencodings of [2] are used in the typed feature logic programming language T DL, and in [45], a transitive closureencoding implemented using tree terms is proposed.4.5.2 Principal down-sets of meet irreducible elementsSince a focus of encoding is space and time e�ciency, we are interested in �nding spanning sets with a minimalnumber of elements. In [2] it is recognized that not all principal down-sets are required to maintain joins. This ledto the compact encoding algorithm described in section 3.5. Let us denote the set of meet irreducible ancestors ofan element e as �(e). It is easy to show that � is monotonically increasing as we descend the taxonomy from parentsto children (i.e. if e1 � e2 then �(e2) � �(e1)). We now show that in a lattice, � also preserves joins.Lemma 4.1 Let L be a lattice. Then for e1; e2 2 L, e1 � e2 if and only if �(e2) � �(e1).Proof: ) By the monotonicity of �, if e1 � e2, �(e2) � �(e1).( Suppose �(e2) � �(e1) and e1 6� e2. Clearly, any ancestor of e2 that does not subsume e1 must not be meet irreducible.So e2 cannot be meet irreducible. If two of the parents of e2 subsume e1, then the meet of these two parents is not unique.Thus, at least one parent p of e2 does not subsume e1. Since p cannot be meet irreducible, we can continue until we have anancestor of e2 that is a child of > and does not subsume e1. But all children of > are meet irreducible. 2Theorem 4.3 The set of principal down-sets for the meet irreducible elements of a lattice L, SM(L) = f#eje 2M(L)g, forms a spanning set that preserves joins through intersection.Proof: The component mapping for the set of principal down-sets of meet irreducible elements is de�ned as C(x) = f#eje 2�(x)g. Consider any two elements e1 and e2. If C(e1) = C(e2) then �(e1) = �(e2) and so �(e1) � �(e2) and �(e2) � �(e1). Bythe above lemma, e2 � e1 and e1 � e2, so e1 = e2. Thus, C is one-to-one and so SM(L) forms a spanning set.We need to show that e1 t e2 = e if and only if C(e1) \ C(e2) = C(e). This is equivalent to showing that e1 t e2 = e if andonly if �(e1) \ �(e2) = �(e).) Suppose that e1 t e2 = e. Consider any meet irreducible x 2 �(e1) \ �(e2). Then e1 � x and e2 � x. By the de�nitionof join, e � x, so x 2 �(e). Consider any meet irreducible x 2 �(e). Then e � x. Since e1 � e and e2 � e, x 2 �(e1) \ �(e2).Therefore, �(e1) \ �(e2) = �(e).( Assume that �(e1) \ �(e2) = �(e). Then e is an upper bound of e1 and e2, since �(e) � �(e1) and �(e) � �(e2) implythat e1 � e and e2 � e, by the above lemma. For any upper bound x of e1 and e2 we have �(x) � �(e1) and �(x) � �(e2),by the lemma, and so �(x) � �(e1) \ �(e2). From our assumption and the lemma, we deduce that �(x) � �(e) and e � x,implying e1 t e2 = e. 2The dual of this theorem states that the set of principal up-sets for the join irreducible elements of a lattice L,SJ (L) = f"eje 2 J (L)g, forms a spanning set that preserves meets through intersection. Also note that the orderinduced by SM(L), for a lattice L, is isomorphic to the suborder obtained by restricting L to the meet irreducibleelementsM(L).The compact encoding in [2] for a lattice L implements the component mapping of SJ (L), for the bottom-up casedescribed, and SM(L) for the top-down case, using characteristic vectors. We again use the lattice in Figure 4.5 toillustrate. Figure 4.7 shows the component mapping for SM(L) and its bit-vector implementation.For distributive lattices, the ideal tree in [78, 114] encodes SM(L) in a tree data structure (see section 4.3.2) thatpermits computation of both meets and joins in O(jM(L)j) time. We now demonstrate that SM(L) and SJ (L) arethe smallest spanning sets of principal down-sets or up-sets that preserve not only joins and meets, respectively, butalso subsumption.8This is simply the adjacency matrix implementation of the transitive closure graph of the ordered set.
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111Figure 4.7: Meet irreducible encodingLemma 4.2 Let L be a lattice. Then every meet irreducible element of L must be a factor9 of at least one down-setin a spanning set of down-sets.Proof: If not, it has the same component mapping as its parent. 2Theorem 4.4 Let L be a lattice. If jM(L)j = m, then any spanning set of principal down-sets that preservessubsumption with supersets must have at least m down-sets.This theorem is a direct consequence of the above lemma. Thus, for subsumption preservation, the smallest sizespanning set of principal down-sets or up-sets has min(jM(L)j; jJ (L)j) elements.Theorem 4.5 Let L be a lattice and S a spanning set of down-sets on L that preserves joins by set intersection.Then every component of S must be a principal down-set.Proof: Suppose there is a component Q = #fq1; q2; � � � ; qng 2 S that is not principal (i.e. n � 2). Consider the join of anytwo of the maximal elements, say q1 and q2. Clearly the join must properly subsume both of these elements (since q1jjq2, andso Q =2 C(q1 t q2)). But Q 2 C(q1) and Q 2 C(q2), so Q 2 C(q1) \ C(q2). Thus, S does not preserve joins by intersection. 2This last theorem, along with the Spanning Set Duality theorem, shows us that jSM(L)j (jSJ (L)j) is the minimumsize of any spanning set that preserves joins (meets).Much of the above discussion assumes that we are encoding a lattice. For a general ordered set P , the spanning setof all principal down-sets preserves subsumption, as does SM(P ), provided we recognize the meet irreducible elementsof the order, which do not necessarily have a single parent as shown by Theorem 2.2. Both techniques, however,can be used to encode for join bases (meet crests) instead of joins (meets). When computing a join base a t b, theintersection of the two component mappings C(a) \ C(b) = Catb will result in a component set that represents thejoin base. If the join base is a singleton (i.e. a join: a t b = c), then C(c) = Caub; otherwise, we need to �nd themaximal elements whose component mappings are subsets of Catb.4.6 Spanning Sets of Prime Down-sets and Up-setsThis section describes spanning sets of prime down and up-sets and shows a direct correspondence with spanning setsof principal up-sets and down-sets, respectively. Although not standard in lattice theory, we de�ne prime down-setsanalogously to prime ideals: a down-set #Q of a lattice L is prime, if when x u y 2 #Q, either x 2 #Q or y 2 #Q.That is, we cannot get into #Q from two elements not in #Q. For an ordered set P , we generalize this de�nition: adown-set #Q of P is prime, if when x u y � #Q, either x 2 #Q or y 2 #Q.Lemma 4.3 Let L be a lattice. If e is an element and #e is its principal down-set then bLn#ec (i.e. the principalfactors of the up-set Ln#e) are all join irreducible.9Recall that a factor is a maximal element of a down-set.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 34Proof: Suppose f is a minimal element in Ln#e and is not join irreducible. Then it has at least two children, x and y. Bothx and y must be in #e or else f is not minimal. Since both x and y are subsumed by e (by the de�nition of down-set), e is anupper bound of x; y. But f 6� e and f clearly must be the join of x and y, so we don't have a lattice. 2Theorem 4.6 Let L be a lattice. Then "Q is principal if and only if Ln"Q is prime.Proof: ) Suppose an up-set "Q is principal, Q = feg. Let #Qe = Ln"e. By the dual of the above lemma, the factors of thisdown-set must all be meet irreducible. Suppose 9 e1 and e2 such that e1 u e2 2 #Qe but e1 =2 #Qe and e2 =2 #Qe. By theconstruction of #Qe, e1 2 "e, so e � e1. Similarly, e � e2. Therefore e � e1 u e2. But then e1 u e2 2 "e.( Suppose an up-set "Q is not principal. Consider any two factors e1 and e2 of "Q. Since e1 u e2 =2 "Q, Ln"Q is not aprime down-set. 2We say that Ln"e is the prime down-set induced by e, the elements not in its principal up-set. In [102], Mellishshows that if we have a spanning set of prime down-sets, we can guarantee that the meet of two elements can befound with uni�cation (down-set union). With the Spanning Set Duality Theorem (Theorem 4.1), we can see thata spanning set of down-sets that preserves meets with union can be easily constructed from the join irreducibleelements. The above theorem shows that this is a spanning set of prime down-sets and the �nal result of the previoussection shows that this is the smallest such spanning set. Naturally, for an ordered set P , the order induced by aspanning set of prime down-sets is dually isomorphic to that produced by a SJ (P ).As an example, in Figure 4.8, J (P ) = fd; e; a; cg. The �rst encoding shows a bit-vector implementation of thespanning set SJ (P ) = f"d; "e; "a; "cg where meets are preserved with intersection. The spanning set of prime down-sets associated with these join irreducible elements is SJ (P ) = f#c; #a; #fb; cg; #fa; bgg, preserving meets with union.The second encoding shows the implementation of this spanning set.
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1111Figure 4.8: Principal up-set and prime down-set encodingsThe encoding of [77] represents each element by the set Q of join irreducible elements that it doesn't subsume,which is equivalent to the set of prime down-sets induced by elements in Q. The underlying spanning set thereforeconsists of the prime down-sets induced by J (P ), and so preserves meets with union. The bit-vector implementationof such a spanning set is identical to the bitwise negation of the bit-vector implementation of SJ (P), as can be seenin the above example.We have now shown a correspondence between the compact encoding of [2] based on set intersection (e.g. bitwiseAND), and prime down-set encodings of [77, 102] based on set union (e.g. bitwise OR and logical term uni�cation).There is, however, one important distinction to make for the approach of Mellish [102]. In the above construction, ifthe meet of two elements is ?, set union will produce the entire domain (i.e. the entire spanning set S) because ? istreated as any other element. It is also possible (as Mellish's approach requires) to implement meet incompatibilityas failure (e.g. with uni�cation failure). This strict requirement essentially treats the ordered set as ?-unbounded.We discuss in sections 4.8 and 4.9 how incompatibility as failure may be achieved.4.7 Spanning Sets of Compound Down-sets and Up-setsSo far, we have studied spanning sets of principal down-sets that preserve joins with intersection, and spanning setsof prime (possibly compound) down-sets that preserve meets with union. We showed that the latter case is equivalentto spanning sets of principal up-sets that preserve meets with intersection. Between these extremes lie spanning sets



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 35that preserve subsumption, but neither meets nor joins. We now consider such spanning sets, which may containdown-sets with multiple factors. Recall that the factors of a down-set #Q is the set of maximal elements of #Q (whichis an anti-chain). Initially, we focus on spanning sets that do not permit multiple occurrences of factors. That is,elements that are factors of several spanning set components. Later in the section, we relax this restriction.Our �rst theorem shows that, for any spanning set S of down-sets, there is a spanning set containing only meetirreducible factors which is no larger than S. This means that, as in section 4.5, we need only be concerned withirreducible elements when constructing minimal size spanning sets.Theorem 4.7 Let S be a spanning set for a lattice L that preserves subsumption. Then there exists another spanningset S0 that (i) contains no more down-sets than S (ii) preserves subsumption and (iii) has only meet irreducible factorsin all down-sets.Proof: Suppose we have a subsumption preserving spanning set S for which there exists a down-set #Q = #fq1; q2; � � � ; qmgwhere qi is not meet irreducible, for some 1 � i � m. Further suppose we remove qi from Q (this may reduce the number ofcomponents in the spanning set if Q becomes empty or equivalent to another down-set in S). This produces a new spanningset S0 that is identical to S except that Q0 = fq1; � � � ; qi�1; qi+1; � � � ; qng has fewer elements than Q (and so #Q0 � #Q) andS0 = Snf#Qg [ f#Q0g. The component mapping for S0 will be denoted by C0. The only di�erence between C and C0 (modulothe name change of Q to Q0) is that the mapping of elements in #Qn#Q0 does not contain Q0 (i.e. descendants of qi notsubsumed by some qj 2 Q, i 6= j and 1 � j �m, are not in #Q0).If S0 does not preserve subsumption, then 9e1; e2 2 L for which e2 6� e1 and C0(e1) � C0(e2) (due to the monotonicity of thecomponent mapping for spanning sets of down-sets, the case e2 � e1 but C0(e2) 6� C0(e1) cannot occur). Since C(e1) 6� C(e2),C0(e1) = C(e1)nf#Qg � C(e2) = C0(e2). This situation is only possible if e1 � qi but e1 62 #Q0 and e2 =2 #Q, otherwiseC(e1) � C(e2).Let p1; p2; � � � ; pn, n � 2 be the parents of qi. Since qi 2 Q, none of its parents are in #Q, so #Q 62 C(p1) and C(p1) �C(qi) � C(e1), C(p1) � C(e2): Thus, e2 � p1. Similarly, e2 � p2; � � � ; pn. Also e2 6� qi, since e2 62 #Q. This implies thatL is not a lattice, since qi must be the meet of its parents, but e2 is a lower bound of these parents not subsumed by qi.Therefore S0 must preserve subsumption. Clearly, we can similarly remove all non-meet irreducible elements from S to producea subsumption preserving spanning set that has no more components than S. 2Hereafter, we assume that the components of all spanning sets have only meet irreducible factors. We havealready shown that no spanning set S of compound down-sets can preserve joins by intersection. Can S preservemeets with union? If it does, the Spanning Set Duality Theorem tells us that there is a corresponding spanning setS0 that preserves meets with intersection. Since S0 can have only principal up-sets for components, S must be aspanning set of prime down-sets.We now focus on how compound down-sets can reduce the size of a spanning set that preserves only subsumption.First let us consider when two elements can be factors of the same down-set.Theorem 4.8 Let P be an ordered set and S be a spanning set of down-sets for P with no multiple occurrences offactors. Then S preserves subsumption if and only if, for every compound down-set #Q 2 S with factors e1; e2, 6 9an element that is (i) a descendant of the parent of e1, but not of e1 itself and (ii) a descendant of e2.Proof: ) Suppose e1 and e2 are factors of the same down-set #Q of S, and 9 an element q that is (i) a descendant of the parentp of e1, but not of e1 and (ii) a descendant of e2. Since e1 is a factor of no down-set in S other than #Q, C(e1) = C(p)[f#Qg.Also q � p and q � e2, so C(p) � C(q) and Q 2 C(q). Therefore, C(e1) � C(q), but q 6� e1, so S does not preserve subsumption.( Suppose for every down-set #Q 2 S, if e1; e2 are factors of #Q then 6 9 an element that is (i) a descendant of the parentp of e1, but not of e1 itself and (ii) a descendant of e2. So if e1; e2 are factors of #Q then for every element q, if q � p andq � e2, then q � e1. If S does not preserve subsumption, then 9x; y 2 P for which C(y) � C(x), but x 6� y. Let e1 be amaximal ancestor of y for which x 6� e1 and C(e1) � C(x). If e1 is non-meet irreducible, then the meet of the parents Q ofe1 is unique. Clearly, this meet must be e1. Also, every parent of e1 must subsume x, otherwise it is not maximal, so x is alower bound of Q. But then x � e1.Thus e1 is meet irreducible, and so must be a factor of some down-set #Q. Since C(e1) � C(x), #Q 2 C(x). Since x 6� e1,#Q must have at least one other factor e2 for which x � e2. But then our assumption is violated, since e1; e2 2 Q, x � p wherep is the parent of e1, x 6� e1 and x � e2. 2



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 36Figure 4.9 illustrates the case when e1 and e2 do not satisfy the constraints of the theorem. If we put e1 and e2as factors of the same component, the component mapping for the descendant d will be a superset of that of e1, andso we will incorrectly conclude that d � e1.
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... ...Figure 4.9: Elements that cannot be in the same down-setIn [24], Caseau proposes an encoding scheme that preserves subsumption. His algorithm computes a subsumptionpreserving spanning set of down-sets, implemented with bit vectors. Through his notion of \gene sharing", compounddown-sets may be formed. The algorithm proposed computes the spanning set incrementally as the ordered set isconstructed from top to bottom. When meet irreducible elements are added, the algorithm adds the element asa factor of the �rst down-set permitted according to the above theorem. When non-meet irreducible elements areadded, a check is made to see if the conditions of the theorem are violated. If they are, a factor of some down-setcontributing to this violation is moved to another down-set in a process called \gene mutation".Below is an example ordered set and the encoding that the algorithm determines immediately before and afterthe addition of element i (which causes a gene mutation, since i is (i) a descendant of the parent a of c, but notof c itself and (ii) a descendant of e). The spanning sets prior to and following the mutation are respectivelyf#a; #b; #fc; eg; #fd; fgg and f#a; #b; #fc; eg; #d; #fg. The rightmost encoding shows a more compact encoding thanCaseau's that satis�es the above theorem, but which the algorithm does not �nd. The spanning set for this encodingis f#a; #b; #fc; fg; #fd; egg.
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1101 11101011Figure 4.10: Subsumption preserving encodingIntuitively, it seems that subsumption preservation should not rely on the existence of meets or joins. However,Caseau's incremental algorithm forms the minimal (i.e. Dedekind-MacNeille) lattice completion of the given orderedset, which is potentially costly.Theorem 4.9 Let P be an ordered set. Then the elements that must be represented as factors of down-sets for asubsumption preserving spanning set are the meet irreducible elements of P .It is easy to show thatM(P ) =M(LP ), where LP is the minimal lattice completion of P . The proof of the abovetheorem follows from this fact and previous theorems. Thus, we don't need to actually realize the lattice completion.Rather, we need only recognize which elements are meet irreducible.4.7.1 Finding a minimal subsumption preserving spanning set is NP-HardIn Caseau's paper, a suggestion is made for the gene mutation process to attempt to detect more compact ways torectify a violation, once detected. Both the original algorithm and this suggested improvement, however, provideapproximations to the problem of �nding a minimal spanning set of down-sets that preserves subsumption. Unfor-tunately, as we show through the next theorem, this problem is NP-Hard. This result is related to one suggested in[77] regarding the bounded dimension of an ordered set, dim2(P ).



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 37De�nition 4.6 Minimum Subsumption Preserving Spanning Set. Given a lattice L and a positive numberk � jLj. Is there a spanning set of down-sets of size k that preserves subsumption?Theorem 4.10 The Minimum Subsumption Preserving Spanning Set problem is NP-Complete.Proof: Consider the following problem, which is known to be NP-Complete [69]:Partition into Cliques. Given a graph G = (V;E) and a positive number k � jV j. Is there a partition of G into kcliques?We provide a polynomial transformation from this problem to our problem. Let us construct a lattice L from G = (V; E),where n = jV j and e = jEj, as follows: (i) start with a > element (? will be left implicit). (ii) Add n elements P1; P2; � � � ; Pn,where Pi < >. (iii) Add n elements v1; v2; � � � ; vn, where vi < Pi. (iv) Add m = n(n� 1)=2� e elements as follows: For eachpair of vertices vi; vj, where i < j, that does not have a connecting edge in E, add an element (vi; vj) where (vi; vj) � Pi and(vi; vj) � vj .Claim: L has a subsumption preserving spanning set of size n+ k if and only if G has a partition into k cliques.) Suppose L has a subsumption preserving spanning set S of size n+ k. First note that, by theorem 4.8, S must containn principal down-sets corresponding to the Pi meet irreducibles. Since the (vi; vi) elements are not meet irreducible, all otherdown-sets must be composed of the vi elements. Further, there must be exactly k of these down-sets. Consider any one ofthese down-sets #Q. Claim: The corresponding vertices in G forms a clique. Consider any pair of elements vi; vj 2 Q, wherei < j. Since they are factors of the same down-set, 6 9 an element that is (i) a descendant of the parent of vi, but not of viitself and (ii) a descendant of vj. By the above construction, the only possible element for which this could occur is (vi; vj),which only exists if vi; vj are not connected by an edge. Thus, vi; vj have a connecting edge. Therefore, the correspondingvertices within each of these k down-sets forms a clique in G.( Suppose G has a partition into k cliques. Each of the Pi meet irreducibles must form a down-set for any spanning setthat preserves subsumption on L. This makes n down-sets. Consider any one of the k cliques, Q. Claim: The correspondingmeet irreducibles in L can be factors of the same down-set. By the theorem, any pair vi; vj, i < j, can be factors of thesame down-set provided 6 9 an element that is (i) a descendant of the parent of vi, but not of vi itself and (ii) a descendantof vj. By the above construction, the only possible element for which this could occur is (vi; vj), which only exists if vi; vjare not connected by an edge. But since vi; vj are in a clique, they are connected by an edge. Thus, the corresponding meetirreducibles within each of these k cliques can be factors of the same down-set in a spanning set that preserves subsumptionon L. 2Figure 4.11 shows an example of this reduction. Elements a; b; c; d form a clique in the graph and can also befactors of the same down-set in a subsumption preserving spanning set for the lattice.
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(a,e) (a,f) (b,f) (c,e) (d,e)Figure 4.11: Transformation of a graph to a lattice4.7.2 Multiple occurrences of factorsAlthough, it may seem unnecessary for an element to be a factor of more than one down-set, more compact spanningsets may result by allowing multiple occurrences of factors. We characterize the general conditions such spanning setsmust satisfy. In Figure 4.12, any spanning set without multiple occurrences of factors has at least ten elements. It iseasy, however, to verify that the spanning set S = f#fa; b; c; d; e; fg; #fa; b; c; g; h; ig;#fa; d; e; g; h; jg; #fb; d; f; g; i; jg;#fc; e; f; h; i; jgg preserves subsumption.
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11111Figure 4.12: Subsumption preserving encodingTheorem 4.11 Let P be an ordered set and S be a spanning set of meet irreducible down-sets for P . Then Spreserves subsumption if and only if, for every meet irreducible element e1 2 M(P ), 6 9 an element x for which (i) xis a descendant of the parent of e1, but not of e1 itself and (ii) 8#Q 2 S where e1 is a factor of #Q, 9 a factor e2 of#Q for which x is a descendant of e2.The proof of this theorem is similar to that for Theorem 4.8. Figure 4.13 illustrates the case when the constraintsof the theorem are violated for an element e1. If every component for which e1 is a factor, has one of the fi asa factor, the component mapping for the descendant d will be a superset of that of e1, and so we will incorrectlyconclude that d � e1. Allowing multiple occurrences of factors provides greater 
exibility to subsumption encodingand permits more compact spanning sets. Finding a minimal sized spanning set is undoubtedly NP-Hard, but it maybe possible to design an approximation algorithm (such as an extension to Caseau's greedy algorithm) that performsbetter than existing algorithms.
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..Figure 4.13: Violation of subsumptionThere have been two encoding schemes ([61, 79]) that permit multiple factors in compound spanning sets. Al-though the algorithms are too detailed to describe fully in this thesis, there are several issues of interest.The algorithm in [61] constructs a bit-vector encoding using two passes over a lattice L: one upwards and onedownwards. The resulting encoding preserves subsumption with subsets, and thus implements a spanning set ofup-sets. One of the goals of this encoding is to provide e�cient meet computations (join computations are described,but are not e�ciently handled). Meet computations are achieved in this subsumption preserving encoding by usingan interesting indexing method. Suppose L is the lattice to encode, and S is the spanning set of up-sets generated bythe algorithm. With each non-meet irreducible element x 2 L; x =2M(L), one of the components sx 2 S is associatedin the following way:De�nition 4.7 Let L be a lattice, and S be a spanning set of up-sets on L. Then S discriminates the non-meetirreducible elements of L if 8x 2 L; x =2 M(L), 9sx 2 S for which (i) x 2 sx and (ii) if y 2 L; y =2M(L), and y 2 sx,then x � y (i.e. x is the unique minimum non-meet irreducible element of sx).To compute a meet xuy, we �rst check if x � y or y � x. If neither of these hold, we know that the meet must bea non-meet irreducible element. We then intersect the component mappings for x and y: Caub = C(x) \ C(y). Usinga linear extension � of the lattice L, a linear ordering is formed for S; the details of the particular linear extensionformed in [61] are unimportant, but what is essential is that, for two non-meet irreducible elements x; y 2 L, if x � ythen sx � sy . By the manner in which S is formed, the meet will correspond to either the �rst or second spanningset component in Caub corresponding to a non-meet irreducible element10. Using a bit-vector mask (which contains a10A generalization of this property is proven below.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 391 in each position corresponding to a non-meet irreducible component), these components can be identi�ed. A tableindexed by the bit corresponding to these components is then used to decode the meet.Note that this approach to decoding meets through a table lookup can be applied to any spanning set thatpreserves subsumption with subsets and discriminates the non-meet irreducible elements. In particular, the transitiveclosure method of [2] could use this indexing technique for e�cient decoding.Rather than elaborate on the details of this algorithm, it will be more fruitful to elucidate its important contri-butions. First, although this approach usually requires less space than the transitive closure method of [2], there arecases in which a spanning set contains redundancy. By the dual of Theorem 4.7, subsumption preservation needsonly to deal with join irreducible elements. For the indexing method to function, however, we need to keep thosecomponents associated with non-meet irreducible elements (which may contain non-join irreducible factors). How-ever, there are other redundancies that may result from the algorithm in [61]: (i) it is possible to have a factor thatis meet irreducible but not join irreducible; such factors can be removed (by Theorem 4.7). (ii) it is possible to haveduplicate and redundant components. By remediating these problems in the resulting spanning set, the algorithmcould be improved.As an example, consider the ordered set in Figure 4.14. The �rst encoding results from the algorithm in [61]. Thespanning set that is implemented is S = f"fe; gg; ">; "e; "g; "f; "fe; ggg. Note that the component "fe; fg appearstwice (in the �rst and last bit positions), which is clearly unnecessary. Secondly, this component is redundant, sinceit is not associated with any non-meet irreducible element, and "e and "g are both components of S. A more e�cientspanning set that preserves the desired properties is S0 = f">; "e; "g; "fg; its bit-vector implementation is shown onthe right-hand side of Figure 4.14.
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1111Figure 4.14: Example encodings that discriminate non-meet irreducible elementsWe now formulate the encoding problem tackled by the algorithm in [61] in a general manner, which may leadto the development of more e�cient solutions. Suppose we have a lattice L and we wish to construct a spanningset S that (i) preserves subsumption with subsets (i.e. x is subsumed by y (x � y) if and only if C(x) � C(y)), and(ii) discriminates non-meet irreducible elements. For each element x 2 L; x =2 M(L), de�ne the set R(x) = fy 2Ljy � x; 8z 2 L; z =2 M(L); y � z ! x � zg. These are the elements that are subsumed by x, but not by any othernon-meet irreducible element that is not an ancestor of x. Note that x 2 R(x). Now the problem can be describedas constructing a subsumption preserving spanning set of up-sets S with the restriction that 8x 2 L; x =2 M(L),9sx 2 S for which the factors of sx are a subset of R(x) (i.e. bsxc � R(x)). This ensures that S discriminatesnon-meet irreducible elements. The component sx will be called the component associated with x.We know from theorem 4.7 that to preserve subsumption, we need only be concerned with the join irreducibleelements J (L). Thus, for optimality, we need only consider the join irreducible elements of R(x); if there are none,then we can use sx = "x.The interesting result is as follows:



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 40Theorem 4.12 Let L be a lattice and S be a spanning set of up-sets for L such thati. S preserves subsumptionii. S discriminates non-meet irreducible elementsiii. S is partitioned into those components that are associated with non-meet irreducible elements, S1 and thosethat are not, S2iv. There is a linear extension � of S1.Then, for any meet a u b = c, consider Caub = C(a) \ C(b).i. if Caub = C(a), then a = c.ii. if Caub = C(b), then b = c.iii. if Caub = ;, then c = ?.iv. if Caub \ S1 = fsxg, then: if a � x (or b � x), then ? = c, otherwise x = c.v. if jCaub\S1j � 2, then let sx and sy be the �rst and second elements (according to �) in Caub \S1. If a � x(or b � x), then y = c, otherwise x = c.Proof: Let L be a lattice and S a spanning set of up-sets for L that satis�es the above conditions. Consider any meet aub = cand the set Caub = C(a) \ C(b). Since S preserves subsumption, cases (i-iii) hold.Now suppose sx is the �rst component (according to �) of Caub \ S1. It is possible that a 2 R(x) and b 2 R(x), in whichcase a � x and b � x (i.e. the factors of sx are below a; b and x). Since x subsumes every element in R(x), either both a andb subsume x or both are subsumed by x. Since � is a linear extension, if both a and b subsume x, clearly x = a u b.Claim: For any component sy 2 Caub \ S1, sy 6= sx, both a and b subsume y (or conversely, it is impossible for y tosubsume a and b). Suppose y subsumes a and b. Thus, a 2 R(y) and b 2 R(y). Since � is a linear extension of S1, x mustalso subsume a and b, and either y � x or xjjy. In the �rst case, we can infer that x 2 R(y), which is impossible, since x isnon-meet irreducible. In the second case, we can infer that L is not a lattice.Thus, in case x subsumes a and b, we can select the second element sy of Caub \ S1. If no such element exists, thena u b = ?, otherwise a u b = y. 2This theorem provides a general and e�cient procedure for computing and decoding meets, which abstracts thealgorithm in [61]. Given a and b, if neither subsumes the other, and the intersection of their component mappingsis non-empty, then we can determine their meet simply by extracting the �rst component sx corresponding to anon-meet irreducible element x. If x does not subsume either a or b, then a u b = x; otherwise extract the secondcomponent sy corresponding to a non-meet irreducible element y. If no such component exists, au b = ?; otherwisea u b = y.Another approach that implements spanning sets of compound down-sets, described in [79], decomposes anordered set P into co-atomic sublattices11. By grouping elements together that have the same set of subsumingco-atoms, the authors show that the resulting order is a co-atomic lattice. If P is already a co-atomic lattice, thenthe resulting order is isomorphic to P . This partitioning is performed repeatedly on each group of elements, forminga tree of co-atomic lattices that is used as the basis for generating a bit-vector encoding of the original orderedset. Their algorithm can also be viewed as computing a spanning set of compound up-sets, although the details arebeyond the scope of this thesis.4.8 Spanning Set DecompositionWe have seen that with spanning sets of down-sets, we can only preserve joins with principal down-sets (section 4.5)and meets with prime down-sets (section 4.6)12. The preceding section discussed combining principal down-sets intocompound down-sets while still preserving subsumption. In this section, we describe how decompositions of spanningsets that satisfy certain restrictions can lead to some e�cient implementations using, for example, integer vectors orlogical terms.11A co-atomic lattice is a lattice in which every element is a meet of one or more co-atoms.12Without the use of additional constraints, such as coreference, as discussed in section 4.9, and in [102, 104].



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 41Suppose a spanning set S for an ordered set P is decomposed into �1; �2; : : : ; �k (i.e. �1 [ �2 [ � � � [ �k = S).In order to use this decomposition, we modify the component mapping to return, in addition to each component,the subset containing it. We use the notation �(s) to denote that component s is in subset �. For example, if�(s) 2 C(e), then e 2 s and s is a member of the subset �. We say that an element of P is in a subset if it is inany of its constituent components. If we can guarantee that subsets possess certain structure, we can implementthem with space logarithmic to the number of components, as opposed to the linear space required to represent thecomponents individually.4.8.1 Chain decompositionFor a spanning set S on an ordered set P , a chain partition, as de�ned in section 4.3.5, of the order induced by Sis one form of chain decomposition. If the components of S are principal down-sets, a chain partition of S is alsoisomorphic to a chain partition of P . In general, if S is subsumption preserving, it corresponds to a chain productembedding of P , as we discuss below.The key feature of a chain decomposition S = �1 [�2[ : : :[�k is that, given a component si of �j, we can inferevery component preceding si in the chain. Thus, we need not represent all components explicitly - the componentmapping need only return at most one for each subset. Integer vectors, described in section 4.3.5, provide a directand e�cient implementation.The virtual time proposal in [97], addressing the problem of global time in distributed systems, essentially performsa chain partition on a spanning set of principal down-sets implemented using integer vectors. At each of k sites,transitions are caused by internal state changes, and message sends and receives, forming a partial order based onprecedence constraints among events (e.g. a send must precede its corresponding receive). Note that this partialorder is not necessarily a lattice, since two sites may simultaneously send to each other. The transition events foreach site represent local clock advances. Possible combinations of the local clocks constrain the possible global times.No global time is maintained in the system, but each site approximates it using its local time plus the times obtainedfrom other processes by messages received.The transitions at each site form a chain, interconnected by message sends and receives, producing a natural chainpartition that is represented by a vector of k integers. Since the clock at each site is updated after each transition,the code of an event for site i consists of the code of its parent at this site, with the ith entry incremented and, if theevent is a receive, the union is formed with the vector sent with this message. The underlying spanning set is thusthe set of all principal down-sets, so it preserves joins but not meets. As an example, a three site system is depictedin Figure 4.15. A space reduction could be realized if down-sets were restricted to the meet irreducibles.
Site 1 Site 2 Site 3
[1,0,0] [0,1,0] [0,0,1]

send [2,0,0]

receive [2,2,0]

internal [0,0,2]

send [2,3,0]

receive [2,3,3]send [2,4,0]

receive [3,4,0]Figure 4.15: Distributed virtual time encodingGeneralizing this scheme requires partitioning an arbitrary spanning set S into the minimum number of chains,which is equivalent to �nding the maximum sized anti-chain of S [74]. The cardinality of this anti-chain, called thewidth of S, determines the minimumnumber of chains needed to represent S, and thus the minimum size of a vectorimplementation. In the distributed system, the width is the number of sites. In general, determining the width of Sis possible in O(jSj3) time [74]. The next theorem shows the space requirements for a balanced chain partition.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 42Theorem 4.13 Let S be an ordered set with n elements and width k. Further suppose that there is chain partition ofS into k chains of size n=k. Then the integer vector encoding for S on this partition requires O(nk(blog(n=k)c + 1))space.Since each element requires a vector of size k, and the maximum sized integer in each vector is n/k (requiringO(log(n=k)) space), the result follows. Note: If k = 1, then we have a total order and we require O(logn) space torepresent each element. If k = n, then we have an anti-chain and we require O(n) space for each element. In bothcases, bit-vectors require O(n) space.Chain product embeddingsChain partitions are in fact a special case of chain product embeddings.De�nition 4.8 Let P be an ordered set, fC1; : : : ; Ckg be a set of chains, and � : P ! C1 � � � � � Ck be a functionfrom P to the cross product of these chains. Then � is a chain product embedding if, for x; y 2 P , x � y if and onlyif � (x) = (cx1 ; : : :cxk), � (y) = (cy1; : : : cyk) and cxi �Ci cyi for 1 � i � k.We de�ne element i of the vector � (x) as � (x)[i] (i.e. � (x)[i] = cxi ). A chain partition is the case when the Ci arechain suborders of P that partition P . Chain product embeddings are closely related to order dimension [144], andencoding dimension [79].Theorem 4.14 Let P be an ordered set. Then every chain partition of a subsumption preserving spanning set of up-sets S for P corresponds to a chain product embedding of P , and every chain product embedding � of P correspondsto a chain partition of some spanning set of up-sets for P that preserves subsumption.Proof: ) Let S be a subsumption preserving spanning set of up-sets for P , and let fC1; C2; : : : ; Ckg be a chain partitionof S. Let us also de�ne a special null component s; =2 S that subsumes every component of S. De�ne the mapping� : P ! C1 � � � � � Ck as �(x) = (c1; c2; : : : ; ck) where, for 1 � i � k, ci is the least element in Ci that is in C(x). IfCi \ C(x) = ; (i.e. there is no element in chain Ci that is in C(x)), then ci = s;. Thus, ignoring the null components in thismapping, C(x) = "fc1; c2; : : : ; ckg13.Claim: � is a chain product embedding. If x � y, then C(x) � C(y). Clearly, for 1 � i � k, we have �(x)[i] �Ci �(y)[i]14.Conversely, suppose for 1 � i � k, we have �(x)[i] �Ci �(y)[i]. Then C(x) � C(y), so x � y.( Let � be a chain product embedding of P into the set of chains fC1; C2; : : : ; Ckg. De�ne jCij = ni. De�ne the spanningset S = fs11; : : : ; s1n1 ; s21; : : : s2n2 ; : : : ; sk1 ; : : : sknkg, where, for 1 � i � k; 1 � j � ni, we de�ne sij = fx 2 P jj �Ci �(x)[i]g. Notethat �i = fsi1; : : : sinig, for 1 � i � k, de�nes a chain partition of S.Claim: S is a subsumption preserving spanning set of up-sets. If x � y, then for 1 � i � k, �(x)[i] �Ci �(y)[i]. Supposesij 2 C(x). Since j �Ci �(x)[i] and �(x)[i] �Ci �(y)[i], j �Ci �(y)[i], and sij 2 C(y). Thus, C(x) � C(y). Conversely, ifC(x) � C(y), then �(x)[i] �Ci �(y)[i], for all 1 � i � k. Thus x � y. 2Chain products have a natural implementation using integer vectors. A nice description of encoding by embeddingordered sets in products of chains is given in [79]. Unfortunately, �nding a minimal size product of chains into whichan ordered set can be embedded is NP-Hard15.4.8.2 Meet incompatible decompositionA meet incompatible subset �(s1; s2; � � � ; sk) � S is a subset in which components are pairwise meet incompatible.That is, if i 6= j then 8a 2 si; b 2 sj , a u b = ?. If the spanning set is composed of down-sets, this is equivalentto si \ sj = f?g. For a meet incompatible subset �, any non-bottom element in � will be in exactly one of theconstituent components. So if �(si) 2 C(x), then x 2 si and for all other components sj of �, x =2 sj . Within13Recall that for a spanning set S, C(x) = fs 2 Sjx 2 sg is an up-set in S.14This holds even if �(y)[i] or both �(y)[i] and �(x)[i] are equal to s;.15This is called �nding the encoding dimension in [79], and is closely related to the NP-Hard problem of �nding the dimension of anordered set P (the minimum number k for which P can be embedded in a product of k chains).



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 43this framework, subset checking, union and intersection are essentially the same as before. Now, however, if we arecomputing the union of two component mappings and they contain a subset � with di�erent components, the unionfails. This is facilitated by treating our lattice as ?-unbounded.A spanning set S of all principal down-sets of an ordered set P is isomorphic to P . In this case, a meet incompatiblepartition of S is just a meet incompatible anti-chain partition of P , as de�ned in section 4.3. This is the basis forthe tree term encoding in [34], which gives a logical term encoding of tree shaped taxonomies. In general, however,this does not hold. Note that a decomposition need not partition the components of S. By allowing componentsto be members of more than one subset, implementing meet incompatibility as union failure may be more viable.In addition, even if we are not concerned with meet incompatibility, specifying that a set of components is meetincompatible can permit a large space savings, as shown for the following representations.Bit-vectors Instead of representing a component in a subset of size n by one bit, we assign blognc + 1 bits to thesubset and assign a number from 1 : : :n. For elements not in the subset, we place a 0 in these positions, asbefore. For an element in the subset, we place the number of the unique component containing this element.This derives the integer vector representation of section 4.3.Logical terms In a term, we use one position for each subset. For elements not in the subset, we place an anonymousvariable for ordinary terms and nothing for sparse terms. For an element in the subset, we place a uniquesymbol for the component containing this element. Uni�cation and anti-uni�cation operate as expected. Wecan exploit the hierarchical structure of terms by introducing a subset �(s1; s2; � � � ; sk) at the functor for oneof the components in tfs1; s2; � � � ; skg. This can provide a signi�cant space savings over integer vector (or
at term) implementations. This is the form of tree term encodings discussed in [102]. More general termencodings permit the use of logical variables (coreference), as discussed in section 4.9.As an example, Figure 4.16 shows a meet incompatible anti-chain partition of the spanning set SM(P ) (i.e. theprincipal down-sets associated with the meet irreducible elements) for the ordered set P in Figure 2.2. Note thatsince dog and feral dog are not meet irreducible, they do not have corresponding elements in Figure 4.16. Figure 4.17then shows a logical term implementation of this partitioned spanning set.
↓domestic

↓canine

↓wild

↓social

↓wolf ↓african
wild dog

↓poodle↓collie ↓ terrier

↓ fox

↓kit fox ↓ red foxFigure 4.16: Meet incompatible decomposition
p(s,_,_)p(_,c(_),_) p(_,_,w(_))

p(d,c(_),_)

p(_,c(_),w(fx)) p(s,c(_),w(w)) p(s,c(_),w(awd))

p(d,c(c),_) p(d,c(p),_) p(d,c(t),_) p(d,c(_),w(_)) p(_,c(kf),w(fx)) p(_,c(rf),w(fx))

p(d,_,_)
domestic canine wild social

dog

fox wolf african wild dog

collie poodle terrier feral dog kit fox red foxFigure 4.17: Logical term implementation of meet incompatible decomposition



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 44In section 4.6 we analyzed spanning sets of prime down-sets and showed a direct correspondence with spanningsets of principal up-sets. We were able to then claim that any �nite lattice has a spanning set of prime down-setsthat preserves meets with union { this can easily be implemented using tree terms. In [102], an additional constraintis imposed on such spanning sets: if a u b = ? then the C(a) [ C(b) must fail. As we saw above, this may beaccomplished using decomposition, but this is not always possible. Logical terms provide an implementation of thiswith uni�cation failure. For implementations using tree terms, this constraint is formulated as follows.Theorem 4.15 [102] Let L be a lattice. Then L has a meet preserving tree term encoding if and only if, for anya; b 2 L, aub = ? if and only if there are two meet incompatible prime down-sets P1; P2 for which a 2 P1 and b 2 P2.Clearly, if there are two meet incompatible prime down-sets containing a and b, respectively, aub = ?. Requiringthe converse, however, means that many lattices are not tree term encodable, according to Mellish's de�nition.Surprisingly, this includes even the lattice shown in Figure 4.5. Encoding this lattice so that ? is implementedas uni�cation failure requires coreference, as shown in [47, 102]. Determining if a lattice is tree term encodablein this sense can be accomplished in polynomial time since all meet incompatibility must be incorporated into adecomposition.In general, we want to �nd the smallest decomposition of a spanning set. Unfortunately, this is NP-Hard for thesimpler case of partitioning an ordered set into meet incompatible subsets.De�nition 4.9 Meet Incompatible Ordered Set Partitioning. Given an ordered set P , and a positive numberk � jP j. Is there a partition of P into k meet incompatible subsets?Theorem 4.16 Meet Incompatible Ordered Set Partitioning is NP-Complete.Proof: We give a polynomial transformation from the Partition into Cliques problem, described in section 4.7, to our problem.Let us construct an ordered set P from G as follows: Let n = jV j and e = jEj. (i) Add n vertex elements v1; v2; � � � ; vn. (ii) Addm = n(n�1)=2�e non-edge elements as follows: For each pair of vertices vi; vj, where i < j, which does not have a connectingedge in E, add the element (vi; vj) where (vi; vj) < vi and (vi; vj) < vj.Claim: P has a partition into k + 1 meet incompatible subsets if and only if G has a partition into k cliques.) Suppose P has a partition into j meet incompatible subsets. Select one subset �0 that does not contain any vertexelement. If no such subset exists, j = k and let �0 = ; (a trivial meet-incompatible subset) to bring the number of subsetsto k + 1; otherwise j = k + 1. Consider any subset � 6= �0. Claim: The vertices corresponding to the vertex elements in �form a clique in G. Consider any pair of vertex elements vi; vj 2 �, where i < j. Since they are components of the samesubset, they are incompatible. By the above construction, this could only occur if vi; vj have a connecting edge. Therefore,the corresponding vertices within each of these k subsets forms a clique in G.( Suppose G has a partition into k cliques. Consider any one of the k cliques, �. Claim: The corresponding elementsin P can be components of the same subset. Any pair vi; vj, i < j, can be components of the same subset provided they areincompatible. By the above construction, this can only occur if vi; vj are connected by an edge. Since vi; vj are in a clique,they are connected by an edge. Thus, the corresponding elements within each of these k cliques can be components of thesame subset. One additional meet incompatible subset can be formed from all of the non-edge elements. 2The following �gure shows an example of the above transformation. It is easy to see that the elements a; b; c; dform a clique in the graph and are meet incompatible in the lattice.
a

b

c

d

e

f

a b c d e f

(a,e) (a,f) (b,f) (c,e) (d,e)Figure 4.18: Transformation of a graph to a lattice



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 45Any meet incompatible decomposition of a spanning set S of an ordered set P corresponds to a meet incompatibledecomposition of the induced subset order of S, but not vice versa (since we may have two components s1; s2 2 Sfor which s1 uS s2 = ?S, but s1 \ s2 6= ;). However, we can add elements (si; sj) for any pair of components in Sthat are incompatible with respect to the induced order of S, but compatible with respect to the order of P . Theseelements would ensure equivalence between the two forms of meet incompatibility among components in S. Thus,the more general problem of �nding a minimal meet incompatible decomposition of a spanning set is also NP-Hard.4.8.3 Meet homogeneous decompositionWe now generalize the notion of meet-incompatible subsets; we hope that this generalization can be exploitedin the development of new encoding algorithms. We call a subset �(s1; s2; � � � ; sk) meet homogeneous (or simplyhomogeneous) if for any two distinct components s1; s2 2 �, a 2 s1 and b 2 s2 implies a u b 2 s; 8s 2 �. That is,every element is either in 0, 1 or all the components of the subset. A meet incompatible subset can be viewed as aspecial case of a homogeneous subset, with the added restriction that a u b = ?. Since any element in the subsetwill either be in exactly one or all of the components, we need to associate a special symbol, ?�, with each subsetindicating that every component is present. We rede�ne below the set operations for meet homogeneous subsets.subsets: C(e1) � C(e2), 8�(x) 2 C(e1), eitheri. �(x) 2 C(e2) orii. �(?�) 2 C(e2).union: C(e1) [ C(e2) = Q, 8�(z) 2 Q, eitheri. �(z) 2 C(e1) and e2 =2 �,ii. �(z) 2 C(e2) and e1 =2 � oriii. �(x) 2 C(e1); �(y) 2 C(e2) and x = y = z or z = ?�.intersection: C(e1) \ C(e2) = Q, 8�(z) 2 Q eitheri. �(z) 2 C(e1) and �(z) 2 C(e2),ii. �(z) 2 C(e1) and �(?�) 2 C(e2) oriii. �(?�) 2 C(e1) and �(z) 2 C(e2).We can implement these operations with a modi�cation to the sparse term or integer vector representations. Bypartitioning a spanning set into meet homogeneous subsets, we can achieve the bene�ts of meet incompatible subsets.The generality and 
exibility of this structure, however, may permit more dense decomposition, decreasing the spacerequirements of an encoding, which may over-compensate for the increased operational complexity. To illustratethese concepts, consider the ordered set below. The minimal subsumption preserving spanning set of down-sets(with no multiple occurrences of factors) is S = f#a; #b; #c; #d; #e; #f; #h; #?g, which also preserves joins. Since everypair of components is compatible, meet incompatible decomposition provides no bene�t. However, the following isone possible homogeneous decomposition of S: f�1(#a; #f; #h); �2(#b; #c; #d; #e); �3(#?)g. The component mappingcorresponding to this decomposition is also shown in the �gure.
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CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 464.9 Constraints and CoreferenceWe now develop a constraint-based examination of encoding, viewing both ordered sets and spanning sets as systemsof constraints, and we formulate an integration of spanning sets with other forms of constraints. In this context, weare able to view the process of taxonomic encoding as a special case of constraint satisfaction. We �rst introduce thevarious types of constraints imposed by an ordered set. Preserving certain properties involves satisfying some of these.We next show how these constraints can be incorporated into the components of any subsumption preserving spanningset S of down-sets, through the use of guarded constraints, which are analogous to Dijkstra's guarded commands.This involves restating the initial constraints in terms of the components of S, and may alter the properties of S withrespect to joins and meets. Many constraints can be implemented using techniques previously covered, such as chainpartitions. We introduce coreference, such as that o�ered by logical variables, as a complementary implementationtool, formalized through equivalence classes of constraints. We also hypothesize about more general implementations.4.9.1 Types of constraintsWe will view constraints in a top-down manner as logical implications, denoted using the ! symbol. Inferences onconstraints are denoted using the ` symbol, and sets of constraints are denoted using �. Given a set of elementsand a constraint involving one or more of these elements, some consequence may follow through the application ofmodus ponens, where we use \^" to denote logical conjunction and \_" to denote logical disjunction. For example,given a; b and a ^ b ! c we infer c, written a; b; a^b!c ` c. Di�erent categories of constraints are distinguished bysubscripting the � symbol. To be precise, we should also specify the partial order to which the constraints apply,but this is usually obvious.Order constraints (��): The constraint imposed by the relation a � b is simply a ! b. Thus, given element aand this constraint, we can infer element b. This constraint has been implicit in our analysis, and is integral toany subsumption preserving spanning set of down-sets. The cover relation dictates a set of cover constraints��0 . Inferring �� from the re
exive and transitive closure of ��0 follows.Meet and join constraints (�u;�t): Suppose we have a1 u a2 u � � � u ak = b. Interpreting this logically, if wehave all of the ai, we can infer b. The constraint imposed by this relation is then a1 ^ a2 ^ � � � ^ ak ! b16. Animportant e�ect of this constraint is that if b � c then a1 ^ a2 ^ � � � ^ ak ! c, even if none of a1; a2; � � � ; ak arecomparable with c. From an encoding point of view, a meet constraint is satis�ed by deducing new information.We later show how certain cases of meet constraints can be implemented using coreference.Suppose we have a1t a2t � � �t ak = b. Interpreting this logically, if we have at least one of the ai, we can inferb. The constraint is then a1 _ a2 _ � � � _ ak ! b. Thus, from the uncertainty associated with a disjunction, wecan infer a consequent. Due to the di�culty in implementing join constraints except with intersection, we willrely on previous techniques to satisfy �t.Meet and join incompatibility constraints (�?;�>): Suppose we wish to implement ? as failure and we havea meet a1 u a2 u � � � u ak = ? that is minimal in the sense that any subset of the ai is meet compatible. Thisresults in k constraints: a1 ^ � � �^ ai�1 ^ ai+1 ^ � � �^ ak ! :ai, 1 � i � k. Join incompatibility constraints canbe de�ned dually, although we do not discuss them. The negation of an element ai is a logical construct, thepurpose of which is to cause an inconsistency in case we infer ai . We show later how these constructs can beused to implement ? as failure.As indicated, we only explicitly deal with ��;�u and �?. Thus, the antecedent of every constraint will be aconjunction (or a singleton). Our only rule of inference is modus ponens: A;A!b ` b, where A is a conjunction ofone or more elements. This rule enables us to deduce new elements from a given base set. Rather than allowingclosure immediately, we provide an incremental inference procedure. This is important for encoding, since we need16The generalization to meet-crest constraints is straightforward: if we have a1 u a2 u � � � u ak = fb1; b2; : : : ; bjg, then the resultingconstraint is a1 ^ a2 ^ � � � ^ ak ! b1 _ b2 _ � � � _ bj . To keep our discussion clear, however, we will focus only on meet constraints andlattices.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 47to bound the number of inference steps in a deduction for the sake of e�ciency. The following rules describe thisprocedure for a given initial set of constraints �, where `1 represents one application of modus ponens:i. �0 = fA! b j �; A `1 bg (� �)ii. �i+1 = fA! b j (�i; A `1 c1); � � � ; (�i; A `1 ck) and �i; c1; � � � ; ck `1 bgiii. �� = S1i=0 �i.We say � ` A! b if there is some i � 0 for which A! b 2 �i. Since � is �nite, there will be a number k � 0 forwhich �k+1 = �k, giving a �xed-point for this construction and �� = �k. Of course, using the above rules, we couldspecify a minimal set of constraints from which all others could be obtained (e.g. the entire order relation couldbe derived from the cover relation), and perform taxonomic operations using inference. However, to satisfy locality,every constraint we wish to satisfy needs to be immediately accessible (i.e. in a constraint set) or derivable in a smallnumber of steps. For the spanning sets we have studied, all constraints are local. We show later how coreferencemay allow us to derive additional constraints in one inference step.We will use the diamond lattice in Figure 4.1 to illustrate the speci�cation and use of constraints. The coverconstraints are ��0 = fa!>; b!>; c!>; ?!a; ?!b; ?!cg. The meet and join constraints are: �u = fa^b!?;a^c!?; b^c!?g and �t = fa_b!>; a_c!>; b_c!>g, respectively. Recall that we showed in section 4.2 thatno spanning set exists that preserves both meets and joins for this lattice. We later show how �u and �t may bepreserved using coreference.4.9.2 Augmented spanning setsEach component of a spanning set S can be viewed as encompassing a set of constraints, and S preserves certainproperties that we can infer from these constraints.A down-set #fa1; a2; � � � ; akg represents the set of constraints 8x 2 #fa1; a2; � � � ; akg, x ! a1 _ a2 _ � � � _ ak.That is, given any element in the down-set, we can infer the disjunction of the factors. In case the down-set isprincipal, #a, we have 8x 2 #a, x! a. An up-set "fa1; a2; � � � ; akg embodies the constraints: 8x 2 "fa1; a2; � � � ; akg,a1 ^ a2 ^ � � � ^ ak ! x. That is, given all of the factors, we can infer any element in the up-set. In case the up-set isprincipal, "a, we have 8x 2 "a, a! x. Our analysis focuses on down-sets. We can also view a component itself as aset of constraints: the component s represents x! s for all x 2 s.Principal down-sets thus include a subset of �� and the spanning set of all principal down-sets induces this entireset. We showed in Theorem 4.3 that the meet irreducible elements embody the essence of joins, so SM(L) preservessubsumption and joins while retaining only a subset of ��. Compound down-sets, however, incorporate ambiguity.By merging the constraints of two or more principal down-sets, uncertainty arises as to which constraint is satis�ed.Although we cannot preserve joins with such uncertainty (as we have shown), we can possibly preserve subsumptionand meets (sections 4.6 and 4.7). In general, if C(x1) [ C(x2) [ � � � [ C(xk) � C(y) then x1 ^ x2 ^ : : :^ xk ! y. Wedenote the set of constraints of a spanning set S as �(S). These can be expressed dually in terms of components: ifs1 \ s2 \ � � � \ sk � s then s1 ^ s2 ^ : : :^ sk ! s.A decomposition S = �1[: : :[�k represents additional constraints. A chain decomposition induces the constraints81 � i � k, if s1; s2 2 �i and s1 <�i s2 then s1 ! s2. For a meet incompatible decomposition we have: 81 � i � k,if s1; s2 2 �i and s1 6= s2 then s1 ! :s2. For a meet homogeneous decomposition, 81 � i � k, if s1; s2; s3 2 �i ands1 6= s2 then s1 ^ s2 ! s3.To integrate constraints and spanning sets, we express constraints in terms of spanning set components. We nowdiscuss how this a�ects the component mapping and taxonomic operations.De�nition 4.10 A component constraint of an ordered set P is a constraints1^: : :^sk�1 ! sk, where each of the antecedents and the consequent are subsets of P . A set of component constraintsS� of P is called an augmented spanning set if the function C� : L! 2S� de�ned by C�(x) = fs1 ^ s2 ^ : : :^ sk�1!sk 2 S�j9i; 1 � i � k; x 2 sig is one-to-one.Ordinary spanning sets are a special case, where k = 1 for every constraint. We associate a constraint withevery element in its antecedent or consequent. An augmented spanning set for our example is as follows: S� =



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 48f#a; #b; #c; #a^#b!#c; #a^#c!#b; #b^#c!#ag. We say that S� is an augmented spanning set of down-sets ifevery antecedent and consequent is a down-set.Although many constraints can be inferred from a base set, encoding essentially performs all the desired inferencesa priori, and then represents the consequences of an element in a code. Using this code, we can perform operationslocally, which amounts to reducing inferences to one step. We shall see in Chapter 5 one approach to relaxing thisto allow inferences with a �xed number of steps. How can we perform a one-step inference? Since we associateconstraints with elements, we can perform set operations, as we have previously shown. We can also apply one levelof modus ponens (i.e. calculate �1 from �0) using coreference, as we describe later.We must now rede�ne property preservation for an augmented spanning set S� of down-sets:Subsumption: x � y if and only if C�(y) � C�(x).Meets: x u y = z if and only if C�(x); C�(y)`C�(z).Joins: x t y = z if and only if C�(x) \ C�(y) = C�(z).Note that when computing meets, we use the constraints to infer additional components. For e�ciency, wewill usually only perform one inference step. That is, we only infer components from the given components andinferences, and do not attempt further inferences using inferred components (i.e. we compute `1). After performingthe inference step of a meet, we can remove trivial constraints (e.g. if we already have s2, then s1!s2 is redundant).Our example preserves subsumption and meets, but not joins. For elements a; b and ?:i. C�(a) = f#a; #a^#b!#c; #a^#c!#b; #b^#c!#agii. C�(b) = f#b; #a^#b!#c; #a^#c!#b; #b^#c!#agiii. C�(?) = f#a; #b; #c; #a^#b!#c; #a^#c!#b; #b^#c!#agWe can see that C�(a) � C�(?). To compute aub, we compute the inference C�(a); C�(b) ` #c using the constraint#a^#b!#c. We can thus infer C�(?), and so a u b = ?. Simplifying the constraints then yields the set f#a; #b; #cg.Since C�(>) = ;, but C�(a) and C�(b) are not disjoint, this spanning set does not preserve joins.4.9.3 Integrating spanning sets and constraintsSuppose we have a set of constraints � we wish to satisfy and a spanning set S of down-sets that may satisfy someof these constraints. In order to integrate S and �, we need to transform � so that the antecedents and consequentsare expressed in terms of components.How do we convert elements to components? This can easily be done for any subsumption preserving spanning setS of down-sets. Using the original set � of constraints (we assume that � � �(S) � ��), we construct an augmentedspanning set S�. The next theorem shows not only how these conversions can be accomplished, but also proves thatit can always be done in a sound and complete manner. For soundness we require: S� ` a1 ^ a2 ^ � � �^ ak!b implies� ` a1^a2^� � �^ak!b and for completeness we require: � ` a1^a2^� � �^ak!b implies S� ` a1^a2^� � �^ak!b. Weneed to specify how we can infer a constraint on elements from a set of component constraints: S� ` a1^a2^� � �^ak!bif and only if (i) Q = S1�i�k C(ai) and (ii) S� ` Q!s for every s 2 C(b). That is, if we can infer every component ofthe consequent from the components of the antecedents, then we can infer that the antecedents imply the consequent.Theorem 4.17 Let L be a lattice, S a spanning set that preserves subsumption and � a set of constraints on L ofthe form a1 ^ a2 ^ : : : ^ ak!b (which contains �(S)). Then the augmented spanning set S� = S [ fQ!sjA!b 2�; Q = Sa2A C(a); s 2 C(b)g is sound and complete.Proof: Soundness: Suppose S� ` A!b and Q = Sa2A C(a). Then S� ` Q!Q0, where Q0 � C(b). Let the sequence ofconstraints in S� that were used to derive Q0 be Q1!q1; : : : ;Qm!qm, where Q � Q1 and Q0 � Q [ fq1; : : : ; qmg. Eachcomponent constraint Qi!qi must have come from a constraint Ai!bi 2 �, where A � A1. Thus, �;A ` bi, 1 � i � m(i.e. each inference step is justi�ed). Since Sa2A C(a) [Sbi2fb1;:::;bmg C(bi) � C(b) and S� preserves subsumption, we haveA ^ b1 ^ : : : ^ bm ! b 2 �(S) � �. Thus, �;A ` b.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 49Completeness: Suppose �;A ` b. Let the sequence of constraints in � that were used to derive b be A1!b1; : : : ;Am!bm,where A � A1 and b = bm. For each constraint Ai!bi, there is a set of constraints in S�: Qi!s, where Qi = Sa2Ai C(a) ands 2 C(bi). Thus, we can derive S�;Q ` bi, where Q = Sa2A C(a). 2We can now convert any constraint to a component constraint and the theorem shows that the resulting set willbe sound and complete. The resulting constraints can of course be simpli�ed. Constraints with empty consequences,or for which a component appears as both an antecedent and the consequent, can be eliminated. Continuing withour example, if S = f#a; #b; #cg and � = fa!>; b!>; c!>; a^b!c; a^c!b; b^c!a; ?!a; ?!b; ?!cg, thenthe augmented spanning set is: S� = f#a; #b; #c; #a^#b!#c; #a^#c!#b; #b^#c!#ag. We can achieve a furtherreduction in this example, and still maintain order and meets, by eliminating the components containing #a in theirconsequents. This results in the augmented spanning set S0� = f#b; #c; #a^#b!#c; #a^#c!#bg. Although it maybe di�cult to determine a minimal augmented spanning set, approximation algorithms may be developed.Our analysis above did not consider negated elements resulting from meet incompatibility constraints. For this,we require the notion of a negated component :s, which represents a logical barrier to the inference of a components (i.e. s^:s is inconsistent). The constraint a1^a2^� � �^ak!:b, can be replaced by C(a1)[C(a2)[� � �[C(ak)!:sprovided: (i) s 2 C(b) and (ii) 8 factors f of s, we have a1 ^ a2 ^ � � � ^ ak!:f . Thus, we can replace a negatedelement by the negation of one of its components provided the antecedents imply the negation of every factor. Thisis required because incompatibility will be detected by inference failure and we need to be certain that all failuresare justi�ed. We can always accomplish this if the negated element is the factor of a principal down-set component.If no component satis�es this constraint, we can add this principal down-set to the spanning set. We later show howcoreference and decomposition can be used to implement these constraints.As an example, a spanning set for the cube lattice in Figure 4.5 is SM = f#a; #b; #cg and the meet incompati-bility constraints are fauf=?; bue=?; cud=?g. The augmented spanning set is S� = f#a; #b; #c; #a^#b!:#c;#a^#c!:#b; #b^#c!:#ag. To take the meet ufa; b; cg, we �rst obtain the entire set above, from which we canderive #a; #b; #c; #a^#b!:#c`#c;:#c, which is inconsistent. We can again reduce the number of components in theaugmented spanning set, while still maintaining meets: S0� = f#b; #c; #a^#b!:#c; #a^#c!:#bg.4.9.4 Guarded constraintsAlthough constraints are global, for e�ciency we want to selectively associate constraints with elements. We mustdo this in a way that ensures satisfaction, yet minimizes the number of constraints associated with each element.A constraint could be a�liated with each of its antecedents and its consequent, but to ensure satisfaction only oneantecedent, or the consequent in case there are no antecedents, needs to be linked to it (since the antecedents areconjunctive). This leads to the notion of guarded constraints, which are analogous to Dijkstra's guarded commands.De�nition 4.11 Let P be an ordered set. A guarded constraint for P is a constraint of the form a : A!b, whereA^a!b is a constraint in P 17. For any element a 2 P , a : a is a trivial guarded constraint.The set of guarded constraints obtained from � is denoted as �G. A constraint with k antecedents may result inup to k guarded constraints, but we may not need to retain all of these: it may be possible to eliminate up to k�1 ofthe constraints, although we shall see that this cannot be done arbitrarily. In the diamond lattice example (Figure4.1), we can guard the meet constraints and still maintain meets as follows: �G = fa:b!?; a:c!?; c:b!?g.Modus ponens can be revised to operate on guarded constraints: a;A; (a:A!b) ` b. Given a starting set ofconstraints �, constraint inference becomes:i. �0 = fa:A!b j �; a; A `1 b (� �)ii. �i+1 = fa:A!b j (�i; a; A `1 c1); � � � ; (�i; a; A `1 ck) and �i; c1; � � �ck `1 bgFor encoding, we will guard the constraints in augmented spanning sets. Thus SG� will be a set of guarded com-ponent constraints from S�. We guard an elementary component s as s:s (if we write s, this is assuming the implicit17If A = ;, we write a : b.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 50form s:s). The component mapping is modi�ed as follows: C�(x) = fs1 ^ : : : ^ sk�1!skjsg : s1^ : : :^sk�1!sk 2SG� ; x 2 sgg.Taxonomic operations are performed as before. The reason that we don't include the guard in the result of theaugmented component mapping is that the guard indicates to which elements a constraint (or augmented component)is associated, and the rest of the constraint is conditional on the context of the guard (analogous to conditionalprobability). Also, in order to implement augmented spanning sets, we require that, for every component of the formsg :s1^ : : :^sk�1!sk, there are elementary components si:si for 1 � i � k. Thus, down-sets involved in constraints(but not necessarily guards) must be present as elementary components. We show later how this property can beused to reduce encoding size.In our example, SG� = f#a; #b; #c; #a:#b!#c; #a:#c!#b; #b:#c!#ag. Meets, and now also joins, are preserved.We can also reduce this spanning set to S0G� = f#b; #c; #a:#b!#c; #a:#c!#bg.4.9.5 CoreferenceLogical terms provide coreference through named variables or labels. Two or more positions in a term that corefermust hold identical values, called a coreference constraint. If one is instantiated, then all are identically instanti-ated. We can characterize coreference as persistent or transient. Once a coreference point is instantiated, transientcoreference disappears (i.e. there is no recollection of the coreferring positions). This is the form provided by Prolog.Although implementations may retain the coreference constraint to reduce storage requirements, the surface form istransient. Persistent coreference, as provided by LIFE [4], maintains the coreference after instantiation.More generally, coreference is an equivalence relation within a term. That is coreference is (i) symmetric: if itis used to implement a!b, then it also implements b!a, and (ii) transitive (since we can only have one coreferencelabel or variable at a position in a term): if we implement a!b and b!c, then we are also implementing a!c. Byintroducing coreference within a speci�c term, we implement a guarded equivalence relation. For example, if weuse coreference to implement the guarded constraint s:s1!s2, then the equivalence class s1 $ s2 is implementedfor elements in s. Meet incompatibility constraints (e.g. s:s1!:s2) require the use of symbols, as discussed in thenext subsection. If we can decompose our meet inferences into guarded equivalence classes, we can implement anaugmented spanning set using coreference in logical terms, as formalized below.Theorem 4.18 Let L be a lattice, and SG� be a guarded augmented spanning set on L that contains no negatedcomponents (i.e. no meet incompatibility constraints). Then there is a logical term implementation (which may usecoreference) of SG� if and only ifi. If sg :s1^s2^ � � �^sk!s 2 SG� then k � 1ii. If SG� ` sg :s1!s2 then SG� ` sg :s2!s1iii. If SG� ` sg :s1!s2 and SG� ` sg :s2!s3 then SG� ` sg :s1!s3The proof of this theorem follows from the fact that coreference cannot itself be conditional (condition (i)) and itimposes a set of equivalence classes (conditions (ii) and (iii)). Condition (iii) is actually unnecessary, since it followsfrom inference. It is possible to take any constraint with more than one antecedent and split it into a number ofconstraints with two antecedents each. For the constraint a1^a2^ � � �^ak!b, we can create k�2 additional elementsl2;3; l3;4; � � � lk�1;k and rewrite the constraint as: a1^a2!l2;3; l2;3^a3!l3;4; � � � ; lk�1;k^ak!b.Logical terms can be used to implement augmented spanning sets that satisfy the above restrictions. A coreferenceequivalence class will be introduced by its guard by placing a new variable in the positions assigned to each of thecoreferring components. We may also be able to implement coreference using integer vectors equipped with pointers.For non-decomposed spanning sets, we can use the same symbol (e.g. 1) for all components, or just record thepresence of the component without a symbol (as is possible with sparse terms). We describe additional restrictionsfor decomposed spanning sets and meet incompatibility constraints in the next subsection. Using coreference, wecan implement our example spanning set for the diamond lattice as shown in the �rst diagram in Figure 4.20. Meetsare preserved with uni�cation and joins with anti-uni�cation.There are lattices for which we cannot preserve both meets and joins with augmented spanning sets of down-sets.As indicated, problems arise when we cannot establish symmetry or transitivity of constraints. Figure 4.21 shows
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f(1,1) f(1,2) f(2,2)Figure 4.20: Term encoding for diamond and cube latticessuch a lattice. If we are to preserve joins, the component mappings for each of a; b; c must be disjoint. Thus allthe down-sets must be principal, and in particular the guards must be principal down-sets. We must preserve theconstraint a^c!b, but neither a^b!c nor b^c!a holds, so there is no way to guard this constraint for implementationwith coreference.
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abFigure 4.21: Lattice for which no augmented spanning set of down-sets can preserve meets and joins4.9.6 Coreference, decomposition and meet incompatibility constraintsDecomposition in augmented spanning sets only applies to elementary components (components of the form s:s); theother components will be implemented as constraints between these. Meet-incompatible decomposition, in additionto reducing space requirements, permits some meet incompatibility to be detected by union failure, and representsincompatibility constraints among pairs of elements. However, when the meet of three or more elements is ?, butevery pair is compatible, we cannot ensure incompatibility-as-failure using decomposition alone [102].Since coreference imposes equality constraints between positions within terms, and each subset in a decompositionis assigned a position within a term, we de�ne a partial function symbol that maps elementary component/subsetpairs to the symbol used to represent the elementary component within the subset. Thus symbol(s; �), for s 2 � � S,returns the symbol used to discriminate component s from other components within subset �. We specify the subsetsince components may be in multiple subsets. For non-decomposed spanning sets with no meet incompatibilityconstraints this was unnecessary, as every component could be assigned the same symbol. For a chain decomposition,the symbols must be ordered according to the chain order. For meet homogeneous decomposition, we must have a?� symbol to put in the position of � for elements in every component, but otherwise the restrictions are similarto those for meet incompatible decomposition. We do not consider these cases further. Integrating coreference withmeet incompatible decomposition of spanning sets requires di�erent restrictions than in Theorem 4.18:Theorem 4.19 Let L be a lattice, SG� be a guarded augmented spanning set on L, and A = f�1; : : : ; �kg be a meetincompatible decomposition of the elementary components of SG� . Then there is a logical term implementation (whichmay use coreference) of SG� if and only if (i) 8 sg :s1^s2^ � � �^sk!s 2 SG� , k � 1 and (ii) 9 guarded equivalencerelations, =sg� A �A for each guard sg in SG� , and a symbol mapping that satisfy:i. 8� 2 A, if s1; s2 2 � and s1 6= s2 then symbol(s1 ; �) 6= symbol(s2 ; �)ii. If sg :s1!s2 2 SG� then 8�2 2 A for which s2 2 �2, 9�1 2 A for which s1 2 �1 and symbol(s1 ; �1) =symbol(s2 ; �2) and �1 =sg �2iii. If sg:s1!:s2 2 SG� then 9�1; �2 2 A for which s1 2 �1; s2 2 �2 and symbol(s1 ; �1) 6= symbol(s2 ; �2) and�1 =sg �2iv. If neither sg :s1!s2 2 SG� nor sg :s1!:s2 2 SG� , theniv.1. 8�1; �2 2 A such that s1 2 �1 and s2 2 �2, if symbol(s1 ; �1) 6= symbol(s2 ; �2) then :(�1 =sg �2)iv.2. 9�1; �2 2 A such that s1 2 �1 and s2 2 �2, and :(�1 =sg �2)



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 52For every constraint sg :s1!s2 we need to establish coreference between each subset containing s2 and some subsetcontaining s1. For every constraint sg:s1!:s2, we need to establish coreference between one subset containing s1and one containing s2. By ensuring equality or inequality of the symbols, we can satisfy the constraint in the contextof sg . In the former case, we will infer s2 given s1; in the latter case uni�cation will fail if we have both s1 ands2. Thus, provisions (i), (ii) and (iii) are necessary conditions for implementation of the non trivial constraints inSG� with coreference. Since coreference forms a guarded equivalence relation among subsets of the decompositionA, not among components, the establishment of coreference constraints must be consistent with other constraintspertaining to the coreferring subsets. Provision (iv) ensures that no unsupported inferences are made. Note thatthe above conditions can be used when attempting to satisfy meet and meet incompatibility constraints even if ourspanning set is not decomposed by giving it the trivial decomposition that puts each component in its own subset.Given a satisfying set of guarded coreference relations and symbol mapping, we can easily construct the termsas before. Each subset will have a position, as discussed in Section 4.8. When computing the term for an elementx, start with the inherited term (i.e. the uni�cation of the parent terms). For each subset � for which x is a factorof a component s 2 �, put symbol(s; �) in the position for �. For each guard sg for which x is a factor of sg , addcoreference between all positions �1; �2 for which �1 =sg �2.As an example, consider again the lattice in Figure 4.5. Using principal down-sets, we can derive the augmentedspanning set SG� = f#a; #b; #c; #b:#a!:#c; #b:#c!:#ag. As in the previous case, we can notice that the elementarycomponent #b is unnecessary, so a reduced spanning set is S1G� = f#a; #c; #b:#a!:#c; #b:#c!:#ag. We can nowgive the trivial meet-incompatible decomposition, and de�ne the symbol mapping as follows: symbol(#a; f#ag) = 1symbol(#c; f#cg) = 2. Since the constraints guarded by #b are equivalent, we can easily implement this spanning set,as shown in the second diagram in Figure 4.20.4.9.7 Encoding algorithmsIn [102] is an exploration of which forms of ordered sets can be encoded using logical terms so that meets are preservedwith union (i.e. uni�cation) and meet incompatibility is detected with failure. In [104] this exploration is extendedto general DAGs.Our exploration of the use of constraints and coreference takes a di�erent approach. Mellish �xes on an imple-mentation (e.g. terms or DAGs) and attempts to �nd the class of ordered sets that can be encoded to preserve �uand �?. In contrast, we take the ordered set P to encode and the constraints to satisfy as input that we cannotcontrol. Our goal is to develop a variety of tools with which we can e�ciently encode P regardless of its form(although we assume that P is �nite, and Mellish does not). In the above two papers, the form of encodable orderedsets is explored, but no encoding algorithms are presented. The only encoding algorithm that exploits coreferencethat we are aware of is the brute force algorithm in [101]. Unfortunately, this algorithm may potentially produceterms that are of exponential size compared to the size of the ordered set to encode.We have not given any encoding algorithm, although a naive one may be speci�ed:i. Start with the constraints to satisfy (e.g. a subset of �� [ �u [ �?).ii. Derive an augmented spanning set SG� that satis�es these constraints (e.g. the principal down-sets formeet-irreducible elements satisfy this).iii. Form a meet-incompatible decomposition of the elementary components.iv. Form guarded coreference relations and a symbol mapping that satisfy as many of the constraints as possible,while obeying provisions (i) and (iv) of Theorem 4.19.v. Derive the logical term for each element using the component and symbol mappings, and the guardedcoreference relations.Recall that �nding a minimal meet-incompatible decomposition is NP-Hard. Thus, it seems likely that encod-ing algorithms that exploit logical terms and coreference will be approximation algorithms. The above high-levelalgorithm will �nd a term encoding that approximates the optimal in terms of space requirements and propertiessatis�ed. An area for future research is to design speci�c algorithms for term encoding.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 534.9.8 VariationsIn order to enhance implementations of augmented spanning sets, there are several avenues worth considering. The�rst involves the preservation of joins. Given a spanning set SM, which preserves joins, when we augment this withconstraints we may lose joins because of constraints that are associated with each element of the join, but not withthe result. This problem can be avoided by rede�ning joins to consider only the elementary components.Although coreference provides an e�cient and available implementation of certain forms of constraints, its na-ture restricts its usage. Since logical inference is transitive, this is a desirable property to implement constraints.Symmetry, on the other hand is not always desired; it does not always hold in a set of constraints. What we requireis a way to implement arbitrary guarded constraints. One approach would be to use a constraint logic programminglanguage. This is viable only if the language e�ciently implements such constraints. Another possibility is to use a\trigger" mechanism that invokes a constraint when the antecedents are satis�ed, but ignores it otherwise. Coref-erence essentially allows the consequence to trigger the constraint as well as the antecedent. This functionality isdeveloped as reference constraints in Chapter 8.4.10 Discussion and ConclusionIn this chapter, we have characterized encodings as implementations of spanning sets that preserve subsumption andpossibly meets and/or joins. We have thus provided a framework in which to compare all approaches to encoding.Although implementations may have a drastic e�ect on the size and e�ciency of encodings, we can abstract thefundamental aspects of a technique to the level of spanning sets.Throughout our analysis, we classi�ed current encoding techniques within this structure. We showed how thetransitive closure and compact encodings in [2], the tree encoding in [77] and a simpli�ed version of a tree termencoding de�ned in [102] are all implementations (or equivalent to implementations) of spanning sets of principaldown-sets or up-sets. The compact hierarchical encoding of [24] implements a spanning set of compound down-sets,which we showed to be an approximation to the NP-Hard optimum. The integer vector encoding of [97] employschain partitioning. More complex term encodings described in [102] arise from meet incompatible decomposition andcoreference constraints induced by logical variables. Table 4.1 summarizes our characterization of these encodingschemes in terms of the operations satis�ed, the types of components in the spanning set, whether decomposition isutilized and the implementation of the spanning set. For comparison, we characterize schemes using spanning setsof down-sets, which may be the dual of the actual algorithm described. As can be seen, there are many possibilitiesopen for exploration.In many of the our inquiries, the complexity of the problem has left open many avenues for continued research. TheNP-Hard results for minimal spanning sets of compound down-sets and meet incompatible decomposition warrantfurther exploration for approximation algorithms. In particular, we have indicated the utility of multiple occurrencesof factors in compound down-sets, o�ering the potential for �nding approximation algorithms resulting in moree�cient subsumption encodings than in [24, 61, 79]. Another area justifying more research is in the speci�cation andimplementation of constraint-based spanning sets. Coreference provides a logical implementation for certain formsof constraints. Mellish [101] provides a brute force method for encoding any �nite taxonomy using coreference.A key factor a�ecting the design of encoding algorithms is whether the ordered set is dynamic or static (i.e. thedegree to which the ordered set may change during run-time). The encoding of a static order can be computed apriori. In this case, the speed of the encoding algorithm, and the feasibility of modifying codes is not as importantas the e�ciency of the codes. For dynamic orders, however, we need encoding schemes that e�ciently generateencodings and are not brittle in the face of change. In this case, the modi�cations required for codes should be localto the change in the ordered set and should not take too long to update. Of course the underlying spanning set willhave a great impact on the scope of a change. Compound components and decomposition both magnify the numberof elements directly e�ected. Implementations also have a signi�cant e�ect on scope. Those which require everyelement to be of the same length (e.g. bit-vectors and integer vectors), or which require the speci�cation of un�lledpositions (e.g. bit-vectors and ordinary logical terms), cause the scope of change to extend beyond those elementsdirectly a�ected. For the interval encoding in [1], the authors describe how leaving gaps between di�erent intervals



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 54Table 4.1: Characterization of encoding schemes in terms of spanning set of down-setstype of spanning set decomposition implementationencoding componentstransitive closure join principal - bit[2] S1 vectorcompact join principal - bit[2] SM vectorinterval join principal - integer[1] S1 intervalsvirtual time join principal chain integer[97] S1 vectortree encoding meet prime - bit[77] SJ vectortree term [102] meet prime meet tree[102] SJ incompatible termterm meet pseudo-prime18 meet logical[102] incompatible termcompact subsumption compound - bithierarchical [24] vectorindexed join compound - bit[61] vectorco-atomic tree subsumption compound - bitencoding [79] vectorcan reduce the cost of updates (both inserts and deletes). As these gaps �ll, it may become necessary to re-encodethe ordered set. We argue in Chapter 6 that sparse terms may o�er the 
exibility required of dynamic environments.One of the contributions of our analysis is that it may guide the development of new encoding schemes. Agiven encoding problem may dictate certain constraints, such as structural properties of the ordered sets to encode(e.g. lattice, distributive, bounded width), operations required (order checking, meets, joins), if the order changesdynamically and how (does it grow top-down? are the changes frequent?), and so on. The application and availablehardware may also suggest an implementation (e.g. parallel hardware may preclude the use of coreference). Theproblem parameters will constrain the available techniques and may indicate the availability or absence of existingalgorithms to solve the problem. In the latter case, some of our results may assist in the development of newalgorithms.There are several important topics that we did not cover in this chapter. We did not discuss in detail the problemof decoding the result of a meet or join operation to obtain the element(s) in the original order. The importance ofthis depends on the application. Some applications (e.g. [2]) only need to perform a decode operation after manymeet operations, and so the e�ciency of decoding is less signi�cant. Other applications, however, may need to decodeafter every operation. There are several options to decode e�ciently. E�cient algorithms have been proposed in[61, 77, 78, 114]. The composition of sparse terms may be exploited in decoding. Depending on the implementation,hashing may also be possible. Another area we ignored is relative complements, which involves the association ofnegative, as well as positive, information with elements. We hypothesize that the technique in [2] can be formalizedin terms of spanning sets and integrated with the techniques we have discussed.We have proposed spanning sets as a foundational framework in which taxonomic encoding techniques can beclassi�ed. Our analysis exposes connections among existing schemes in terms of the information content of theresulting encodings and the implementation techniques employed. We have also shown some of the limits of encoding,especially our NP-Hardness results. The classi�cation also reveals several avenues for continued research on encoding,particularly for algorithms to approximate the NP-Hard problems (e.g. sections 4.7 and 4.8) and for exploration of18See [102] for a description of pseudo-prime spanning sets.



CHAPTER 4. THE FOUNDATIONS OF TAXONOMIC ENCODING 55some of the generalizations and extensions that we have proposed. Additional exploration of the use of constraints(such as coreference constraints provided by logical variables) is also warranted.We feel that this work provides an important view on the �eld of taxonomic encoding, summarizing current e�ortsand giving direction for its continuing development. It is one step forward in the quest for e�ciency in taxonomicreasoning.



Chapter 5Modulated Encoding\Thinking is sometimes injurious to health" { AristotleIn the previous chapter, we considered encoding ordered sets in their entirety. Using the techniques presented, manye�ciency gains can be realized. However, if we could decompose our ordered set P into a number of smaller units,dramatic decreases in space may be achieved1.In this chapter, we examine ordered sets in terms of intervals. A special type of interval, called a module, leadsto an e�cient form of order partitioning called modulation [2] where each partition can be encoded, or furthermodulated, independently. This allows us to synthesize, with little overhead, di�erent approaches to encoding, bytaking advantage of the most e�cient techniques for portions of a taxonomy.Modulation is related to modular decomposition of graphs, particularly comparability graphs [90, 109, 112]2.Another form of partitioning for distributive lattices is described in [78]. We present a 
exible scheme to performlattice operations on modulated taxonomies, and also lay some groundwork for generalizing modulation. This chapterextends our research in [49], and provides correctness proofs for operations in modulated taxonomies.5.1 Order Intervals and ModulesDe�nition 5.1 Let P be an ordered set. A closed interval, denoted as[fa1; � � � ; amg; fb1; � � � ; bng], is a set of elements fx 2 P j9ai; bj such that ai � x � bjg.We can alternatively de�ne a closed interval as the intersection of a down-set and an up-set: [fa1; � � � ; amg;fb1; � � � ; bkg] = "fa1; � � � ; amg\#fb1; � � � ; bkg. Intervals in ordered sets are analogous to intervals in total orders, suchas the integers, and are also known as convex suborders. Open and half-open intervals can be similarly de�ned usingnon-inclusive subsumption. If m = 1 and n = 1, then the interval is called principal; otherwise it is compound. Acanonical principal interval [a; b] requires a � b and represents a unique, non-empty set of elements3. If A;B � Pthen the compound interval [A;B] can be de�ned as a union of principal intervals: [A;B] = Sa2A;b2B[a; b]. Thenotation for a compound interval must not contain any redundant information: [A;B] is canonical if A and B areanti-chains, and 8a 2 A; 9b 2 B; a � b and dually. This ensures that non-empty intervals are uniquely representedwith this notation.Since intervals are a restricted type of subset, a spanning set of intervals is simply a set of intervals for which thecomponent mapping is one-to-one. Rather than using spanning sets of intervals directly, however, we will employcertain forms of intervals to partition the ordered set into more manageable pieces that can then be encoded usingapproaches described previously. Down and up-sets in these segments correspond to intervals in the original orderedset.1The decomposition techniques described in section 4.8 of Chapter 4 are designed to decompose spanning sets to improve the spacee�ciency of implementation whereas in this chapter, decomposition is a meta-level technique for subdividing an order to encode into twoor more smaller orders.2A graph GP is the comparability graph of an ordered set P if GP = (P;E) and (x; y) 2 E if and only if x < y or y < x.3If a � b does not hold, then [a; b] = ;. 56



CHAPTER 5. MODULATED ENCODING 57Intervals are related by two partial orders: containment and subsumption. Since intervals represent subsets of alattice L, they can be related by set containment: [a; b] � [c; d] if and only if c � a and b � d and [A;B] � [C;D] ifand only if 8a 2 A; b 2 B, 9c 2 C; d 2 D where c � a and b � d. The subsumption ordering on L can also specifysubsumption on intervals. We �rst de�ne (absolute) subsumption: [a; b] � [c; d] if and only if b � c, which is equivalentto: 8x 2 [a; b]; 8y 2 [c; d]; x � y. For compound intervals, [A;B] � [C;D] if and only if 8b 2 B; 8c 2 C; b � c. Wenow de�ne partial subsumption among intervals: [a; b] � [c; d] if and only if 8x 2 [a; b]; 9y 2 [c; d]; x � y. This isequivalent to: b � d. Absolute subsumption and interval containment can both be seen as special cases of this.We are particularly interested in certain forms of intervals that permit us to partition an ordered set withoutincurring a loss of information or unreasonable additional cost to maintain order. Our analysis formalizes and extendsan earlier proposal in [2].De�nition 5.2 Let P be an ordered set, a 2 P and Q � P . A surrogate for a in Q is an element b 2 P for which8x 2 Q, (i) a � x if and only if b � x and (ii) a � x if and only if b � x.An element b 2 P that satis�es only the �rst (second) condition is called an upper (lower) surrogate for a in Q.Also, if a is a surrogate for b in Q, then b must also be a surrogate for a in Q.De�nition 5.3 Let P be an ordered set. A subset M � P is called a module if 8x; y 2M , x is a surrogate for y inPnM .That is, 8x; y 2 M and z 2 PnM , x � z if and only if y � z, and x � z if and only if y � z. Modules are alsocalled order autonomous sets [90], and the sets in the comparability graph GP that correspond to modules are calledmodules, stable sets, or clumps [109]. We now state some properties of modules.Theorem 5.1 Let L be a lattice. Then M � L is a module if and only if tM = b is an upper surrogate and uM = ais a lower surrogate for M in LnM .Proof: ) Suppose M is a module. Let b = tM and a = uM . Also, let z 2 LnM and x 2 M . If z � b then z � x (by thede�nition of join). If z � x then z � y for all y 2M (by the de�nition of a module). Then z � b (by the de�nition of join).Thus b is an upper surrogate for M in LnM . An analogous proof can show that a is a lower surrogate for M in LnM .( Suppose b is an upper surrogate, and a is a lower surrogate, for M in LnM . Consider any z 2 LnM and x; y 2 M .z � x if and only if z � b if and only if z � y, and z � x if and only if z � a if and only if z � y. Thus every pair of elementsin M are surrogates in LnM , so M is a module. 2Corollary 5.1 Let L be a lattice. If a subset M � L is a module, theni. There are no elements between the maximal (minimal) elements ofM and the join (meet) ofM : [dMe;tM ] =; and [uM; bMc] = ;,ii. M is a closed interval: M = [bMc; dMe] andiii. The only arcs entering (leaving) M are through the maximal (minimal) elements of M :M = #dMen#bMc [ bMc = "bMcn"dMe [ dMe.Proof: (i) Suppose 9z 2 LnM for which z < tM and z > y for some y 2 dMe. But then tM is not an upper surrogate forM in LnM . By the above theorem, M cannot be a module.(ii) If z 2M , clearly z 2 [bMc; dMe]. Let z 2 [bMc; dMe]. Then 9a 2 dMe; b 2 bMc such that b < z < a. Suppose z =2M .Then a and b cannot be surrogates for each other with respect to z.(iii) Suppose M is a module. By (ii) above, M = [bMc; dMe]. Let x 2 M . Clearly x 2 #dMe. x 2 #bMc if and only ifx 2 bMc. In either case, x 2 #dMen#bMc [ bMc. Let x 2 #dMen#bMc [ bMc. Then either x 2 #dMe and x =2 #bMc orx 2 bMc. In the latter case, x 2M . For the former case, 9a 2 dMe for which x � a and 8b 2 bMc, x 6� b. If x =2M then Mcannot be a module. We can analogously show that M =" bMcn " dMe [ dMe. 2This corollary shows that a module is a special type of interval (item (ii) above). The general forms of a moduleare shown in the following �gure. In the �rst and third b is a surrogate. In the �rst and second, a is a surrogate. Inall cases, a is a lower surrogate and b is an upper surrogate.
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... ...Figure 5.1: Types of modules5.2 Order partitionsDe�nition 5.4 Let P be an ordered set. An order partition is a partition of P into two suborders Q and PnQ.A partition basically loses the subsumption information between elements in Q and PnQ. We say that Q � Pinduces the partition Q and PnQ.De�nition 5.5 A partition of an ordered set P into Q and PnQ preserves subsumption if 9a; b 2 PnQ such that ais a lower surrogate, and b an upper surrogate, for Q in PnQ.Theorem 5.2 Let L be a lattice and Q � L. Then Q is a module if and only if the partition induced by QnftQ;uQgpreserves subsumption.Proof: ) Suppose Q is a module. Let b = tQ and a = uQ. By a previous theorem, b is an upper surrogate, and a a lowersurrogate, for Q in PnQ. Since QnftQ;uQg � Q and a; b =2 QnftQ;uQg, this partition is subsumption preserving.( Suppose the partition induced by QnftQ;uQg preserves subsumption.Then 9c; d 2 Pn(QnftQ;uQg) such that c is an upper surrogate, and d a lower surrogate, for Q in Pn(QnftQ;uQg). Letx; y 2 Q and z 2 PnQ. Then x � z if and only if c � z if and only if y � z and x � z if and only if d � z if and only if y � z.Thus, Q is a module. 2Note that tQ and uQ need not be in Q. Both are in Q only for principal modules. In this case, only one of theseneed be left behind in the partitioning.Theorem 5.3 Let L be a lattice and let Q be a module in L. Then the decomposition of L into Q and LnQ[ftQ;uQgproduces two lattices.Proof: Clearly Q is a sub-lattice (i.e. it is closed under meets and joins). Consider the meet of any two elements inLnQ [ ftQ;uQg: x u y. The only way x u y could be in Q is if x u y = tQ, otherwise Q is not a module. 25.3 ModulationModulation involves partitioning a lattice into two sublattices according to a module, and successively repeating untilonly trivial or small modules remain, essentially constructing a lexicographic decomposition [90]. In the comparabilitygraph, this corresponds to modular, tree or substitution decomposition [90, 109].At each step, the surrogates for the module inducing the partition are retained and associated with this module,essentially creating the quotient graph induced by this module [109]. Due to the partitioning, the containmentrelation of the �nal set of modules forms a tree, called the containment or decomposition tree and denoted as CT .This tree corresponds to the decomposition graph of Gallai [60, 90]. Subsumption, meets and joins in the originallattice are maintained in the modulated lattice through the individual modules, their surrogates and the containmenttree. The orders induced by the modules and CT will be distinguished using subscripts.Let us de�ne two functions mapping modules to their surrogates: Supper(M ) and Slower(M ). To simplify ourprocedures for taxonomic operations in modulated lattices, we de�ne, for an element x 2 L, Supper(x) = x andSlower(x) = x. Let us also de�ne a function mapping elements to their smallest containing module: M (x). We cannow de�ne the taxonomic operations in a modulated lattice L:



CHAPTER 5. MODULATED ENCODING 59Subsumption x �L y if and only ifi. Mcontext =M (x) tCT M (y).ii. 9 children Mx;My of Mcontext for which M (x) �CT Mx and M (y) �CT My4.iii. Supper(Mx) �Mcontext Slower(My).Meet x uL y = z if and only ifi. Mcontext;Mx;My are as above.ii. If x �L y then z = y. If x �L y then z = x.iii. If xjjy then z = Slower(Mx) uMcontext Slower(My).Join x tL y = z if and only ifi. Mcontext;Mx;My are as above.ii. If x �L y then z = x. If x �L y then z = y.iii. If xjjy then z = Supper(Mx) tMcontext Supper(My).Theorem 5.4 Let L be a modulated lattice. Then the above equivalences for subsumption, meets and joins hold.Proof:Subsumption Let x; y 2 L. Mx (My) is the largest module that contains x (y) but not y (x), and Mcontext is the smallestmodule that contains both x and y. By the de�nition of surrogates, x �L y if and only if Supper(Mx) �Mcontext y.Similarly, x �L y if and only if x �Mcontext Slower(My). Putting these together, we arrive at our result.Meet Let x; y 2 L and suppose x uL y = z. Clearly, if x �L y (x �L y) then z = y (z = x).Otherwise, z <L x, z <L y. Mx (My) is the largest module that contains x (y) but not y (x), and Mcontext is thesmallest module that contains both x and y. Also, by the de�nition of modules, z must be an element of Mcontext.By the de�nition of surrogates, z �L x if and only if z �Mcontext Slower(Mx). Similarly, z �L y if and only ifz �Mcontext Slower(My). Putting these together, gives our result.Join The proof is the dual of the proof for meets.2 In an unmodulated encoding, subsumption requires one comparison of codes and meets require one calculationfollowed by decoding. Here, subsumption requires one calculation in the containment tree to �nd the context moduleand one comparison of codes within this module. Meets require the calculation to �nd the context module, onecalculation within this module and decoding. Thus, although the number of comparisons is greater, the size of eachcode can be drastically reduced, since the size of the resulting modules and the containment tree will be much smallerthan the original ordered set P . For the proposal in [2], the number of operations increases linearly with the depthof the containment tree CT . The above operations are simpli�ed if, for each module, upper and lower surrogates arethe same element.To encode a modulated lattice involves encoding each sublattice formed by the partitioning as well as the con-tainment tree. Any of the techniques previously covered can be used, although there are particularly simple ande�cient techniques for encoding trees (e.g. [34]). Associated with each element x is its smallest containing moduleM (x) and its code CM (x) within this module. Associated with each moduleM is a code for the containment tree andthe surrogates Supper(M ) and Slower(M ). The spanning set for the entire lattice is the union of the spanning setsfor these sublattices plus the intervals de�ned by the sublattices themselves. The component mapping will computethe components of an element within its smallest containing module plus the de�ning interval of this module. Thus,the above operations can be e�ciently implemented.Since any technique can be used to encode a module, modulation opens the possibility of heterogeneous encoding[49]: di�erent modules can be encoded using techniques that are best suited to the form of the order within themodule. For example, modules that are chains may be encoded using integers, while modules that are anti-chains4If M(x) = M(y), then Mcontext will be a leaf of the containment tree. In this case, Mx = x and My = y. Essentially, this treatselements as (atomic) modules.



CHAPTER 5. MODULATED ENCODING 60may be encoded using logical terms. In both cases, the use of di�erent techniques can lead to optimal encodings.The only additional information required for a module is the type of encoding technique utilized.Figure 5.2 depicts a modulated lattice, where the modules are encircled by ovals and named for illustrativepurposes. In an implementation, they can be replaced by their surrogate elements. The containment tree of thismodulation is also shown. In order to determine if v � d, we �rst compute Mcontext =M8 tCT M5 =M . Mv =M3and Md =M1. Now, M3 �M M1, so we conclude that v � d. To compute c u d, we �nd Mcontext =M1, Mc = M4and Md =M5. Then M4 uM1 M5 = s. Similarly, c u e gives us M3, the surrogate of which is u.
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M6 M7 M8Figure 5.2: A modulated lattice and its containment treeThere still remains the problem of �nding modules. Fortunately, we can take advantage of results from compa-rability graphs. In [109], an algorithm that requires O(jP j3) time and O(jP j2) space is described for constructingthe entire decomposition tree in a top-down manner. This paper also cites two other algorithms that have time andspace complexity of O(jP j2), the latter of which constructs the decomposition tree incrementally. There exist morerecent linear algorithms for producing the entire containment tree [31, 76]. These algorithms may be adaptable toheterogeneous encoding. Also, in [2], an e�cient approximation algorithm for modulation is described.5.4 Extending modulationThe restrictive nature of a module permits e�cient partitioning as well as computation of lattice operations. Un-fortunately, many lattices cannot take advantage of modulation, particularly very dense lattices. Additionally, in adynamic environment, modules are fragile and can be breached by the addition of a single arc entering or leavingthe middle of the module. We outline below one approach we have developed to make modules more 
exible.5.4.1 Lower and Upper Semi-ModulesDe�nition 5.6 Let P be an ordered set. A subset M � P is called a lower semi-module if 8x; y 2M , x is a lowersurrogate for y in PnM .Upper semi-modules are de�ned dually. For a subset M of a lattice L, we can show that uM = a is a lowersurrogate for M in MnL if and only if M is a lower semi-module. For a lower semi-module, we only obtain a lowersurrogate. Elements within the semi-modulemay have di�erent upper surrogates, but we may still be able to split ourlattice on this semi-module, retaining only the surrogates in the original lattice. Thus, instead of an order partition,we end up with an order decomposition and the containment tree becomes a containment order. An example isshown in Figure 5.3. The �rst diagram is a lower semi-module within the context of our lattice, where element ais a lower surrogate. The second diagram shows a partition of this semi-module (with the grey lines) according toupper surrogates, which are the greatest elements within each partition. Only these elements need be retained in



CHAPTER 5. MODULATED ENCODING 61the original lattice, as we modulate. The set of upper surrogates in a lower semi-moduleM is the set obtained bythe meet closure (within M ) of the elements that breach M from above. In this example, elements b; c and e breachM and the meet closure is fb; c; e; ig, since e u c = i.
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bFigure 5.3: Lower semi-modulesLower modulation incurs some duplication of elements, since the lattice is not partitioned (i.e. the upper surro-gates are in both resulting lattices). Each element must now have associated with it not only its smallest containingsemi-module, but also its upper surrogate in this semi-module (the lower surrogate is associated with the semi-module). Within the semi-module, the duplicated elements are ghost elements - they are no longer treated as otherelements, but act as place holders for resolving operations within the semi-module. We may, however, still achievespace savings if we can decompose a lattice using lower semi-modules that do not have too many upper surrogates.Upper semi-modules may be particularly useful for ordered sets that grow dynamically downwards (such as those in[24]). In this case, once an upper semi-module is identi�ed, it will never be breached by later updates, although thenumber of lower surrogates may change.5.4.2 Generalized ModulesWe can generalize this technique one step further to decompose a lattice based on any interval that is closed undermeets and joins. Note that a trivial sublattice of an ordered set P is a singleton set, P itself or the empty set.De�nition 5.7 A generalized module of a lattice L is a non-trivial sublattice of L.A number of upper and lower surrogates for the module may need to be left in the parent lattice on decomposition.These elements can be determined as above, where the lower surrogates will be the join closure of elements thatbreach the module from below. Now, in addition to the smallest containing module M , we need to associate withevery element its upper and lower surrogates within this module (as well as its code in M ).There are several consequences of modulation using generalized modules:i. Modules may overlap: we may have M1 6�M2,M2 6�M1, but M1 \M2 6= ;. The containment relation is nolonger a tree, but a general partial order.ii. Upper and lower surrogates are no longer associated with modules, but with individual elements.iii. Ghost elements result in duplication of surrogate elements.Consider the lattice fragment in Figure 5.4, where we have encircled a potential module M . The left fragmentpartitions M according to lower surrogates and the right fragment partitions M according to upper surrogates.Modulation on M will remove all the elements that are neither upper nor lower surrogates in M , as shown in therightmost diagram in Figure 5.4. Each element has a unique upper and lower surrogate in these remaining elements.For elements that are removed (i.e. elements that are neither upper nor lower surrogates for this module), noduplication occurs. Both upper and lower surrogate elements are now duplicated: the element that is in the moduleis a ghost element. We discuss the implications and handling of ghost elements below. Once the decomposition hasoccurred for a module, we can continue the process of modulation.
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...Figure 5.4: Generalized modulation. Lower surrogates (left) are fa; e; lg and upper surrogates (centre) are fb; e; f; ng.5.4.3 Non-overlapping ModulationWe �rst consider generalized modulation for modules that do not overlap (i.e. for two modules, either one containsthe other, or they share no elements in common). In this case, the containment relation is strictly a tree. In theexample in Figure 5.4, further modulation would either contain all or none or fa; b; e; f; l; ng.We associate with each module M its code in the containment tree CT . With each element x we associate itsleast containing moduleM (x), its upper and lower surrogates Supper(x) and Slower(x), and its code in this module.The procedure for computing subsumption can now be extended with a modi�cation to use the surrogatesassociated with individual elements rather than modules. A surrogate pathway will need to be followed through thecontainment tree from the initial elements to the context interval.Subsumption x �L y if and only ifi. Mcontext =M (x) tCT M (y).ii. 9 elements sx; sy in Mcontext that can act as surrogates for x and y (and can be computed as follows,where \:=" denotes assignment.):sx := x; sy := y;while M (sx) 6=Mcontext: sx := Supper(sx);while M (sy) 6=Mcontext: sy := Slower(sy).iii. sx �Mcontext sy.A similarly modi�ed procedure can be applied to compute meets. The procedure for joins can easily be derived.Meet x uL y = z if and only ifi. If x � y then z = y. If x � y then z = x.ii. If xjjy thenii.a. Mcontext =M (x) tCT M (y).ii.b. 9 surrogate elements sx; sy in Mcontext for x and y (and can be computed as follows):sx := x; sy := y;while M (sx) 6=Mcontext: sx := Slower(sx);while M (sy) 6=Mcontext: sy := Slower(sy).ii.c. z = sx uMcontext sy .In strict modulation, surrogates are associated with modules, so once we have found the contextual moduleMcontext, we can use the surrogates for the appropriate children. Here, we must follow a path of surrogates fromthe initial elements to the contextual module. Whether upper or lower surrogates are following depends on theoperation. The length of these paths depends on the depth of the containment tree, which in turn depends on thesizes of modules.Note that when performing a meet x u y = z, the result z may be embedded within a module below (in thecontainment tree) the context Mcontext. Due to the way ghost elements are dealt with (i.e. duplicating elements inthe meet and join closure of breaching elements), however, this element will be duplicated in both the context andthis lower level module (in the latter, it will be a ghost element). Thus, the meet can be performed in Mcontext.Theorem 5.5 Let L be a lattice that is modulated using generalized modules with no overlapping modules. Then theabove equivalences for subsumption and meets hold.



CHAPTER 5. MODULATED ENCODING 63Proof:Subsumption Let x;y 2 L. Mcontext is the smallest module that contains both x and y. Let s1 = x; s2; : : : ; sk = sx bethe path of surrogates followed from x to sx in the above procedure (i.e. sx = Supper(Supper(� � � (Supper(x) � � �))) andM(sx) = Mcontext). By the de�nition of surrogates, x �L y if and only if sx �Mcontext y. Similarly, x �L y if and onlyif x �Mcontext sy. Putting these together, we arrive at our result.Meet Let x; y 2 L and suppose x uL y = z. Clearly, if x �L y (x �L y) then z = y (z = x). Otherwise, z <L x, z <L y.Mcontext is the smallest module that contains both x and y. Also, by the construction used in generalized modulation, zmust be an element ofMcontext. This is because the meet closure of elements that breach any module are duplicated (oneis left in the containing module, and the other is retained as a ghost element in the contained module). By the de�nitionof surrogates, z �L x if and only if z �Mcontext sx (as shown above). Similarly, z �L y if and only if z �Mcontext sy.Putting these together, we arrive at our result.2 An area requiring a closer look is the treatment of ghost elements, which are duplicated upon decomposition. Aghost element xg is created when an element x is a surrogate for one or more elements in a moduleM . The elementx remains in the parent lattice, and its duplicate xg remains in the module. This ghost element only needs to bepresent as an image of x so that operations within the moduleM which result in xg can be resolved. Thus, the ghostneeds to be encoded inM , but it does not need any other associated information (i.e. the smallest containing moduleand surrogates). A ghost element xg can be viewed as a place holder for the portion of the code of x associated withmoduleM .5.4.4 Overlapping ModulationIn strict modulation, overlapping modules are not possible. In our generalization, this may now occur - this willhappen in the example in Figure 5.4 if a new module contains some, but not all of fa; b; e; f; l; ng. There are twocomplications that arise from overlapping modules: (i) the containment information is no longer a simple tree, but ageneral partial order, and (ii) determining the context Mcontext of an operation, and the surrogates in this context,is more di�cult.To deal with these problems, we no longer rely on the containment relation between modules. Instead, we usesurrogate containment information, and the resulting surrogate containment order SC: For two modulesM1 andM2,M2 covers M1 in SC if and only ifM2 contains a surrogate for at least one element inM1 (i.e. i� 9x 2M1 such thatSupper(x) 2M2 or Slower (x) 2M2).Extending the taxonomic operations for overlapping modules requires following surrogate pathways through SCto �nd the contextual module. Since we cannot easily identify the contextual module, rather than encoding SC, weassociate with each moduleM a level, level(M ), which is the length of the longest path fromM to the root of SC.The modi�ed procedures for subsumption (for generalized modules) and meets are given below.Subsumption x �L y if and only ifi. 9Mcontext and elements sx; sy inMcontext that can act as surrogates for x and y (and can be computedas follows):sx := x; sy := y;Lev := max(level(M (sx)); level(M (sy ))) � 1;while M (sx) 6=M (sy)while level(M (sx )) > Lev: sx := Supper(sx);while level(M (sy )) > Lev: sy := Slower(sy);Lev := max(level(M (sx )); level(M (sy )))� 1;end while;Mcontext :=M (sx).ii. sx �Mcontext sy.



CHAPTER 5. MODULATED ENCODING 64Meet x uL y = z if and only ifi. If x � y then z = y. If x � y then z = x.ii. If xjjy thenii.a. 9 Mcontext and elements sx; sy in Mcontext that can act as surrogates for x and y (and can becomputed as follows):sx := x; sy := y;Lev := max(level(M (sx)); level(M (sy ))) � 1;while M (sx) 6=M (sy)while level(M (sx)) > Lev: sx := Slower(sx);while level(M (sy )) > Lev: sy := Slower(sy);Lev := max(level(M (sx )); level(M (sy )))� 1;end while;Mcontext :=M (sx).ii.b. z = sx uMcontext sy .Theorem 5.6 Let L be a lattice that is modulated using generalized modules (with possible overlapping modules).Then the above equivalences for subsumption and meets hold.Proof:Subsumption Let x; y 2 L. We need to �nd Mcontext as well as surrogates for x and y in Mcontext. The level of modulesdecreases monotonically as we ascend the surrogate containment order SC searching for Mcontext; sx and sy, but it maydecrease in steps greater than one.Initially, we set Lev to one level above the lowest (maximum) level of x and y. This ensures that the lowest of sx; sy (orboth if they are at the same level in di�erent modules) will move up at least one level in the subsequent two loops. Theouter loop continues until we have found Mcontext (i.e. until M(sx) = M(sy)). The two inner loops each continue untilthe level of sx (sy) is at or above Lev. Since we are following upper (lower) surrogates for sx (sy), the subsumptionrelation between sx and sy remains invariant. After both inner loops complete, we set Lev again as above.At the end of the loops, M(sx) = M(sy) = Mcontext. Mcontext is the smallest module that contains both an uppersurrogate for x and a lower surrogate for y. Since we move up SC following upper (lower) surrogates for x (y), we �ndthe �rst module that contains appropriate surrogates for both.Let s1 = x; s2; : : : ; sk = sx be the path of surrogates followed from x to sx in the above procedure (i.e. sx =Supper(Supper(� � � (Supper(x) � � �))) and M(sx) = Mcontext). By the de�nition of surrogates, x �L y if and only ifsx �Mcontext y. Similarly, x �L y if and only if x �Mcontext sy. Putting these together, we arrive at our result.Meet Let x; y 2 L and suppose x uL y = z. Clearly, if x �L y (x �L y) then z = y (z = x).Otherwise, z <L x, z <L y. We need to �nd Mcontext as well as surrogates for x and y in Mcontext, as above.Initially, we set Lev to one level above the lowest (maximum) level of x and y. This ensures that the lowest of sx; sy (orboth if they are at the same level in di�erent modules) will move up at least one level in the subsequent two loops. Theouter loop continues until we have found Mcontext (i.e. until M(sx) = M(sy)). The two inner loops each continue untilthe level of sx (sy) is at or above Lev. Since we are following lower surrogates for sx (sy), the subsumption relationbetween sx (sy) and z remains invariant. After both inner loops complete, we set Lev again as above.At the end of the loops, M(sx) = M(sy) = Mcontext. Mcontext is the smallest module that contains a lower surrogatefor both x and y. Since we move up SC following lower surrogates for x (y), we �nd the �rst module that containsappropriate surrogates for both.By the construction used in generalized modulation, z must be an element of Mcontext. This is because the meet closureof elements that breach any module are duplicated (one is left in the containing module, and the other is retained as aghost element in the contained module).By the de�nition of surrogates, z �L x if and only if z �Mcontext sx (as shown above). Similarly, z �L y if and only ifz �Mcontext sy. Putting these together, we arrive at our result.25.4.5 Extending Modulation AlgorithmsWe have outlined the properties and requirements of generalized modulation for encoding purposes, but we needalgorithms that can �nd \good" decompositions. Perhaps some of the algorithms for modulation can be adapted to



CHAPTER 5. MODULATED ENCODING 65decompose an ordered set into lower semi-modules or generalized modules for which the number of surrogates (i.e.the degree of duplication) and the amount of overlap is minimized.Although generalized modulation may not guarantee encoding e�ciency, it does o�er many potential bene�ts.First, the fragility and stringent nature of strict modules makes modulation impractical for many encoding envi-ronments, especially for ordered sets that are dense. Although generalized modulation may still be ine�cient forvery dense lattices, there is the opportunity to expand the utility of decomposition and heterogeneous encoding.Generalized modulation may also be used in conjunction with strict modulation in dynamic environments. Startingwith a modulated lattice, updates to the lattice that breach modules may be tolerated, while incurring only a smalloverhead for updating the encoding. When the decomposition becomes ine�cient, the new ordered set can be re-modulated. Another bene�t of generalized modulation is in distributed environments, in which a large ordered setmay be spread out over a number of sites. The portion of the ordered set at each site can be encoded independentlyof the others, and duplication of information across sites may only be necessary for the containment order.5.5 ConclusionRecent results in taxonomic encoding have identi�ed various taxonomic forms for which e�cient encodings exist(e.g. distributive lattices, trees and bounded width lattices). Through order partitioning techniques, a generalizedheterogeneous encoding scheme can take advantage of these encoding schemes when such forms are identi�ed assuborders.In this chapter, we formalized and extended lattice modulation for encoding, introduced in [2]. Modulationpartitions a lattice to encode into sublattices and o�ers the possibility of greatly reducing encoding sizes regardlessof implementation, and without undue cost in performance. Generalized modules may increase the applicabilityof modulation, even for dense, dynamic or distributed lattices. By maintaining (and encoding) the containmentinformation of the decomposition, we provide an e�cient framework in which modulated encoding is both feasibleand e�cient.For dynamic taxonomies, modulation may con�ne the extent of change. The strict nature of modules, however,makes them susceptible to violation as a result of change. The generalized modules developed in section 5.4 are moreimpervious to change. Finally, modulated encoding may aid in decoding, since we know in which partition the resultlies, greatly reducing the search space.



Chapter 6Encoding with Sparse Logical Terms\Unless you expect the unexpected you will never �nd truth,for it is hard to discover and hard to attain" { HeraclitusThe purpose of the present chapter is to empirically apply the theory of encoding. During our research, we developedsparse logical terms as a variant of logical terms that are particularly suitable for encoding [51]. Sparse terms areclosely related to directed acyclic graphs (DAGs), which have also been studied for encoding [104]. Our focus,however, is on developing an e�cient implementation for encoding rather than taking an existing technique. Sparseterms share a number of similarities with Prolog terms,  -terms in LIFE [4], feature structures [5, 23, 118], the PATRII formalism [131, 132], etc. However, the focus of sparse terms as an e�cient representation for encoding endowsthem with a number of key distinctions from these other formalisms, as will become clear. Since our aim is to usesparse terms as a contribution to encoding, rather than as a contribution to the suite of logical formalisms, we choseto omit in-depth coverage of these related formalisms.After motivating our development of sparse terms, we introduce the basic form of sparse term developed in [51].In section 6.3, we develop extensions that make sparse terms suitable as a universal encoding implementation. Wethen provide algorithms that implement the transitive closure and compact encoding techniques, which are the �rstlogical term algorithms to be published. Finally, we analyze some theoretical properties of sparse terms in encoding,which we back up with an empirical study of encoding using two taxonomies derived from existing applications.6.1 IntroductionCompact representations for data structures are commonly used when certain properties can be exploited to sig-ni�cantly reduce the storage space required. As an example, principles of locality are used in data compressiontechniques. For sparse matrices, the assumption that the majority of elements are zero permits us to retain only thenonzero elements, along with their coordinates. If this assumption holds true, the savings accrued by not explicitlystoring the zero elements outweighs the additional cost of storing coordinates for nonzero entries.We develop a similar representation for logical terms. A sparse term is a term in which the majority of elements(i.e. functors, atoms and variables) are anonymous variables. Named variables provide coreference between termpositions, whereas the only purpose of anonymous variables is to reserve positions, and so they do not contribute tothe information content of a term.Applications that work with sparse terms can bene�t from sparse terms both in terms of space and time. Uni-�cation with an occurs check needs only to examine the named variables. Uni�cation without an occurs check islinear in the sum of the number of atoms, functors and variables of the two terms. This will be more e�cient, as oursparse representation eliminates the storage of anonymous variables.Sparse terms were, however, developed primarily to provide a form of logical term adapted for encoding. Inextending the basic sparse term, we incorporate integer sorts (i.e. when unifying two di�erent functors f1 and f2,if both are integers, the result is max(f1; f2); if at least one is not an integer, then uni�cation fails). Integer sortscome for \free", and can be used to generalize integer vectors: integer sorts provide a form of sparse integer vector66



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 67that permits the integration of integer vectors and logical terms. This combination is powerful for encoding, sinceinteger sorts are suited for encoding chains, while ordinary functors are suited for encoding anti-chains.We also integrate more compact and 
exible forms of subterm indexing. The basic form of sparse terms arevery compact for terms with many anonymous variables. However, as the terms become less sparse, the overheadof explicit subterm indexing surpasses the savings of eliminating anonymous variables. In the expanded form, wepermit \relative" indices which denote integer indices that are relative to preceding integer indices in a term. In thismore expressive form, as a term becomes more dense, the sparse term representation can remain more compact, upto a point, than the corresponding ordinary terms or integer vectors.We also permit grouping sequences of indices with identical subterms into intervals. For encoding, this willnormally only occur for unspeci�ed subterms. Index intervals in sparse terms provide a generalized implementationof sets of intervals, which have also been used in encoding [1]. Figure 6.1 shows the relation of sparse terms to theencoding implementations of which we are aware.
logical terms

bit vectors

flat terms integer vectors interval sets

sparse termsFigure 6.1: Encoding implementations: sparse terms generalize other techniques6.2 Basic Sparse TermsOur representation is modeled after that of sparse matrices. An n � m sparse matrix may be stored as a list ofcoordinate/value pairs for the non-zero elements rather than as an n �m array. For example, the following matrixcan be stored as [(1,2)-1, (2,4)-5, (4,2)-3, (4,5)-4]:0 1 0 0 00 0 0 5 00 0 0 0 00 3 0 0 4We avoid storing the zeros by using a more space-consuming representation for the non-zero elements. Byassuming that most of the elements are zeros we predict a net reduction in storage space.A sparse term representation relieves us from storing anonymous variables at the expense of a more complexscheme for the named elements (i.e. atoms, predicates, functors and named variables). We focus on the surface formof terms. Although the internal representation may be quite di�erent from this and is implementation dependent,it is the surface form that users manipulate and store outside the system. As for sparse matrices, we need to storethe position, or index, of the named elements. Using a rooted graph notation, we can do this by labeling arcswith the index of the named elements and removing the anonymous variables (which are represented by underscoresin Prolog). Consider the Prolog term: a(b( ; c; d; ); ; ; e( ; f( ; ); )). The ordinary and sparse forms are showngraphically below. The sparse term can be represented linearly as: a:[1� b:[2� c; 3 � d]; 4� e:[ 2 � f ]], where theargument lists are ordered according to increasing index.
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CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 68To be more precise, we provide the following de�nition of our representation:De�nition 6.1 A basic sparse term is either (i) an atom (ii) a named variable or (iii) a functor of the form a.L,where a is the functor symbol and L is a sparse argument list. A sparse argument list is a list of elements of theform n-ST, where ST is a sparse term and n is the index of ST in the parent term. This list is ordered by increasingindices with no repetitions.6.2.1 Space requirementsNow that we have a sparse representation for logical terms, when is a term considered sparse? That is, when willthis representation bene�t an application? Since an accurate account of the space required to represent a logicalterm, for example in Prolog, is implementation dependent, we restrict our analysis to the asymptotic time and spacebehavior of the surface form.Consider an ordinary term that has n named elements and m anonymous variables. Since there are n+1 symbols,let us assume representing each requires O(logn) space. For the sparse representation, O(logn) space is also required.Both representations require space for the n named elements, so we do not include this factor in our calculations.For punctuation marks (e.g. commas, parentheses, dashes), ordinary terms require O(n +m) space whereas sparseterms require O(n) space. Since punctuation may not form part of the internal representation, we do not consider itfurther.In addition to the above, ordinary terms require O(mlogn) space for anonymous variables, whereas in the worst-case sparse terms require O(nlog(n + m)) space for indices. Essentially, this means that the space bene�ts of oursparse representation begin to manifest when the ratio of anonymous variables to named elements is greater thanone. Of course, due to the constants not included in this analysis, these bene�ts may not become evident until thisratio is somewhat greater than this.6.2.2 Uni�cation and ImplementationWithout an occurs check, uni�cation of both ordinary and sparse terms is linear in the number of symbols involved.If the number of named elements in both terms is n and the number of anonymous variables is m, we have O(n+m)for ordinary terms vs. O(n) for sparse terms. For uni�cation with an occurs check, we avoid needlessly checkingthe anonymous variables. In both cases, we achieve asymptotically better results. Thus, by using our sparserepresentation, applications involving sparse terms have potential bene�t both in terms of time and space.The straightforward nature of sparse terms permits a simple implementation of the required algorithms (uni�-cation, subsumption, etc.) either in a logic language (e.g Prolog) or as an extension to a logic language (writtenin, e.g., C). Our representation shares some features with the  -terms in LIFE [4], in particular attribute indexingand unbound arity, but it also di�ers in several respects. Named variables in LIFE use more generalized coreferencelabels (which can specify coreference between any two locations in the graphical representation, not just betweenleaves). Although our de�nition of sparse terms implies the use of Prolog variables, we have also extended ourimplementation to provide both forms of coreference. Our representation also deviates from  -terms in the use ofanonymous and disjunctive functors, discussed below. Another signi�cant di�erence is that our representation isintended as an enhancement to Prolog systems, not as a replacement.6.2.3 VariationsOur sparse representation removes the burden of explicitly storing anonymous variables. We now explore somevariations on this theme. Prolog is capable of expressing uncertainty through variables, only for entire predicates,functors or atoms. We analyze how we may incorporate �ner scale uncertainty into logical terms, speci�cally forarity and functors. We also integrate an extension of argument indexing that permits arbitrary labels, or attributes,rather than just numerical indices. By blending these variations, applications have the ability to incorporate varyingdegrees of uncertainty and information into logical terms, while remaining concise and e�cient.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 69Binding arity. The representation presented does not provide a one-to-one correspondence between sparse andordinary terms. For example, the following terms correspond to the sparse term f:[1 � a]: f(a), f(a; ),f(a; ; ), f(a( ); ), ... Any sparse term has an in�nite number of corresponding ordinary terms. The arity ofeach functor and atom is not bound, so we can always append an arbitrary number of anonymous variables asarguments of functors and atoms.If we require the arity of terms to be bound, we must specify it explicitly. This can be accomplished byextending part (iii) of our de�nition to allow functors of the form a=N:L where a is a functor, N is the arityof the functor and L is a sparse argument list. For example, the term f( ; b( ; ); c; d(e; ); ) is completelyrepresented by f=5:[2� b=2; 3� c=0; 4� d=2:[1� e=0]], and graphically as:
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c/0 d/2Figure 6.3: Binding arity in sparse termsAnonymous functors. An interesting variation that we have found useful for encoding allows terms to specifyonly those argument positions that are occupied, but not record the functor or atom in that position. Thisinformation, presumably, would be stored elsewhere. This greatly reduces space requirements for cases whenmany terms are being formed from one set of data, which is indeed the case for our logical term encodings whereeach element of a taxonomy is assigned a term that is a subgraph of the taxonomy itself. We can label theoriginal taxonomy with term positions and use it to decode our terms. To provide functorless terms, we simplyremove the functor or atom from the elements of the sparse argument list. The term f( ,b( , ), ,c(d, ,e), ) wouldthus be represented as the term [2,4-[1,3]] and graphically as:
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31Figure 6.4: Anonymous functors in sparse termsAttribute-value matrices. Attribute-Value Matrices (AVMs), or Feature Structures, are a tool used in severalcomputational linguistic systems (e.g. [118]). Some implementations of AVMs using ordinary terms requireprior knowledge of all the attributes an AVM may contain in order to compile appropriate terms (e.g. [91, 119]).A simple modi�cation to our scheme, allowing atomic, rather than numeric, indices (for the attributes) andomitting functor names (a value is either an atom or another AVM), provides for e�cient and dynamic AVMs.A predicate can be provided to access the value of an attribute, or a sequence of attributes. As an example,the sparse term [a1-v1, a2-v2, a3-[b1-x1, b2-x2], a4-v4] represents the following AVM (shown in both its matrixand graphic forms):
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x2Figure 6.5: Attribute-value matrix using sparse termsDisjunctive functors. Thus far, we have permitted two levels of certainty regarding a functor symbol: eitherit is unknown (i.e. it may be any atomic symbol) or it is known. Between these extremes lies a range ofincreasingly focused information as to the actual functor symbol. That is, we may know that it is one of a



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 70set of possible symbols. When this set has cardinality one, we know which symbol it must be. We name suchfunctors disjunctive and represent them with a set notation. For example, the term [model-fMacSE; MacIIg,memory-f1;2;4;8g] may be used to represent a computer system whose model type is either a MacSE or a MacIIand with either 1, 2, 4 or 8 KB of memory.Applications that permit and maintain uncertainty may �nd the 
exibility o�ered by disjunctive functors avaluable property. Examples include computational linguistics, for maintaining the uncertainty of the referentof a pronoun, and automatic system con�guration (e.g. [37]).6.3 Generalizing Sparse Terms for EncodingBasic sparse terms are based on the observation that anonymous variables only reserve positions and do not con-tribute to the information content of a logical term. We now extend the basic form to develop a universal encodingimplementation. In addition to the bene�ts of eliminating anonymous variables, there are some properties of extendedsparse terms that endow them with 
exibility and conciseness required for encoding:Unbound arity A sparse term can represent an in�nite number of ordinary terms, since arity is not bound. Thispermits 
exibility for encoding updates since a code may be extended with a subterm without a�ecting relatedcodes.Unspeci�ed functors Positions in terms can be speci�ed as �lled, but the actual symbol (predicate, atom orfunctor) occupying the position can be left unspeci�ed. Thus, [2; 4 � [1; 3]] represents a term in which thesecond position is occupied by an unknown subterm, and the fourth position is occupied by a subterm in whichthe �rst and third positions are �lled. Of course, uni�cation can only fail if there are di�erent functors at thesame location in two terms.Integer sorts Although sparse terms were designed for encoding, they share a number of similarities with  -termsin LIFE [4], including unbound arity. A hierarchy can be speci�ed among functors in LIFE, which is used whentwo di�erent functors are uni�ed. If � and � are uni�ed, the result will be � u � or failure if this results in ?.One of the most in
uential papers on encoding was written with the purpose of performing these operationse�ciently [2]. However, there is a very simple functor ordering that we can incorporate into sparse terms forfree: the total order on integers. Uni�cation of two functors will be as in Prolog, unless both are integers n1and n2, in which case uni�cation will result in max(n1; n2). This simple addition generalizes integer vectors,providing a form of sparse integer vectors with the hierarchical advantages of logical terms.Relative Indices As terms become less sparse, the advantages of explicit indexing diminish until the costs outweighthe bene�ts. To overcome this, some indices may be relative. Relative indices can be speci�ed by preceding apositive integer n by the \+" symbol, and represent the previous numerical index to the left plus n. If there isno preceding numerical index, then the index is n. For example, the sparse term [535; 538; 546; 577; 578] couldbe represented as [535;+3;+8;+31;+1]. Although we must still provide an index, if the absolute index is verylarge, a space saving may be realized.Interval Indices As terms become even more compact, there may be situations (particularly for encoding) in whichwe can bene�t from denoting a sequence of indices using a set. These interval indices provide a generalizationof interval sets, which have been used for encoding [1]. To illustrate, the sparse term [5; 6; 7; 8; 9;10;11;12;73;74; 75; 76; 77] could be represented as [(5; 12); (73; 77)]. Relative indices can also be used in the interval bounds.As we have mentioned, sparse terms generalize the various implementations that have been used for encoding.The signi�cance of this is that, not only can encoding algorithms be adaptive and selected from existing encodingtechniques, but mixtures of techniques can take advantage of structures within taxonomies. The following de�nitionis based on the original de�nition, but extended with integer sorts, and relative and interval indices. We do notprovide any form of coreference, since it is not necessary for our application, although this could be easily integrated.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 71De�nition 6.2 A sparse term ST is de�ned as:ST := Functor:ArgumentList j ArgumentList j FunctorFunctor := Atom j NaturalNumberArgumentList := [ArgumentjArgumentList] j [ ]Argument := Index�ST j IndexIndex := NumericIndex j (NumericIndex;NumericIndex) j AtomNumericIndex := NaturalNumber j +NaturalNumberwhere NaturalNumber is any natural number. The notation [HeadjTail] denotes a list, the �rst element of whichis Head and the remainder of which is Tail, while [ ] denotes an empty list (as in Prolog).6.3.1 Explicit and canonical forms for sparse termsIn order to simplify description of a canonical form, and for de�ning subsumption, uni�cation and anti-uni�cation, weneed to describe an explicit form for sparse terms. The explicit form replaces all relative indices by their correspondingabsolute values, and all interval indices by their corresponding sequences. We also clarify terms that have emptyargument lists or no functors, where explicit sparse terms use anonymous variables (\ ") in place of unspeci�edfunctors.De�nition 6.3 An explicit sparse term STx is de�ned as:STx := Functorx:ArgumentListxFunctorx := Atom j NaturalNumber jArgumentListx := [Indexx�ST j ArgumentList] j [ ]Indexx := NaturalNumber j AtomGiven a sparse term ST , we can construct its explicit form as follows:Empty Argument Lists If F is a subterm with an empty argument list (i.e. F is just a functor), then replace itby F:[ ].Unspeci�ed Functors If AL is a subterm with an unspeci�ed functor (i.e. AL is just an argument list), thenreplace it by :AL. Note that in sparse terms, the anonymous variable can only be instantiated to a functor.Relative Indices Suppose +n is the �rst relative index in an argument list (including those that appear in intervalindices): [: : : ;+n � ST; : : :]. If there is no absolute numerical index to the left of this position, then replace+n � ST by n � ST . Otherwise, if the �rst absolute numerical index to the left of this position is m, thenreplace +n� ST by n1 � ST , where n1 = n+m.Interval Indices Suppose we have an argument list containing an interval index: [: : : ; (n1; n2)�ST; : : :]. If n1 > n2,then simply remove (n1; n2) � ST from the argument list (i.e. the interval is empty). Otherwise, replace it bythe sequence m1 � ST; : : : ;mk � ST , where m1 = n1, mi+1 = mi + 1; 1 < i � k, and k = n2 � n1 + 1.Given an arbitrary sparse term, for e�ciency we want to de�ne a canonical or normal form. For terms in canonicalform, subsumption, uni�cation and anti-uni�cation algorithms can be designed much more e�ciently than otherwisepossible (i.e. linear in term size). Below we de�ne a canonical form for a term ST in terms of its explicit form. Wesay that ST is in canonical form, if its explicit form is in canonical form.Let ST be a sparse term, and STx be its explicit form. We de�ne the canonical form STc of ST as follows:No duplicate indices If STx has a duplicate index I in some argument list: [: : : ; I � ST1; : : : ; I � ST2; : : :], thenremove I � ST1 and I � ST2 and add I � ST1;2, where ST1;2 is the uni�cation of ST1 and ST2.Indices in increasing order For any subterm in STx, if index I1 precedes index I2 then I1 v I2, where v denotesa lexical ordering on indices.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 726.3.2 Sparse term subsumptionWe now describe how subsumption (�) is computed for explicit canonical sparse terms. Uni�cation and anti-uni�cation can easily be derived in a standard way based on subsumption. All three operations have been implementedin Sicstus Prolog. Converting from an ordinary canonical sparse term to the explicit form can be done easily duringprocessing. First, some general properties are given below:� [ ] subsumes everything (i.e. ST � [ ] for any sparse term ST ).� If n1; n2 are integers and n1 � n2 then n2 � n1 (note the role reversal).� If n is an integer and a is a non-integer atom, then njja (i.e. n and a are incomparable).� If a1; a2 are non-integer atoms and a1 6= a2, then a1jja2.De�nition 6.4 If ST1 and ST2 are sparse terms, then ST1 � ST2 if and only if all of the following hold:1. ST1 = F1:ArgList1 and ST2 = F2:ArgList22. F1 � F23. ArgList1 � ArgList2If F1 and F2 are functors, then F1 � F2 if and only if one of the following holds:1. F2 = (functorless terms)2. F1 and F2 are non-integer atoms and F1 = F2 (atomic functors)3. F1 and F2 are integers and F2 � F1 (numeric functors)If ArgList1 and ArgList2 are argument lists, then ArgList1 � ArgList2 if and only if one of the following holds:1. ArgList2 = [ ]2. ArgList1 = [Index1 � ST1jRest1], ArgList2 = [Index2 � ST2jRest2] and one of the following holds:(a) Index1 = Index2, ST1 � ST2 and Rest1 � Rest2(b) Index1 v Index2 and Rest1 � ArgList26.4 Encoding with Sparse TermsThe most well-studied implementation for encoding is the bit-vector [2, 24, 61, 79]. The available hardware imple-mentation and minimal requirements for each item of information (one bit) makes them attractive for encoding.However, there are a number of drawbacks to using bit-vectors for encoding very large, dynamic ordered sets:� Codes in a bit-vector implementation all have the same size, so updates to the encoding that require changingthis length a�ect every code. This problem is shared with integer vectors. Sparse terms, however, do not su�erfrom this, so the scope of change can be contained.� Both logical terms and integer vectors generalize bit-vectors in di�erent dimensions (see Chapter 4). A bit-vector s of length k can be represented with a logical term � of arity k: if position i in s is a 1 (resp. 0),then position i in � is the functor 1 (resp. an anonymous variable). The translation from bit-vectors to integervectors is obvious. Thus, any bit-vector encoding can be translated to use sparse terms and exhibit the sameasymptotic behaviour; only the asymptotic constant changes. Since we are most concerned with asymptoticbehaviour for encoding large taxonomies, bit-vectors do not actually provide any real bene�t, although theirin
exibility is certainly a drawback. In fact, we show later how the hierarchical structure of sparse terms canprovide a signi�cant savings over bit-vectors even for modest taxonomies of only several thousand nodes.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 73As we showed in Chapter 4, all encoding algorithms we are aware of can be abstracted into two components: (i)the underlying information stored in the encoding (which can be characterized using what we call spanning sets) and(ii) the implementation details for storing this information in a computer. Some encoding algorithms require a lotof e�ort to generate codes. This is understandable, given the complexity of the problem (in [79], evidence for theNP-Hardness of �nding optimal encodings is discussed). For static taxonomies, it may be worthwhile spending a lotof energy to construct compact encodings. For dynamic taxonomies, however, this e�ort may be wasted by changesto the hierarchy. In fact, the changes required for an encoding after updates to the source taxonomy may be moreextensive in complex encodings, due to the wider scope of analysis performed.Encoding algorithms for dynamic taxonomies must be e�cient, in addition to generating e�cient codes. Twoof the earliest and most well-known, encoding algorithms (transitive closure and compact [2]) satisfy the need fore�cient computation of codes. However, the algorithms described directly construct bit-vector implementations. Aswe showed in Chapter 4, these basic algorithms form the basis of a number of encoding techniques. We describe howsparse terms can implement these simple schemes. This in itself does not contribute signi�cantly, but we show in asubsequent section how sparse terms equal or surpass other implementations for encoding a number of theoreticalordered sets. This is followed empirically, where two ordered sets taken from existing applications are encoded usingthe transitive closure and compact algorithms. These results are compared with the space requirement for bit-vectors.Since we are concerned with large taxonomies, we must carefully count space requirements (i.e. an integerof size n takes logn, not constant, space). Two common techniques for implementing a graph G = (P;E) areadjacency matrices, which take O(jP j2) space, and adjacency lists, which take O(jEjlogjP j+ jP j) space. Adjacencylist representation corresponds to maintaining the list of parents (or children) for each element.Both the encoding algorithm and the implementation a�ect these characteristics. Since the requirements ofparticular taxonomic applications may di�er, it is apparent that there may be no best encoding algorithm to satisfyall needs. Rather, the designer of an encoding algorithm must take into account the needs of the application, andthe form of the taxonomies to encode, in order to determine the relative importance of di�erent characteristics.Most existing algorithms concentrate on the resulting codes and have not been as concerned with the complexityof the encoding algorithm or of dynamic updates. In addition to the space requirement of the resulting codes, wefocus on these two issues.6.5 Sparse Term EncodingThe simple transitive closure and compact encoding algorithms in [2] satisfy one of our goals: the complexity of theencoding algorithm is minimal. Transitive closure has an additional advantage: decoding (i.e. determining the ele-ment(s) denoted by a given code) can be done e�ciently in both bit-vector [47, 61] and sparse term implementations.Sparse terms use a spanning tree of the order for decoding in time linear in the depth of a code term. Researchon complex encoding algorithms to �nd optimal encodings (e.g. [79]) is important, but is of limited practical usein dynamic environments. Below we use the abstract versions of these two simple encoding algorithms described inChapter 4 to specify versions that compute sparse term encodings. Note that we use these algorithms in a top-downmanner (which preserve joins), while the dual bottom-up versions (which preserve meets) were described in [2].The transitive closure algorithm for sparse term encoding is given below. Several variations were implemented inSicstus Prolog, and were used to derive the empirical results of section 6.7. A topographic traversal of the orderedset is done so that, when processing an element p, the codes for all parents of p have already been constructed.Associated with each element p is a \path" (a sequence of indices from the root of the code � (p) to one of the leaves),and a \label" indicating how to extend � (p). The code for an element is built from the uni�cation of the parentcodes, plus an extension of the path associated with one of its parents. The subroutine extend will select one of theparents to extend, and either increment an integer sort (done through extend integer sort) or add a new subterm(done through extend arglist). These two straightforward functions are not described.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 74Algorithm 1 sparse term encoding(input: P ; output:�)1. let < p1; : : : ; pn > be a (top-down) topographic ordering of P , where p1 = >2. � (>) := [ ]3. path(>) := [ ]4. label(>) := 15. for i = 2 to n do6. � (pi) := uq2parents(pi)� (q)u extend(pi)Algorithm 2 extend(input: p; output:�)Global information: ordered set P (p 2 P ), and path, label and pred information1. if 9q 2 parents(p) such that label(q) > 0 then2. � := extend integer sort(path(q); label(q))3. path(p) := path(q)4. label(p) := label(q) + 15. if label(q) = 1 then6. label(q) := �17. else8. label(q)! label(pred(q))9. endif10. else11. select any q 2 parents(p)12. n := -label(q)13. � := extend arglist(path(q); n)14. path(p) := �15. label(p) := 116. label(q) := �(n + 1)17. endif18. pred(p) := qNote the polymorphic use of the predicate label. If label is a positive integer n, then term extension is to beaccomplished by setting the integer sort at the end of the path speci�ed in the path predicate to n. If label is anegative integer �n, then term extension is to be accomplished by adding a new subterm at the end of path withindex n. Also note that we used \:=" to denote variable assignment, while the symbol \!" is used to denote identity(i.e. in line 8, label(q) becomes identical to the label of its predecessor pred(q)). Essentially, if any parent q can beextending by incrementing an integer sort, we select that parent (lines 1 to 9). The current element p inherits thepath of q (line 3) and increments the next integer sort extension (line 4). If the label for q is 1 then a new subtermlist is begun (line 5), otherwise subterm expansion is done using its predecessor's sublist (line 8) so new subtermextensions will be done correctly (since q and its predecessor have the same path). In both cases, new extensions willbe argument list extensions. If no parent can be extended with integer sorts, we select one to extend by adding anew subterm (lines 11 to 17). The label is the negation of the new subterm index, which is used to extend the pathof q, and also becomes the new path of p (lines 12 to 14). Now p can be extended by incrementing (the currentlynon-existent) integer sort functor (line 15), while the next extension of q is updated (line 16). The last line sets upthe predecessor information.For compact encoding, we need only change line 6 of the sparse term encoding algorithm to the following, so thatonly the codes for meet irreducible elements are extended. The code for a non-meet irreducible element is simplythe uni�cation of the parent codes.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 756.1. if pi is meet irreducible then6.2. � (pi) := uq2parents(pi)� (q) u extend(pi)6.3. else6.3. � (pi) := uq2parents(pi)� (q)Postprocessing can optimize codes to use relative and interval indices, where a space saving can be realized. Fordynamic updates to the taxonomy, variations of these algorithms can modify existing encodings by updating onlycodes below the point of change, although we do not describe these here.6.6 Theoretical Justi�cationWe now justify, using a variety of theoretical taxonomies, that sparse terms provide the necessary 
exibility ande�ciency required for encoding. This analysis complements an earlier theoretical comparison of various encodingtechniques, including 
at terms, on theoretical orders [43], where the focus was on comparing di�erent encodingalgorithms. We focus on comparing di�erent implementations of two algorithms: transitive closure and compact.There is one deviation, however, for interval sets, where we used the results of the more complicated algorithmdescribed in [1]. Although the underlying information is the same, the resulting interval sets are more compact (atthe cost of more encoding e�ort).Chains: Integers are well suited for encoding chains. Thus, sparse terms (using integer sorts), integer vectors andinterval sets provide optimal encodings. However, bit-vectors require linear space. Since every element is meetirreducible, bit-vectors using the compact encoding algorithm also require linear space. Figure 6.6 shows asparse term encoding for a chain.
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1.[(1,n-1)]Figure 6.6: Chain and anti-chain encodingsAnti-chains: Terms and interval sets optimally encode anti-chains. Bit-vectors and integer vectors, however, requirelinear space. Figure 6.6 shows a sparse term encoding for an anti-chain. The second anti-chain encoding showshow ? could be encoded as uni�cation failure using atomic functors.Complete Binary Trees: In this case, the combination of integer sorts and logical terms permits optimal encodingusing sparse terms (linear with respect to the height of the tree). Integer vectors and sparse terms withoutinteger sorts both require linear code space, as do bit-vectors. With additional processing, bit-vectors canachieve optimal code size, using modulation or other techniques [2, 24, 49]. Figure 6.7 shows a sparse termencoding for a complete binary tree.
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[1-2] [1-1.[1]] [1-[1-1]] [1-[1-[1]]]Figure 6.7: Binary tree encodingIf we invert the tree, and add a top element, the space requirement for sparse terms, bit-vectors and integervectors does not change, but interval sets require O((logn)2) space.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 76For arbitrary binary trees, the code size for sparse terms remains linear with respect to the tree height. Theworst-case occurs for a right-skewed binary tree (i.e. where the left branch is always a leaf), where the heightis asymptotically the same as n. However, all of the other implementations require linear code space, exceptfor interval sets which is optimal using the more complex algorithm. Also, if the tree is 
ipped left-right, thensparse terms achieve optimal encoding. In general, due to the use integer sorts, sparse terms will performbetter if trees are organized so that the leftmost branch of a node has the largest subtree. In case two childrenhave the same size subtree, the deepest should be selected as the leftmost. These selection criteria are closelyrelated to those used in the interval sets approach [1].For complete k-ary trees, bit and integer vectors remain linear. However, if the tree has height h, then sparseterms require O(hlogk). Since h � logkn this is bounded above by O(logkn � logk).Square Lattices: A square lattice is a partial order resulting from the product of two chains. An example is shownin Figure 6.8. For two chains of length k, their product has n = k2 elements.Transitive closure bit-vectors require linear space. Integer vectors, interval sets and sparse terms requireO(pnlog(pn)) = O(pnlogn) which is sublinear, although not optimal. This is primarily because the squarelattice has width k = pn. If additional work is performed to determine that this lattice is a chain product,then space can be improved to O(2logpn) = O(logn). In general, however, �nding the minimum number ofchains that decompose a partial order is NP-Hard[144].For compact encoding, there are 2k = 2pn meet irreducible elements. Thus, bit vectors require O(pn).Compact encoding for sparse terms, integer vectors and interval sets, however, achieve optimal codes. Figure6.8 shows a transitive closure and compact sparse term encoding for a square lattice.
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3.[1-2]Figure 6.8: Square lattice transitive closure and compact encodingsConsider a product of m chains of length k each (so n = km). Optimally, if we have an algorithm that candecompose this order, integer vectors require O(mlogk). However, using the transitive closure algorithm, wecan only detect that the width of the order is km�1 = nm�1m . Thus, integer vectors, interval sets and sparseterms require O(km�1logk) = O(nm�1m 1m logn) which is still sublinear. Using the compact algorithm, we againobtain optimal results.Generalized Crowns: The preceding example orders are all somewhat sparse (and of low dimension[144]). Inlattice theory, generalized crowns are the standard example used for minimal sized partial orders of highdimension. Figure 6.9 shows the generalized crown S5 of dimension 5. An important property of such orders,is that the minimal size lattice into which the generalized crown Sn of 2n elements can be embedded has 2nelements.Determining compact encodings for the generalized crown Sn is a challenge. Bit-vectors and integer vectorsboth require linear space, even for the compact algorithm. Note that even if we can determine the dimension(which is NP-Hard), we cannot improve on these results. However, interval sets and sparse terms can encodeSn using optimal space (also shown in Figure 6.9).Table 6.1 summarizes these results, where n is the number of elements in the ordered set. Unless indicated, resultsare for both transitive closure and compact algorithms. Also, recall that the results for interval sets are somewhat
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2.[(2,+2)] 1.[1,+2-1,+1] 1.[1,+1-1,+2] 1.[1-[1],+1,+1]Figure 6.9: Transitive closure encoding of a crown S5biased as they are based on the more complex algorithm in [1]; using this algorithm, sparse terms can match orsurpass these results, since they generalize interval sets.Table 6.1: Asymptotic encoding results for theoretical ordersSparse Terms Bit-Vector Integer Vector Interval SetsChains logn n logn lognAnti-Chains logn n n lognComplete Binary Tree logn n n logn(inverted) logn n n (logn)2Arbitrary Binary Tree n n n lognSquare Lattice(transitive closure) n1=2logn n n1=2logn n1=2logn(compact) logn pn logn lognProduct of m chains(transitive closure) nm�1m � 1m logn n nm�1m � 1m logn nm�1m � 1m logn(compact) logn k � kpn logn lognCrown logn n n logn6.7 Empirical EvidenceThe above clearly shows the power of sparse terms. However, the partial orders likely to occur in practice areunlikely to possess any of the above forms. Intuitively, a large partial order will probably have some regions that arevery sparse while others that are dense; some regions may possess certain properties, while others possess di�erentproperties. One technique that can be used to encode such hierarchies is modulation [2, 49], which decomposes apartial order into suborders that can be independently encoded. Modulation can be a powerful technique providedthe order is not too dense. Although we generalized modulation to handle denser orders in Chapter 5, and a linearmodulation algorithm now exists [76], it may not be appropriate for all dynamic taxonomies.To demonstrate the power of sparse terms, we encoded two large empirically obtained taxonomies, using transitiveclosure and compact algorithms. The resulting sparse terms were not optimized in the sense that no relative or intervalindices were used. Also, for the compact encoding, no integer sorts were used - this accounts for poorer behaviour insome cases compared with the transitive closure algorithm. If integer sorts are incorporated, more dramatic resultsmay be achieved. We show the resulting space requirement of the encodings, as well as the required space for bit-vector encodings. Here too, the results are skewed against sparse terms. The sparse term space requirement was theactual memory used to store all codes; for bit-vectors, however, the space requirement does not consider memorypadding. Still, the improvement that sparse terms o�er over bit-vectors is remarkable.The �rst taxonomy was obtained from a chess learning program [95], in which each node is a board position.There are 1,815 nodes (590 meet irreducible elements and 1,425 join irreducibles) and 8,227 links in the transitivereduction. As shown in Table 6.2, sparse terms require one quarter of the space for bit-vectors in the top-downtransitive closure algorithm, and three quarters for the compact algorithm. Similar space improvements are madefor the bottom-up algorithms. Thus, we not only gain the improved 
exibility of sparse terms over bit-vectors, butthis shows that even for moderate size taxonomies, the asymptotic advantage of sparse terms pays o�.



CHAPTER 6. ENCODING WITH SPARSE LOGICAL TERMS 78Table 6.2: Empirical results (in bits) for chess learning system [16]Top-Down Top-Down Bottom-Up Bottom-UpTrans. Closure Compact Trans. Closure CompactBit-Vectors total 3,294,225 1,070,850 3,294,225 2,586,375bits/code 1,815 590 1,815 1,425Sparse Terms total 820,872 803,056 966,920 1,007,104bits/code 452 442 533 555Sparse Term/Bit-Vector ratio 0.25 0.75 0.29 0.39The second taxonomywas obtained from a terminologicalmedical knowledge base1. Nodes are medical terms, andthe partial order is subsorting. There are 2,717 terms (2,640 meet irreducible elements and 2,187 join irreducibles),and 4,766 links in the transitive reduction. This taxonomy is less dense than the previous one (more nodes, lesslinks), and most of the elements are irreducible. In this situation, compact encoding provides very little bene�t forthe additional cost. However, the bene�ts of sparse term encoding are even more marked: about 10 times moree�cient than bit-vectors. Table 6.3: Empirical results (in bits) for medical ontologyTop-Down Top-Down Bottom-Up Bottom-UpTrans. Closure Compact Trans. Closure CompactBit-Vectors total 7,382,089 7,172,880 7,382,089 5,942,079bits/code 2,717 2,640 2,717 2,187Sparse Terms total 690,432 812,768 812,064 812,064bits/code 254 299 299 299Sparse Term/Bit-Vector ratio 0.09 0.11 0.11 0.146.8 ConclusionOur goal in this chapter is twofold. First, we presented sparse terms as a universal implementation for encoding,generalizing the basic form of sparse terms [51] and extending previous work on logical term encoding [35]. Second,we argued that for large dynamic taxonomies, simple and fast encoding algorithms are necessary. These two claimsare backed up by theoretical and empirical evidence. Furthermore, either claim could be taken independently. Inparticular, sparse terms could be exploited in any encoding algorithm with a potentially large decrease in space.Finally, although logical term encoding has been extensively studied [35, 43, 47, 102], this chapter presents the �rstpublished description of algorithms for encoding with terms. The results presented are important in contexts suchas conceptual structures, where taxonomic knowledge is likely to change frequently.
1Thanks to Ian Horrocks, Medical Informatics Group at the Univ. of Manchester.
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Chapter 7Extending Partial Orders for SortReasoning\Reason, alas, does not move mountains. It only tries to walk around themand see what is on the other side" { G. W. RusselThe mathematical basis of partial orders has been exploited in taxonomic knowledge representation and reasoning,and research on taxonomic encoding has provided techniques for the e�cient management of partial orders. Unfor-tunately, the simple structure of a partial order limits the taxonomic knowledge that can be represented. At theother extreme are description logics (e.g. the KL-ONE family [19, 159]) in which taxonomic relationships amongsorts are speci�ed using a formal language, but the taxonomy itself must be derived through classi�cation (whichmay or may not be NP-Hard, depending on the logic). We feel that explicit maintenance of a taxonomy is importantfor e�ciency. In this chapter, we formally extend partial orders to permit incorporation of additional taxonomicinformation.7.1 IntroductionResearch on integrating additional forms of taxonomic knowledge into partial orders is scarce. Most notable, workby Cohn [28] proposed a generalized form of taxonomic speci�cation within a sorted-logic framework. In [53] weproposed some extensions to partial orders to integrate machine learning [103] and systemic classi�cation [20, 101].We extend these proposals in this chapter in an attempt to develop a taxonomic knowledge representation systemthat is both 
exible and parsimonious.We may wish, for example, to de�ne an element to be the intersection (union) of another set of elements (e.g.woman = human \ female). Although this may hold coincidentally through meets (joins), such a restrictionensures that any changes must also respect this constraint. As another example, every element in a taxonomy mustnormally be speci�ed, but there may be cases when this is both unnecessary and ine�cient. Suppose we wish, e.g.,to view people along lines of religion (e.g. Catholic, Jewish, Muslim, etc.), nationality (e.g. Canadian, Belgian) andoccupation (e.g. student, prof, miner). Currently, we need to specify all possible combinations (i.e. the cross-product)of these facets to produce all sorts of people (e.g. a Belgian Catholic student). It would be cleaner if we could specifythese lines separately, and infer the cross-product when needed.After providing some background on sorted logic and sorted logic programming, we formalize sorts and sorthierarchies, and identify the relation between lattice and set operations. We then propose the sort reasoning problemas the fundamental problem for a sort reasoner, and discuss how sort relations can be speci�ed in two expressive,but equivalent ways. In section 7.4 we develop a three-valued propositional logic for sort reasoning and introducethe notion of a sort context. Using this logic, we show that, although resolution provides a sound and completemechanism for sort reasoning, it is NP-Complete. The focus of section 7.5 is to identify tractable subcases of sortreasoning. Finally, we discuss some implementation issues.80



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 817.2 BackgroundFirst-order logic is unsorted in the sense that the domain of discourse (i.e. the universe) is treated as a single undividedset. A sort can be viewed as a subset of the domain of discourse, and is generally a group of objects related in someway (e.g. the set of dogs). Sorts can be mimicked using special sort predicates, but many sorted logics move sortsinto the forefront as �rst-class objects. This allows speci�cation of the non-logical symbols as belonging to certainsorts, and provides a simple syntactic mechanism to state semantic constraints. Thus, in a many-sorted logic, a setof sorts can be speci�ed that divide the domain of discourse. Although in some logics, sorts must be disjoint, mostpermit overlap between sorts, in which case the subset relation forms an order on sorts.There are a number of advantages to using sorts in logic, particularly the reduction in the length of certain proofsby eliminating futile branches of the search space. See [27] for speci�c coverage of the bene�ts of many-sorted logic.Sorted logic programming is simply the logic programming analog to sorted logic. Prolog is unsorted, and so theuni�cation to two unequal atoms results in failure. LIFE [4], on the other hand, permits the speci�cation of a sorthierarchy P . In the event of uni�cation of unequal atoms a1 and a2, the sort hierarchy is used to determine theresult. If a1 uP a2 = ? then failure results. If a1 uP a2 = b, then the result of the uni�cation is b. Since the sorthierarchy does not need to be a lattice, a1 uP a2 may be fb1; b2; : : : ; bkg. In this case, processing proceeds with theresult b1, and subsequent sorts from this set are attempted in turn on backtracking.7.3 Sort ReasoningSorts represent sets of individuals grouped according to common features. Intuitively, a sort p1 is a subsort of p2provided that every individual in p1 is also in p2 (e.g. collie is a subsort of dog). We don't require that sorts denoteunique sets of individuals, so two sorts p1 and p2 may be aliases for the same set (e.g. car and automobile), or thata sort be non-empty (e.g. unicorn is an empty sort). As we describe below, subset information on sets of aliasesforms a partial order.� Let U be the domain of discourse (i.e. the set of individuals).� Let P be a set of base sorts, notated using letters p and q. 8p 2 P, p represents a subset of U . P contains animplicit element: >P , representing U .� Then � forms a preorder relation on P (i.e. � is re
exive and transitive).From P we can specify the literal sorts: PL = fp;:pjp 2 P;:p = Unpg, notated using greek letters �; �, etc. Wecan derive an implicit literal sort ?P = :>P that represents ;. We can also extract two relations:� The sort equivalence relation, =P : for p1; p2 2 P, p1 =P p2 if and only if p1 � p2 and p2 � p1. We denote theset of equivalence classes of P as P=, and each equivalence class as [p], where p is a representative for the class.� The sort (partial) order, (P=;�P): for [p]; [q] 2 P=, [p] �P [q] if and only if 8pi 2 [p]; qj 2 [q], pi � qj. Clearly�P is re
exive and transitive. To show anti-symmetry, consider two classes [p] and [q]. If [p] �P [q] and[q] �P [p], and pi 2 [p]; qj 2 [q], then pi � qj and qj � pi. Thus, pi =P qj, so it must be the case that [p] = [q].For simplicity of notation, we omit the brackets surrounding alias classes. We now describe the relationshipbetween taxonomic and set operations.� If p1up2 = p3, then p1\p2 � p3. For example, if p1up2 = ?, we cannot infer that there is no element in U thatis in both p1 and p2. We can only infer that there is no known sort that represents such elements. However, ifwe know that p1\p2 = p3 then we can infer p1up2 = p3. For non-singleton meet crests, if p1up2 = fq1; � � � ; qkg,then 8qi; 1 � i � k; p1 \ p2 � qi.� If p1 t p2 = p3, then p1 [ p2 � p3. However, if we know that p1 [ p2 = p3 then we can infer p1 t p2 = p3. Fornon-singleton join bases, if p1 t p2 = fq1; � � � ; qkg, then 8qi; 1 � i � k; p1 [ p2 � qi.



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 82Thus, it is not always possible to perform sort inferences using taxonomic operations. This issue was the focus ofthe lattice completion proposed in [28]. Figure 7.1 shows the above relationships using Venn diagrams. Our goal isto exploit both the complete and incomplete knowledge in a sort hierarchy for a sort reasoning system. This requiresa general means of specifying, maintaining and reasoning with information that relates sorts.
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β ⊇ α 1 ∪ α 2 β = α1 ∪ α 2β ⊆ α Figure 7.1: Relation between taxonomic and set operations7.3.1 Generalizing sort reasoningDe�nition 7.1 Suppose we have a set P of n base sorts.� An atomic sort is a sort s obtained by intersecting, for every sort p 2 P, either p or its complement :p.� A derived sort is a set of atomic sorts.� A conjunctive sort is the intersection (conjunction) of a set of literal sorts.� A conjunctive sort s is consistent if and only if it does not contain both a base sort and its complement. Aconsistent conjunctive sort is a derived sort.In a Venn diagram of all possible combinations of sorts, each distinct region is an atomic sort of which there are2n. Taxonomic information may reduce the number of non-empty atomic sorts (e.g. if p1 � p2 then an atomic sortwith p1 but not p2 is empty). A derived sort is obtained by selecting 0 or more atomic sorts, and corresponds to theunion of distinct regions in a Venn diagram. In the worst case (no taxonomic constraints) there are 22n non-emptyderived sorts.To illustrate, consider the speci�cations: (i) francophone � person and (ii) canadian � person. Although sortsfrancophone and canadian are incomparable, there is no information that indicates they are disjoint. Combiningthem results in the derived sort canadian francophone. In general, conjunctive sorts can be denoted by juxtaposingtheir constituent sort labels (lexicographically to ensure uniqueness, although any total order on the sort labels couldbe used). Automatic derivation of conjunctive sorts can be contrasted with LIFE in which the same combinationwill result in failure, since their coincidental meet is ?.For conjunctive sorts, we can specify an intrinsic ordering (�): for two conjunctive sorts s1 and s2, we know thats1 � s2 if s1 contains a superset of the literals in s2. For example, p1 ^:p2 ^ p3 � :p2 ^ p3. Taxonomic informationprovides further extrinsic ordering among conjunctive sorts. Thus, for conjunctive sorts s1 and s2, s1 � s2 impliesthat s1 � s2, but not necessarily the converse.Clearly there is potential for a combinatorial explosion in the number and size of derived sorts. In [28], complete-ness in a many-sorted logic setting is required, and so the entire derived sort space must be handled. Unfortunately,this leads to the possibility of a sort structure of exponential size. Our goal is to produce a general sort reasonerthat minimally retains polynomial space, and so we choose to restrict the set of derived sorts to conjunctive sorts.Conjunctive sorts are natural in that they group together individuals in U that share attributes. They providefor monotonic sort reasoning, since the set of individuals denoted by a partially speci�ed sort cannot increase as newconstraints are applied. These are the types of sorts produced in LIFE [4] through uni�cation. Conjunctive sortshave a natural representation using a three-valued logic by selecting for each base sort p 2 P either true (include sortp), false (exclude sort p) or uncertain. Thus, there are at most 3n di�erent consistent conjunctive sorts, althoughconstraints may reduce this number. Conjunctive sorts have a simple and e�cient implementation using logical terms(see section 7.6).Our problem can now be described succinctly as follows:



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 83De�nition 7.2 Sort Reasoning Problem (abstract): Given a set of base sorts P, a set of assertions A thatspecify the emptiness or non-emptiness of zero or more conjunctive sorts, and a conjunctive sort s. Can we inferthat s is empty or non-empty?We show that interesting sort reasoning problems can be characterized as special cases of this problem, and wedescribe general methods of specifying the assertions. We develop a sort logic (not a sorted-logic, but a logic for sortreasoning) that has a sound and complete reasoning strategy. We also show that this problem is NP-Complete, sowe explore tractable subsets of sort reasoning.The assertions A partition the conjunctive sorts into three groups: empty sorts, non-empty sorts and possiblyempty sorts. If a conjunctive sort s1 is empty, and s2 � s1, then s2 must also be empty. Dually, if s1 is non-empty,and s1 � s2, then s2 must be non-empty. Thus, sort reasoning can be viewed as classifying conjunctive sorts intothese groups based on the current set of assertions.7.3.2 Clausal taxonomic speci�cationIn [28], a suggestion is made for clausal speci�cation of taxonomies: 8x; p1(x) _ � � � _ pm(x) _ :q1(x) _ � � � _ :qn(x),where the pi and qj are base sorts. A number of special cases are worth noting:1. m = 0; n = 2: q1 and q2 are incompatible.2. m = 0; n > 2: q1; � � � ; qn cannot simultaneously hold.3. m = 1; n = 1: q1 � p1.4. m > 1; n = 0: p1; � � � ; pm decompose > (i.e. Sfp1; � � � ; pmg = >).The usefulness of these clausal speci�cations is not explored in [28]. In light of the sort reasoning problem, sucha speci�cation can be viewed as asserting that a certain conjunctive sort is empty. The universally quanti�ed formis equivalent to 6 9x;:p1(x)^ � � �^:pm(x)^ q1(x)^ � � �^ qn(x) (i.e. conjunctive sort :p1 ^ � � �^:pm ^ q1^ � � �^ qn isempty). We propose to also allow dual speci�cations: 9x;:p1(x) ^ � � � ^ :pm(x) ^ q1(x) ^ � � � ^ qn(x), which permitasserting that a certain conjunctive sort is not empty. Duals of the above special cases are:1. m = 0; n = 2: q1 and q2 are compatible.2. m = 0; n > 2: q1; � � � ; qn can simultaneously hold.3. m = 1; n = 1: q1 6� p1.4. m > 1; n = 0: p1; � � � ; pm do not decompose >.With these two forms, we have the ability to fully specify any instance of the sort reasoning problem, so we candispense with the quanti�cation, and limit our focus to propositional logic. Universally quanti�ed assertions (oruniversal sorts) are global in that they must all simultaneously hold, but not existentially quanti�ed assertions (orexistential sorts), which may specify di�erent individuals in U . Figure 7.2 shows the set relationships imposed bythese speci�cations.
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CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 84Conjoined Sort De�nition: We may want to de�ne a sort as precisely the intersection of a set of other sorts. Forexample, we may want to de�ne woman as the intersection of person and female. We can denote this usingset intersection: p = �1\ � � �\�k, where the �i are sort literals. Such de�nitions are equivalent to the clauses:(i) p_:�1_ � � �_ :�k; and (ii) :p_�i for 1 � i � k. Partial orders only permit the second set of clauses, andso we may only say: p � �1 \ � � � \ �k.Sort Decomposition: Sometimes we know that a set f�1; � � � ; �kg of (possibly overlapping) sorts decomposes an-other sort p. That is, p = �1 [ � � � [ �k. For example, we may wish to de�ne a sort university course =grad course [ undergrad course (where some courses may be cross-listed as both). Sort decomposition isanalogous to generalization in the entity-relationship model [92]. Such a declaration is equivalent to the clausalspeci�cations: (i) :p_�1_� � �_�k; and (ii) p_:�i, for 1 � i � k. Every conjoined sort de�nition p = �1\� � �\�kinduces a dual sort decomposition :p = :�1 [ � � � [ :�k, and vice versa.Sort Partitioning: We may have even stronger information that a set Q decomposes a supersort p and every pairof elements in Q is disjoint. For example, we may want to say that the sort person is partitioned into womanand man. We can denote this using disjoint set union: p = �1+ � � �+�k, where + is interpreted as union withthe constraint that each pair of sorts on the right-hand side must be disjoint. Such assertions are equivalent tothe clauses: (i) :p _ �1 _ � � � _�k; (ii) p _ :�i for 1 � i � k; and (iii) :�i _ :�j, for 1 � i < j � k.
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β1 = α1 ∪ α 2 ∪ α 3 β1 = α1 + α2 + α3α1 = β1 ∩ β2 ∩ β3 Figure 7.3: Aggregate speci�cationsWe can specify the dual of these assertions, by replacing equal signs by strict subsets. We may, e.g., state thatwild and canine is insu�cient to de�ne wolf as wolf � wild \ canine (i.e. the sort :wolf ^ wild ^ canine isnon-empty).Interestingly, de�nitional and clausal speci�cations are equivalent. A universal assertion: p1 _ � � � _ pm _ :q1 _� � � _ :qn can be speci�ed as: (i) q0 = q1 \ � � � \ qn; (ii) p0 = p1 [ � � � [ pm; and (iii) q0 \ p0 = q0 (or q0 � p0). Anexistential assertion: :(p1_� � �_pm_:q1_� � �_:qn) can be speci�ed as: (i) q0 = q1\� � �[ qn; (ii) p0 = p1[� � �[pm;and (iii) q0 \ p0 � q0 (or q0 6� p0).7.4 Sort LogicDe�nition 7.3 A sort context is a triple � = (P; E ;N ), where� P is a set of sort symbols, and PL is the corresponding set of sort literals.� E is a set of universal sort assertions, where for every � 2 E , � = �1 _ � � � _ �k and each �i, 1 � i � k, is asort literal. Conjunctive sort :� is in the same sort equivalence class as ?P (i.e. :� is an empty sort).� N is a set of existential sort assertions, for every � 2 N , � = �1 ^ � � � ^ �k and each �i, 1 � i � k, is a sortliteral. Conjunctive sort � is in a di�erent sort equivalence class from ?P (i.e. � is a non-empty sort).Since existential sort clauses are local (i.e. they implicitly existentially quantify an individual), we cannot usethem indiscriminately: we only allow at most one to appear in a proof. Our sort logic has three truth values: T(true), F (false) and U (unknown or uncertain). For example, the answer to the query dog^cat = ;? may be true,whereas the answer to the query student ^ plumber = ;? may be uncertain. We also have one rule of inference,resolution, which we can formalize as follows (where the �i and �j are sort literals, and ::p = p):(
 _ �1 _ � � � _ �j) ^ (:
 _ �1 _ � � � _ �k) ` �1 _ � � � _ �j _ �1 _ � � � _ �k



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 85Using a standard resolution process, we �nish when either the empty clause is derived, or no more resolution isapplicable. The empty clause is derived only if both � and :� can be derived, which clearly indicates inconsistency.A sort context � is consistent if for every conjunctive sort s resulting from PL, we cannot infer that s is both emptyand non-empty. Since resolution is sound and refutation complete [72], determining if a sort context is inconsistentusing resolution is sound and complete. We do not assume complete knowledge, however, so it may be the case thatwe cannot infer that s is empty or non-empty. In this case, following Cohn [28], we call s possibly-empty.Queries can be dealt with as follows:Empty Sorts: To check if a conjunctive sort s = �1 ^ � � � ^ �k is empty, we assert that it is not empty by addings as an existential sort, and attempt to derive the empty clause through resolution. If we derive the emptyclause, then s must be empty, and :s must be a universal sort (i.e. the sort context (P; E ; fsg) is inconsistent).If not, then s may be either non-empty or possibly-empty. Note that we only use elements of E , but not of N ,for this.Inferring Sorts: We may be interested in the sorts that can be inferred from s. These can be produced as a sideproduct of the above resolution process. If s is an empty sort, then every sort is derivable.Non-empty Sorts: To check if s is non-empty, we assert that it is empty (i.e. add :s as a universal sort), andattempt to derive the empty clause through resolution. We do this by �nding a non-empty sort � 2 N withwhich we can derive the empty sort (i.e. the sort context (P; E [ f:sg; f�g) is inconsistent). Note that this isakin to skolemizing the existential sort �.We can now restate the sort reasoning problem in more de�nite terms.De�nition 7.4 Sort Reasoning Problem (concrete): Given a sort context � = (P; E ; fsg). Is � consistent?The Sort Reasoning Problem is NP-Complete, as we prove formally in the following subsection. This can bedemonstrated by modeling an instance of 3-SAT using sort de�nitions, as shown in Figure 7.4, where a conjunctivenormal form formula with ternary clauses f = c1 ^ � � � ^ ck, where ci = li;1 _ li;2 _ li;3, 1 � i � k can be representedusing one intersection de�nition for f and one union de�nition for each of the clauses. In diagrams, we denoteintersection (resp. union) de�nitions by connecting the parent (resp. child) subsumption arcs with a horizontal line.Answering the query \Is f an empty sort?" is clearly NP-Complete.
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...Figure 7.4: Using sort de�nitions to represent an instance of 3-SAT: f = c1 ^ � � � ^ ck, where ci = li;1 _ li;2 _ li;3,1 � i � kFrom a logical standpoint, intractability is of no concern, provided the logic is sound and complete. Also, somesystems may prefer to retain expressiveness and assume that the worst-case will rarely, if ever, occur. Even so, thereis some sort structure maintenance that we may perform to reduce the cost of sort reasoning. If we determine thata sort s is empty or non-empty, then we can assert this information in the sort context. We refer to this as sortmemoing, since it is akin to memoing in OLDT resolution [125]. If sort reasoning is performed in localized areas ofthe sort structure, then this enhancement may result in improved performance at the cost of additional storage (inthe worst-case, one conjunctive sort is added to the context for any query).7.4.1 Complexity of Sort ReasoningWe now prove that sort reasoning is NP-Complete. Note that context � = (P; E ; fsg) is consistent if and only if sis not provably empty.



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 86Lemma 7.1 If s is an empty conjunctive sort and s0 contains a superset of the literals of s (i.e. s0 � s), then sortresolution can show that s0 is empty.Proof: Suppose s is an empty sort: s = �1 ^ � � � ^ �k (so :�1 _ � � � _ :�k is a universal sort), and s0 contains a superset ofthe components of s: s0 = �1 ^ � � � ^ �k ^ �1 ^ : : : ^ �j. Further suppose that s0 is not empty: assert �1; : : : ; �k; �1; : : : ; �j.Clearly, through resolution we can derive the empty clause. Thus, sort resolution can show that s0 must be empty. 2Lemma 7.2 If s is an atomic sort (i.e. s = �1 ^ � � � ^ �n), then s is provably empty if and only if 9:s0 2 E forwhich s � s0.Proof: ) Suppose 6 9:s0 2 E for which s � s0. The only way to infer that s may be empty from E is to �nd a decompositionof s, each element of which is provably empty. But since s is atomic, no decompositions exist.( Suppose 9:s0 2 E for which s � s0. By Lemma 7.1, clearly s is provably empty. 2Theorem 7.1 The Sort Reasoning Problem is NP-Complete.Proof: Given a conjunctive sort s, if s is not provably empty, then there exists an atomic sort s0 subsumed by s that is notprovably empty. By Lemma 7.2, checking if s0 is not provably empty and checking if s0 � s can both be done in polynomialtime. Thus, the sort reasoning problem is in NP.To show that this problem is NP-Complete, we show a transformation to sort reasoning from 3-SAT [69]. The 3-SATproblem can be speci�ed as follows: Given a set of n variables v1; � � � ; vn and a formula F that is a conjunction of k clauses,each of which is a disjunction of precisely 3 literals, is there a truth assignment to the variables for which F is true?Suppose we have an instance of the 3-SAT problem: V = fv1; � � � ; vng, F = C1 ^ � � � ^ Ck and Ci = li;1 _ li;2 _ li;3,1 � i � k, where each of the li;j is either a positive or negated variable from V . Let us de�ne a sort context trivially as� = (V [ fqg; fq; C1; � � � ; Ckg; ;). Clearly this can be done in polynomial time. Note that the sort q must subsume all theother sorts (i.e. it is in the same sort equivalence class as >). Each atomic sort corresponds to a truth assignment.Claim: there is a solution to the 3-SAT problem if and only if we cannot infer that q is empty.) Suppose formula F is satis�able. Take any satisfying truth assignment, and de�ne an atomic sort s as: s = �1^� � �^�n,where �i = vi, if vi = true and �i = :vi otherwise (for 1 � i � n). If s is provably empty, then 9 a clause Ci = li;1 _ li;2 _ li;3for which :Ci = :li;1 ^:li;2 ^:li;3 subsumes s by Lemma 7.2. But at least one of li;1 ; li;2; li;3 is true, so no such clause exists.Therefore, s is not provably empty, which implies that q is not provably empty. So, if F is satis�able then q is not provablyempty.( Suppose that q is not provably empty. Then 9 an atomic sort s that is not provably empty. De�ne a truth assignmentas follows: if vi is a component of s then set vi = true and if :vi is a component of s then set vi = false. Consider any clauseCi = li;1 _ li;2 _ li;3 for which none of the literals are true. Then :li;1, :li;2 and :li;3 are all components of s. But then s mustbe empty, so no such clause exists, and this truth assignment satis�es F . So, if q is not provably empty then F is satis�able. 27.5 Tractable subcasesMany knowledge representation systems are concerned with tractable reasoning strategies, so it is important toidentify subcases of the sort reasoning problem with polynomial solutions. As intractability results from empty sortassertions (i.e. universal sorts) and queries, there is no need to restrict the form of non-empty sort assertions.Positive literal sorts. A simple way to achieve tractability is to avoid negated sorts by only allowing assertionsthat involve positive literals. In LIFE [4], only subsumption (i.e. p � q) assertions are permitted in specifying asort hierarchy. However, if the meet crest p1u � � �u pk happens to be fq1; : : : ; qng, there is an implicit assertionof the form p1 ^ � � � ^ pm = q1 _ � � � _ qn.Horn sorts. Another possibility is to restrict speci�cation to Horn clauses (clauses with at most one positive literal).This leads to tractable resolution if we restrict each base sort to be a positive literal of at most one clause.This restriction may be relaxed somewhat using the notion of ORD-Horn clauses described in [113] for �ndinga maximal tractable subclass of Allen's Interval Algebra [7] for temporal reasoning.



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 877.5.1 Containing sort reasoning complexityBoth cases above impose unnecessarily strict limitations on the expression of taxonomic knowledge. To achievemore 
exibility while retaining tractability, we can either restrict the form of assertions or the form of queries. Wechoose a combination. The basic form of universal sort assertions we allow are (i) binary clauses, which can de�nea partial order among the literal sorts (i.e. p _ q; p _ :q or :p _ :q); (ii) intersection (conjoined sort) de�nitions:p = �1 ^ � � � ^ �m; and (iii) union de�nitions (sort decomposition): p = �1 _ � � � _ �m.Sort contexts can be described as (P;A;N ), where A is a set of de�nitional assertions that satis�es the aboveforms. Such assertions could be reduced to clausal form, but these de�nitional assertions can be maintained in apartial order structure on the literal sorts, augmented with notation for the intersection and union de�nitions. N isa set of existential conjunctive sort assertions as before.Note that asserting a binary clause imposes two constraints: � _ � asserts :� � � and :� � �. Asserting anintersection or union de�nition, also asserts the dual. The intersection de�nition, p = �1 ^ � � � ^ �m also asserts:p = :�1 _ � � � _ :�m. The union de�nition p = �1 _ � � � _ �m also asserts :p = :�1 ^ � � � ^ :�m.Without restrictions, of course, we have full sort reasoning power with the above assertion forms. Even limitingsorts to have at most one de�nition may lead to intractable behaviour, as shown in Figure 7.4. Our solution is tolimit the extent of intractability. First we need to de�ne several notions.De�nition 7.5 Let s = �1^� � �^�k be a conjunctive sort. The expanded form s� of s is the �xpoint of the followingconstruction (i.e. there exists a k � 0 for which sk+1 = sk = s�): (i) s0 = f�1; : : : ; �kg; (ii) si+1 = si[f� 2 PLj9
 2si such that 
 � �g [ f� 2 PLj� = 
1 ^ � � � ^ 
m is an assertion in A and 
j 2 si; 1 � j � mgThus, given a conjunctive sort s, its expanded form is the set of all sort literals that may be directly inferred froms.De�nition 7.6 Let s = �1 ^ � � � ^ �k be a conjunctive sort, and s� be its expanded form. The set of potentialconjunctive inferences C(s) associated with s is de�ned recursively as the �xpoint of the following construction (i.e.there exists a k � 0 for which sk+1 = sk = C(s)): (i) s0 = s�; (ii) si+1 = si [f�j� = 
1 ^ � � �^ 
m is an assertion inA, and 
j 2 si for some 1 � j � mgDe�nition 7.7 Let s = �1 ^ � � � ^ �k be a conjunctive sort, and s� be its expanded form. The set of unresolveddisjunctions D(s) associated with s is de�ned as: D(s) = ff�1 _ � � � _ �kgj(i)� = �1 _ � � � _ �k is an assertion in A;(ii) � 2 s�; and (iii)69
 2 s� such that 
 � �i for some i; 1 � i � kg.Thus, D(s) is the set of union de�nitions for which the left-hand side sort, but none of the right-hand side sorts,is in s� (so the disjunction is implied but not satis�ed by s).De�nition 7.8 Let s = �1 ^ � � � ^ �k be a conjunctive sort. A locally consistent selection of literals from theunresolved disjunctions D(s) is a set Q = f�1; : : : ; �mg of at least one sort literal from each disjunction in D(s),where the expanded sort s�1 (s1 = �1 ^ � � � ^�k ^ �1 � � � ^ �m) is consistent.The existence of a locally consistent selection is necessary but not su�cient to show that sort s is not provablyempty. Unresolved disjunctions may cascade due to a locally consistent selection - D(s1) may contain unresolveddisjunctions.In order to determine if s is provably empty or not (provided s� is consistent), we need to show that everypossible way of resolving the set of disjunctions D(s) leads to inconsistency. This problem may be intractable in twodimensions. First, even making a locally consistent selection from D(s) may be NP-Complete (cfr. 3-SAT problem).Second, the potential cascading e�ect of unresolved disjunctions may lead to an exponential search space, even ifdetermining locally consistent selections can be done in polynomial time. The following set of restrictions attemptsto curtail both of these sources of intractability, while retaining a degree of power that makes sort reasoning useful:1. Positive literal sorts may not subsume negative literal sorts, and no set containing negative literals may imply apositive literal. This is achieved by enforcing the following syntactic constraints on assertions: (i) Subsumptionassertions must have the form p _ :q (i.e. q � p and :p � :q) or :p _ :q (i.e. p � :q and q � :p); (ii) Thesorts on the right-hand side of intersection and union de�nitions must be positive literals.



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 882. For a given conjunctive sort s = �1 ^ � � � ^ �k, limit the number of unresolved disjunctions (union de�nitions)containing positive literals associated with s to a constant n[. This ensures that we can determine in polynomialtime if there is a locally consistent selection of literals from the unresolved disjunctions D(s). If D(s) is emptyor contains only disjunctions with negative literals, then a locally consistent selection can be done in lineartime.3. Limit the cascade of unresolved disjunctions by imposing constraints on the relation of positive sorts involvedin one union de�nition p = q1 _ � � � _ qk to other union de�nitions. If si 2 C(qi), 1 � i � k, then D(si) canonly contain disjunctions with negative literals. Note that if qi is not subsumed by any sorts on the right-handside of an intersection de�nition, then this reduces to the constraint: D(qi) can only contain disjunctions withnegative literals. This restriction ensures that, for a conjunctive sort s, any locally consistent selection fromD(s) can be checked for global consistency in polynomial time since cascading disjunctions can only containnegative literals (and no selection of negative literals can result in a positive literal being derived).The �rst and third restrictions are purely syntactic. The second a�ects both assertions (i.e. the conjunctive sortson the right-hand side of intersection de�nitions) and queries, and depends largely on the current sort structure. Itcan, however, be checked quickly given any conjunctive sort. If it is not satis�ed in a query, we can notify the clientand provide the option to attempt a potentially costly answer. Together these restrictions permit us to specify apolynomial time algorithm for determining if a conjunctive sort s is provably empty:i. Construct s�. If s� is inconsistent then s is provably empty.ii. Determine D(s) and check if there is a locally consistent selection. If none exists, then s is provably empty.iii. Attempt to expand each locally consistent selection to a globally consistent selection. If this is not possible,then s is provably empty.The �rst step of the algorithm is performed automatically and e�ciently using lattice operations and the logicalterm implementation described in the next section. Due to the second restriction above, step (ii) can be accomplishedin polynomial time, and due to the third restriction, checking if there exists at least one globally consistent selection(in which case s is not provably empty) also takes polynomial time.7.6 Implementing Conjunctive SortsFor a simple logical term encoding of sort orders, that is fast to compute and 
exible to update, we assign terms inwhich each element has one position and use a variant of top-down transitive closure encoding [2]. For any elementp 2 P, position i of the code � (p) may have one of three values: (i) If p � pi then position i will contain a 1; (ii) Ifp � :pi then position i will contain a 0; (iii) Otherwise position i will contain an anonymous variable (denoted \ ").We can extend our logic and implementation to four values: true (1), false (0), uncertain ( ) and inconsistent(!). Inconsistency in a sort position could be used as an explanatory feature to identify the base sort at the root ofan inconsistency. It could also be used as a basis for extending our sort logic to include default and non-monotonicreasoning - an inconsistent value for a base sort p would indicate that somehow both p and :p have been acquired.Our approach does not provide a means of resolving this inconsistency, but does give a framework upon which adefault or non-monotonic logic system can be built.7.7 ConclusionTaxonomic knowledge representation is a complex, yet intuitive and pervasive problem. By separating sort constraintsinto a sort reasoner, specialized techniques can be used to manage the sort relations arising in a system. We arguedthat, although mathematically elegant, partial orders are unwieldy for representing all the relations desired in asystem. Although sort reasoning can be plunged into a partial order (in fact, a Boolean lattice), the size of thispartial order is extraordinary - given n base sorts, the lattice can be as large as 22n . The typical use of partial ordersfor sort reasoning, in which each base sort is an atom (i.e. plunging the sort structure in a Boolean lattice of size2n), leads to either the inability to state certain relations (e.g. sort woman is the intersection of sorts person andfemale) or to unjusti�able conclusions.



CHAPTER 7. EXTENDING PARTIAL ORDERS FOR SORT REASONING 89We extended partial orders to more e�ciently handle sort processing. By restricting attention to conjunctivesorts (sorts that consist of conjunctions of positive and negative base sorts), the scope of the problem is reducedto the interesting case that is most apparent in current logic programming systems (e.g. LIFE [4]). We extendeda clausal sort speci�cation notation introduced in [28] to include the speci�cation of existential sort assertions, thedual of universal sort constraints. We also developed a de�nitional speci�cation notation, in which many importanttaxonomic relations can be asserted (e.g. sort university student is de�ned as the union of sorts grad student andundergrad student). Although the two forms are equivalent in power, the latter may be more intuitive for someconstraints.Using the set of base sorts, and the existential and universal sort relations, we de�ned a sort context, andformalized the sort reasoning problem as the problem of inferring whether a given conjunctive sort s is provablyempty, provably non-empty or neither, given a particular sort context. Sort reasoning is NP-Complete in general,and for many-sorted logics this is of little concern, since sound and complete resolution strategies can be used. Amain contribution of this chapter is the identi�cation of a tractable subcase of sort reasoning, which is important forpractical many-sorted systems. We identi�ed a number of restrictions that achieve a polynomial-time sort reasoningalgorithm, while retaining a relatively high-level of expressive power. This goal is not easily obtained, due to themany ways in which intractability may creep into a sort structure.



Chapter 8Reference Constraints in LogicProgramming\Man stays wise as long as he searches for wisdom; as soon as he thinkshe has found it, he becomes a fool" { TalmudEquality constraints that arise through uni�cation partition logical variables into coreference classes, each of whichdenotes an individual in a domain of discourse. These classes, however, are unrelated to each other. We developreference constraints as a generalization of equality constraints, allowing the speci�cation of a partial ordering amongcoreference classes. This leads to the notion of individual level inheritance, where an individual denoted by a variablemay inherit properties from another individual denoted by a subsuming variable in the partial order. A varietyof systems, especially systems that reason in ambiguous domains, can bene�t from an e�cient, formally basedimplementation of reference constraints.8.1 IntroductionSort (or class) level inheritance permits the declaration of properties for a sort, which are automatically propagatedto all of its sub-sorts. A sort represents a conjunctive set of individuals (the subset of the universe that belongs tothe sort), whereas a variable represents a disjunctive set of individuals (the subset of the universe that contains theindividual). Each individual (or instance) inherits the combination of properties of its ancestors in the sort hierarchy.For multiple-inheritance hierarchies (i.e. general partial orders, not just trees), research has focused on resolvingcon
icts among the inherited properties (e.g. [22, 85, 143]).There are, however, applications in which inheritance among individuals (instance level inheritance) is useful.If an individual � inherits from another individual �, then any additional properties acquired by � must also bedynamically acquired by �. Such constraints may have use, for example, in systems that explore alternatives inambiguous situations. During a line of exploration, we may determine properties of the solution we seek thatmust be propagated to all lines of exploration. Systems that exhibit such characteristics include natural languageprocessing systems, automatic con�guration systems, dynamic programming, and non-monotonic reasoning systems.An unsatisfactory way of achieving this is to allow instances to be maximally speci�c (or leaf) sorts. The problemsof mixing class and instance (i.e. subset vs. element) links in hierarchies were clearly identi�ed by Woods [158] andBrachman [16]. Another unsatisfactory solution is to create new sorts that denote single elements, because sorts aredeclarative in nature whereas individuals are assertional. Reference constraints provide a formal means of instancelevel inheritance.Logical variables denote individuals. This is true even for a universally quanti�ed variable; it may range overa set of individuals, but can only denote one of these at any instant. Although variables may be sorted, the keydi�erence between the sets represented by variables and sorts is that sorts are conjunctive (e.g. every instance in theset denoted by dog is a dog) and variables are disjunctive (e.g. X:dog denotes some instance in the set denoted by90



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 91dog). We show how the symmetric coreference constraints imposed by equality among variables can be decoupled intotwo asymmetric, unidirectional reference constraints. Although individual level inheritance and reference constraintsmay be applied to a general many-sorted logic setting, we focus on logic programming. We use Prolog and LIFE [4]for examples, and discuss how reference constraints can be e�ciently implemented using attributed variables [86].After providing some background, we describe our decoupling of coreference in logical variables. This includesa discussion of the syntax and semantics of reference constraints, maintenance of the reference order, an extendedexample, a comparison with sort hierarchies, and how reference constraints may be e�ciently implemented in a logicprogramming language. Section 8.4 develops and justi�es instance level inheritance, including a number of potentialapplications.8.2 BackgroundThe entity to which a logical variable refers to may be unspeci�ed or partially speci�ed. In logic programming, eachvariable X has an associated term � (X) that contains information regarding the entity that it denotes. In case thereis no information, � (X) = . When two variables X and Y are uni�ed (i.e. X = Y ), then we are saying that theentities to which X and Y refer are the same (i.e. X and Y corefer). Any change to X is re
ected in Y and vice versa(i.e. � (X) = � (Y )). Naturally, to ensure this property, any rational implementation will store only one term for Xand Y . Such a constraint is called an equality or coreference constraint, and is a fundamental basis for some logicprogramming languages such as Prolog. Equality constraints partition variables into a set of unrelated coreferenceclasses.8.3 Decoupling Coreference via Reference ConstraintsSuppose we decouple coreference and permit reference constraints. That is, suppose we can say that X refers to Ywithout saying the converse. To do this, we add a reference (or semi-uni�cation or subsumption) operator �. Theconstraint X � Y states that � (X) must be subsumed by � (Y ) (but not necessarily the converse). Any propertyholding for the entity to which Y refers must also hold for the entity to which X refers (i.e. information in � (Y )implies that this same information, and possibly more, must be in � (X)). The pair of constraints X � Y andY � X is equivalent to coreference/uni�cation (i.e. X = Y ). Since the term associated with a variable is just anapproximation of an entity, X � Y implies di�ering degrees of knowledge (i.e. the range of variable X is a subset ofthe range of Y ). In Prolog, an entity denoted by a variable is only fully speci�ed when the associated term is ground.LIFE, however, is based upon approximation | terms have unbound arity (i.e. the arity of terms is not �xed), andso the notion of a ground term has no meaning.What are the consequences of reference constraints? Reference forms a preorder on the set of variables in a clause.That is, reference is transitive and re
exive. However, it also forms a partial order among coreference equivalenceclasses. If X � Y and Y � X, then X and Y are in the same equivalence class. Note that in order theory [38], wecan always form a partial order from such classes for any preorder. Logical variables in logic programming languagessuch as Prolog or LIFE create a set of coreference equivalence classes, but there is no connection among these classes.With our treatment of reference constrains, we can construct a relation among these classes.If X � Y and we further instantiate � (Y ), then we must similarly update � (X) (and the terms for all variablessubsumed by the class of X). For example, the output for the code: X � Y , X = f( ; b), Y = f(a; ) will be:X = f(a; b), Y = f(a; ).More formally, we can de�ne a set of reference constraints as a state in a logic program. We sketch the formaldetails here. We �rst de�ne some relevant static aspects of a program:� Let U be the domain of discourse (i.e. the set of individuals).� Let X be a set of variables. This may be in�nite, or viewed as the variables mentioned in the logic program.� Let GAF be the lattice of logical terms, or generalized atomic formulae [121].



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 92We now de�ne the state (relevant to reference constraints) of a logic program:� Let � :X ! GAF be a function mapping variables to terms. Initially, 8X 2 X , � (X) = .� Let the reference constraints, �, be a preorder relation on X such that, for X;Y 2 X , X � Y implies� (X) �GAF � (Y ) (i.e. the term of X is subsumed by the term of Y in GAF ).From � we can extract two relations:� The coreference equivalence relation, =, is de�ned as: for X;Y 2 X , X = Y if and only if X � Y and Y � X.We denote the set of equivalence classes as P . For each equivalence class in P , we identify one member elementX as a representative for the class, and denote the equivalence class as [X]. We can extend the function � toreference classes: � ([X]) = � (X).� The reference (partial) order, (P;�P ): for [X]; [Y ] 2 P , [X] �P [Y ] if and only if 8Xi 2 [X]; Yj 2 [Y ], Xi � Yj.Clearly �P is re
exive and transitive. To show anti-symmetry, consider two coreference classes [X] and [Y ]. If[X] �P [Y ] and [Y ] �P [X], and Xi 2 [X]; Yj 2 [Y ], then Xi � Yj and Yj � Xi. Thus, Xi = Yj , so it must bethe case that [X] = [Y ].In this framework, we can identify two state changes that may occur during the processing of a logic program:updates to � and updates to � . These updates are caused by explicit reference and coreference constraints, andthrough uni�cation, as we discuss in section 8.3.2. We assume initially that both are monotonic (we can only add newreference constraints, and further instantiate terms). That is, suppose (�i; �i) and (�i+1; �i+1) are two subsequentstates of � and � in the program. Then �i��i+1 and 8X 2 X , �i+1(X) �GAF �i(X). This condition holds inProlog, but may be invalidated in LIFE by destructive variable assignment.8.3.1 Notational considerationsThere are two ways in which coreference can be noted in a logic program: explicitly through an equality constraint(e.g. X = Y ), or implicitly by using the same variable name at two or more locations in a clause (e.g. f(X;X) inProlog or person(mother => X:person; bestFriend => X) in LIFE). Although the implicit notation is importantto keep clauses concise and clear, it can be viewed as a convenience; we could replace all occurrences of a variable Xby unique names, and explicitly state the coreference constraints among this set of variables.Reference constraints can be noted in clauses explicitly (e.g. X � Y could be noted using ASCII as X <~ Y).Implicit notation for reference constraints may be confusing, and we do not consider this possibility.8.3.2 Maintaining and satisfying the reference orderIn a logic programming language, such as Prolog, the scope of a variable is the clause. Due to the coreferenceconstraints on variables in the head of a clause when a predicate is called, the initial coreference classes may not allbe singletons. For example, if we call the predicate f=2 with f(X;X), then the two variables in the head will alreadybe in the same coreference class upon entry to the clause. Similarly, a predicate may alter the coreference classes ofcalling clauses. For example, if the predicate g=2 uni�es its two head variables (e.g. if the head clause is g(X;X)),then the coreference classes of the two variables in any calling clause will be combined. Thus, from the perspective ofa clause, we start with a given set of coreference classes containing the variables in the head, which may be modi�ed(monotonically) in either the head or the body of the clause. With reference constraints, the reference order willsimilarly be modi�ed.At any stage in the processing of a clause, we have a current reference order (P;�P ), where P is the set of coref-erence classes. For e�ciency, we only maintain the representative for each coreference class in P , and the associationof variables with their representative (e.g. via union-�nd). In this way, reference constraints are constructed on topof standard coreference. There are three situations we need to consider.Explicit reference constraints Suppose we encounter an explicit reference constraint X � Y , where the repre-sentatives for X and Y are X 0 and Y 0, respectively. If [X 0] �P [Y 0], then nothing need be done. Otherwise wemust update the reference order and propagate changes to new descendants.



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 93If [Y 0] �P [X 0], then we collapse the suborder between [X 0] and [Y 0], completing the coreference between Xand Y : for any class [Z] for which [Y 0] �P [Z] �P [X 0], we merge [Z] with [Y 0]. After all such classes havebeen merged, we propagate the term associated with [Y 0], which will be at least as instantiated as the termassociated with [X 0], to all new descendants of [Y 0]. These will be the coreference classes [Q] for which, priorto the hierarchy update, [Q] �P [X 0], but [Q] 6�P [Y 0].If [X 0] and [Y 0] are incomparable, then we simply add this new constraint to the order. Classes below [X 0]will now also be below [Y 0], so new descendants of [Y 0] (including [X 0]) need the term associated with [Y 0]propagated to them.Explicit equality constraints Suppose we encounter a variable uni�cation X = Y , where the representatives forX and Y are X 0 and Y 0, respectively. We could handle this as two separate reference constraints X � Y andY � X, but it may be more e�cient to handle the coreference directly. If X 0 = Y 0 then nothing need be done.If either [X 0] �P [Y 0] or [Y 0] �P [X 0], then we handle the completion of this coreference as above. If, however,[X 0] and [Y 0] are incomparable, then we merge these reference classes, and propagate the term associated with[X 0] to the descendants of [Y 0] (that are not also descendants of [X 0]) and vice versa.Term uni�cation Additional coreference class updates and term propagation may result from implicit constraintsarising in uni�cation. During the uni�cation of two terms, if we unify a variable X with another variable Y ,then the situation is as above.Suppose, however, we unify a variable X with a term �1 (e.g. X = f(a; Z)). In this case we �nd therepresentative X 0 for X, unify �1 and � (X 0), and propagate this uni�ed term to all descendants of [X 0] in thereference hierarchy. Although this operation does not directly modify the hierarchy, the uni�cation of �1 and� (X 0) may result in further coreference class mergings, as described above.8.3.3 ExampleWe now show an example with which we hope to elucidate the nuances of reference constraints. Consider the followingpredicates:p(G,H,I) :- G <~ H, G <~ J, I <~ H, K <~ G,G = f(g(_),_,_), H = f(_,h,_), K = f(_,_,k),q(J,K,H).q(A,B,C) :- A = f(g(a),_,_), C <~ B.Now consider the results of the predicate call p(X,Y,Z). Initially, there are three separate, incomparable coref-erence classes, as shown in the �rst reference order in Figure 8.1, where > represents an implicit top element. Thesecond reference order in the �gure results after processing the body of p before the call to predicate q (where theassociated terms are shown below the variables). The structure arises from the reference constraints. For example,the constraints G <~ H and G <~ J set input variable X (uni�ed with G) to be subsumed by variables J and Y (uni-�ed with H). The associated terms arise from the explicit uni�cations in the predicate and the 
ow of informationin the reference order. For example, the term associated with X is formed from the uni�cation G = f(g(_),_,_)and the inheritance of information from J and Y .The third reference order results after processing the �rst predicate in the body of q. The order itself did notchange, but propagation from J to X and K occurs. The next reference order is the �nal order after variables X,Y and K merge to form one coreference class, with representative Y . The last order shows the returned state afterthe local variable J is removed.8.3.4 Comparison with sort hierarchiesThere are a number of similarities, but also many important di�erences between our reference hierarchy and sort hi-erarchies in many-sorted logics [28] and sorted logic programming languages (e.g. LIFE [4]). The two are compatible,but independent uses of partial orders.
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f(g(a),h,k)Figure 8.1: State of the reference order at various points in a predicate evaluationSemantics: As mentioned above, a sort represents a conjunctive set of individuals, whereas a variable representsa disjunctive set of individuals. If the exact individual denoted by a variable is unknown, the set representedby it is neither empty nor a singleton. The distinctions between sorts and individuals (or declarational vs.assertional relations) are described in [16], and the need to distinguish between subsort (i.e. isa subsort of)relations and member (i.e. isa instance of) relations is justi�ed. Thus, we cannot intermix the sort hierarchyand individuals (where individuals might be seen as minimal sorts or leaves of the hierarchy). In a sense,reference constraints add another relation \is more speci�ed than" among instances.Scope: There is a fundamental di�erence between the scopes of sorts and variables. A sort hierarchy is intrinsicallyglobal (declarational) in scope. In many systems (e.g. imperative objected-oriented languages such as C++),the sort hierarchy is speci�ed at compile time. In LIFE, the sort hierarchy may be modi�ed during run-time,but in a limited way. New sorts may be added, and sorts may be rede�ned (e.g. to have new attributes), butthese changes are not propagated to existing individuals that are subsorts of those modi�ed.The scope of a variable in logic is well-de�ned. In logic programming languages, the scope of a variable is notglobal to a program, but local to a clause. Thus, all variable changes are during run time, which we wouldexpect to be more frequent than changes to sort hierarchies. In our approach, any change to the referencehierarchy is re
ected in the instances represented by the variables a�ected.Dynamic Behaviour: A key di�erence between sort hierarchies and reference constraints is with uni�cation. Insorted logic programming, uni�cation does not modify the hierarchy; rather the uni�cation of two sorts isgenerally their greatest lower bound. With reference constraints, however, uni�cation may actually change thestructure of the reference hierarchy, which in turn may modify terms associated with a�ected variables. Thiswas exempli�ed in section 8.3.3.Thus, we conclude that sort and reference hierarchies share some similarities, but are fundamentally di�erent andindependent. However, they are not mutually exclusive, and we feel that systems should provide both features.8.3.5 ImplementationCan reference constraints be e�ciently implemented? If only coreference is used, then the reference order is ananti-chain (i.e. each pair of coreference classes is incomparable). In this case there is little or no overhead whenpermitting reference constraints. If reference is used, then we must maintain the partial order among coreferenceclasses, and propagate changes in a class to all of its subclasses. This could be achieved e�ciently through attributedvariables [86], where the cover (child) relation is stored with variables, and may be implemented at the WAM level.Thus, a modi�ed variable will have knowledge of its immediate descendants in the reference order, and so changescan easily be propagated. Initially, the set of children for a variable will be empty. For changes to the referenceorder, the only lattice operation that we need to perform is comparability (i.e. X �P Y ?). This could be achieved intime linear in size of the descendant cover relation for Y with a (parallelizable) marker passing algorithm. Such analgorithm would be e�cient as long as the size of reference order did not become too large, in which case taxonomicencoding techniques could be exploited.



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 95To facilitate backtracking, the state of the reference order would have to be saved, along with the standard trailinformation, at choice points. Reference constraints also merge well with memoing techniques [152]. Instead oftabling only predicate call and return value information, we also need to store the relevant aspects of the referenceorder prior to the predicate call, and upon return from the call. The relevant portion of the reference order P fora predicate invocation is simply the suborder of P that contains only the variables mentioned in the predicate call.When a look-up matches an entry in the table (i.e. both the predicate call and reference constraints on variables inthe call match), then we simply use the result information, which will provide both variable values and updates tothe current reference order.8.4 Individual Level InheritanceWhat are the bene�ts and uses of reference constraints? Ironically, although large reference orders may bene�t fromtaxonomic encoding, it was in the development of our constraint-based view of encoding that the need for referenceconstraints was �rst identi�ed [47]. Encoding is, however, a limited domain of utility for this general mechanism.More interesting applications arise with the notion of individual level inheritance (inheritance among individuals asopposed to classes). A sort hierarchy provides a partial order among sets of entities, whereas reference constraintsconstruct a partial order among individual entities. Thus sort hierarchies and object-oriented class hierarchies permitclass to class and class to individual inheritance.There are several reasons why we maywant individual level inheritance. In an ambiguous domain, we maywant toseparate the known information about an entity from hypothetical or speculative information. In complex scenarios,we may want to separate information related to an entity in di�erent contexts. We may even want to relate di�erententities that must share some common, but dynamically changing properties. In all these cases, reference constraintspermit the separation of information, while retaining a close structural relation. We now describe some propertiesof applications that may bene�t from individual level inheritance.In an ambiguous setting, we may have some information regarding an entity that we are certain of, and we mayhave other information that we are uncertain of. In an exploratory fashion, we can analyze this other information,perhaps in a breadth-�rst manner. If we discover new information with certainty, we can apply it to the originalentity, and it will be propagated down all paths of exploration. Any paths that become inconsistent will be pruned,requiring a di�erent processing strategy than Prolog: instead of backtracking when the term of a variableX becomesinconsistent, we can simply mark X as inconsistent (e.g. � (X) = ?) and prune it from the reference order.Another case arises if we want to retain information for a single entity, but in separate contexts. For example,suppose we have a variable John which represents general aspects of a person named John. We may have additionalvariables Father John � John and Pilot John � John which represent fuller information related to John in thecontext of his being a father or a pilot. This situation is shown in Figure 8.2. We could combine these two contextswith a variable Father P ilot John � Father John, Father P ilot John � Pilot John. In this way, we maintainthe information related to John in a hierarchically structured way; all information is accessible, but the informationwithin any context will not be cluttered by irrelevant information. In addition, any updates at higher levels (e.g.adding general information about John, such as his age) will be propagated to all lower levels. Such a scheme mayalso be used for analyzing aliases, particularly if we allow information introduced at a descendant to override thatintroduced at an ancestor (i.e. local information having precedence over inherited information).
John

person(name=>john)

Pilot_John
person(name=>john, occupation->pilot,

position=>captain, yearsExperience=>16)

Father_John
person(name=>john,

children->{person(name=>lucas, age=>5),
person(name=>mia, age=>7)})Figure 8.2: Reference order for separating the contexts for a person named JohnThe above outlines properties of applications that would bene�t from individual level inheritance. We nextdescribe some concrete applications.



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 96Automatic con�guration: Suppose we have a system that automatically designs a system con�guration given aset of constraints among components and a set of speci�cation constraints (e.g. [37]). At any point, we maybe certain about some properties of our system BaseSys, but uncertain about others. Through exploratoryreasoning, we could try a number of possibilities simultaneously, each of which must conform to BaseSys.For each possibility, we could assign a variable, say Sysi , and make the constraint Sysi � BaseSys. We couldthen add additional, hypothesized components to Sysi . Of course, this could be done recursively, creatingan entire hierarchy of possibilities, with BaseSys as the root. If we also detect relations among hypotheticalsystems, then this hierarchy may be a general partial order, not just a tree (e.g. if we detect that Sysj , whereSysj � Sysi , is an enhanced system of Sysk , we can add Sysj � Sysk ).During processing, we may determine the necessity of components in a higher system, resulting from analysisor additional user input. For example, if we realize the need for a certain component in the base system, weadd it to BaseSys (via uni�cation) and it will be automatically propagated to all of its descendants. Thispropagation may detect inconsistency of one or more hypothetical systems, which will then be pruned from thesearch space.Of course, this system may be incorporated as part of a larger constraint solving system, and reference con-straints can be viewed as one more form of constraint in constraint logic programming.Natural Language Processing: Computational linguistics systems must be robust, due to the high level of am-biguity in human languages. As examples, consider phrase parsing and discourse processing. A number oftechniques, such as chart parsing [70, 6, 119, 134], have been designed to minimize the e�ort involved inanalyzing a sentence that may have multiple parses.For a simple example, suppose a variable X represents what is known about a phrase, and variables Yi (whereYi � X) represent the investigation of various ambiguous parses (i.e. for each Yi some decision has been maderegarding the interpretation of an opaque word or phrase). During the parse, if something becomes knownabout the entire sentence X (or about some sub-parse higher than the current level), this must be propagateddown fromX to the Yi (and recursively to their descendants). This idea can be extended from single sentencesto entire discourses.In the sentence \Jack saw a dog on his way home", the prepositional phrase \on his way home" may applyto either the dog or to Jack. We may have semantic preference rules that would select the latter reading, butthe context of this sentence may override such rules. Thus, we may explore both possibilities, but focus on themost likely reading given the current information available. In either case, we know that Jack saw a dog, sowe may assert this as known, and place the two readings in relation to this using reference constraints. Laterprocessing may incorporate additional certain information, which may prune one of the possibilities.To achieve this using reference constraints, we must use a representation for parsed sentences in which ambiguitycan be resolved via further instantiation of terms. Figure 8.3 shows one possibility in which prepositional phrasesare stored in a list as the last argument of the main predicate1. In the term for variable X, we denote theambiguity as to whether Jack or the dog is on his way home using the disjunctive set notation fY ;Zg (where,for example, fjack; dogg uni�ed with dog results in dog). Although Prolog does not support such notationdirectly, it can be speci�ed in LIFE and with sparse logical terms [51].
X

saw(Y:jack,Z:dog,[on_way({Y;Z},home)])

X1
saw(Y:jack,Z:dog,[on_way(Y,home)])

X2
saw(Y:jack,Z:dog,[on_way(Z,home)])Figure 8.3: Reference order for ambiguous parses of \Jack saw a dog on his way home"1More linguistically motivated possibilities also exist, but their development is beyond the scope of this thesis.



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 97As another example, the word \chair" is ambiguous in the sentence \When Sherry saw the chair, she shookher hand". The default reading may be as a piece of furniture, but it may also refer to the chairperson of ameeting. By maintaining both possibilities, backtracking may be avoided as further information is discovered.Figure 8.4 shows how this may be represented using an interaction between reference constraints and a sorthierarchy. The �rst diagram in the �gure shows a portion of a sort hierarchy for word meanings, in whichfurniture chair and meeting chair are both subsorts of chair, and meeting chair is a subsort of person. Thesecond diagram shows the reference order after the sentence has been parsed. The pronouns she and her havenot yet been resolved, and the disjunctive set notation indicates that both must refer to either \Sherry" or\the chair" (although the default may be that \she" refers to \Sherry" and \her" refers to \the chair"). In theinterpretation where \the chair" is a piece of furniture, we apply the semantic constraint that hand shaking isdone by persons, leading to a parse in which Sherry is shaking her own hand.
X

when(saw(Y:sherry,Z:chair),

X1
when(saw(Y:sherry,Z:furniture_chair),

X2
when(saw(Y:sherry,Z:meeting_chair),

chair

furniture_chair meeting_chair
shook({Y;Z},hand_of({Y;Z})))

shook(Y,hand_of(Y))) shook({Y;Z},hand_of({Y;Z})))

personFigure 8.4: Reference order during parse of the sentence \When Sherry saw the chair, she shook her hand"Chart parsing can be viewed as an instance of dynamic programming. It is generally bottom-up in that it startswith words, which coalesce into larger and larger phrases, until one phrase (often a sentence) spans the entireinput. The bene�t of saving intermediate results is a reduction in redundant processing (which is also the basisof, and motivation for, memoing [152]). Reference constraints can be used as an automatic aid to dynamicprogramming systems in which information that applies to a node in the search space can be automaticallypropagated, with inconsistencies corresponding to pruning.Reference constraints may also aid in the integration of top-down and bottom-up techniques of discourseprocessing by providing a structure for relating intermediate results. By maintaining ambiguity using referenceduring top-down parsing, needless backtracking may be avoided. If bottom-up results are stored in a formthat is uni�able with the �nal result, then they too can be coalesced using reference. Thus, both forms ofprocessing create additional entities below existing entities; certainty is added higher up in the reference order,and uncertainty is added at lower levels. When the entire structure coalesces into one coreference class, allambiguity has been resolved.Non-monotonic and Default Reasoning: Although default properties are speci�ed in sort hierarchies, referenceconstraints may be exploited to enhance the e�ciency of default reasoning by allowing a clean way of separatingknown from assumed properties. When a variable X is constrained to be of sort s (e.g. via an assertion ofthe form X:s), we can unify X with all the strict properties of s, and create an implicit default variable Xd,where Xd � X, with which we unify all the default properties of s. In order to maintain the default variable,new properties of X are uni�ed with Xd using what we call c-uni�cation [141]. In c-uni�cation, one of theterms is dominant and the other is subordinate. If a con
ict arises during uni�cation, instead of failing, onlythe information in the dominant term is kept. Thus, when updating Xd after a change to X, we c-unify � (X)with � (Xd), where � (X) dominates � (Xd). In this way Xd retains only those default properties that maystill be applicable to X. Additional default reasoning strategies (as in e.g. [22, 85, 143]) may be built intoc-uni�cation. The importance of using reference constraints in this way is that monotonic aspects of reasoningcan be separated from, but still related to, non-monotonic aspects.To illustrate, we use the standard 
ying birds example. Suppose that bird is a sort with default propertiesfeathered=>true and fly=>true, and that penguin is a subsort of bird with a strict property fly=>falseand a default property home=>antarctica. The �rst diagram in Figure 8.5 shows the situation after initializing



CHAPTER 8. REFERENCE CONSTRAINTS IN LOGIC PROGRAMMING 98a variable Opus to be of sort bird (e.g. after an assertion of the form Opus:bird). The second diagram showsthe situation after we specialize Opus to be of sort penguin.
Opus

penguin(fly=>false)

Opusd
penguin(feathered=>true,

Opus
bird

Opusd
bird(feathered=>true,

fly=>true) fly=>false,
home=>antarctica)Figure 8.5: Reference constraints for default reasoningThe hypothetical reasoning systems we described add uncertain assertions as children of a node. In this way,certainty can be incorporated as it is determined, and removal of assertions corresponds to pruning children.However, there may be systems in which assertions must be explicitly withdrawn without pruning the node.In this case, additional work must be performed since branches of the reference order may have been prunedusing the information to be withdrawn. One possible solution is to mark, but not prune, inconsistent nodes ofthe reference order. These nodes would be treated as pruned unless an assertion they contain is removed, inwhich case they may change state from inconsistent to consistent.Individual level inheritance is certainly possible without reference constraints, and in fact many systems appearto be already doing this. However, we can apply the same arguments as for sort hierarchies in many-sorted logics,and for inheritance in object-oriented systems. By making this process explicit, declarative and automatic, theprogrammer (or logician) is freed of the burden of performing this task, and can instead focus on higher-level aspectsof the problem. Due to the formal basis of reference constraints as a generalization of equality constraints, we ensurea consistent semantics when individual level inheritance is exploited.8.5 ConclusionWe have proposed two notions in this chapter: reference constraints and individual level inheritance. Referenceconstraints are a generalization of equality constraints among logical variables. Equality constraints form equivalenceclasses based on coreference. Reference constraints decouple the symmetry of coreference, and permit the constructionof a partial order of coreference classes. We have shown that, due to the semantic di�erences between sorts andvariables, the reference order is quite distinct froma sort hierarchy in many-sorted logics and sorted logic programminglanguages. We believe, however, that both are compatible and desirable in a system, although we did not deeplyexplore the interaction between the two. In this inquiry, we focused on reference constraints in logic programminglanguages such as Prolog or LIFE [4]. A full model theoretic analysis in a logic system is required.Reference constraints lead to individual level inheritance, which permits inheritance from one individual to an-other. This is distinct from the ordinary notion of inheritance which is from a sort (or class) to another sort or toan individual. Through a general outline of the types of applications that may bene�t from automating individuallevel inheritance, and descriptions of its use in automatic con�guration (and constraint logic programming), naturallanguage processing (and dynamic programming) and default reasoning, we investigated the potential bene�ts of ourwork in logic programming and arti�cial intelligence systems.



Chapter 9Organizing the Hierarchy of ConceptualGraphs\When nothing is done, nothing is left undone" { Lao Tsu\Who really invented nothing" { Walt KellyConceptual structures is a graphical knowledge representation formalismthat is equivalent in expressive power to �rstorder logic. There are two main forms of hierarchies used in the formalism: de�ned and derived. De�ned (declarative)hierarchies, such as sort and class hierarchies, have an explicit partial order relation. In conceptual structures, thetype and relation lattices are de�ned. A derived hierarchy is a partial order that is induced by internal structuralrelations among components. Two conceptual graphs can be compared using the subsumption relation, where graphg1 subsumes graph g2 if it contains a subset of the information in g2. Derived partial orders are employed in otherknowledge representation systems, most notably for classi�cation in the KL-ONE family of terminological systems[18].To organize derived hierarchies such as these, which are highly dynamic and expensive to construct, a number oftechniques have been proposed, including encoding [42] and multi-level indexing [94]. In this chapter, we develop anovel approach to organizing derived hierarchies using graph normalization and spanning trees.After providing a brief overview of conceptual structures, we introduce some normalization techniques for con-ceptual graphs, leading to spanning tree normal form (STNF). In [50], we show how an integration of sparse termsand order-sorted feature terms, called sparse feature terms, can be used to implement graphs in STNF, and howsome operations on graphs in STNF can exploit uni�cation and enhance operational e�ciency. Starting with graphsin STNF, we develop a generalization hierarchy normal form (GHNF) with which we organize the derived hierarchyof graphs, called the generalization hierarchy, into a spanning tree. We show how searches in this hierarchy can beperformed e�ciently using this spanning tree organization.9.1 Background and MotivationSince details of conceptual structures are not necessary for the following, for brevity we choose to limit detailedbackground on the subject, which can be found in [136]. Essentially, a conceptual graph (CG) is a connectedbipartite graph consisting of labeled relation nodes and conceptual type nodes. Conceptual types are standardontological objects, such as \person", \cat" or \eat", and conceptual relations are basic relations among types, suchas \agent" and \object". A standard example graph is shown in Figure 9.1 [136], and represents the declarativestatement \a cat sitting on a mat".For our research, there are three ordered sets that are important: the conceptual types (the type lattice), theconceptual relations (the relation lattice), and the graphs themselves (the generalization hierarchy). The formalism99
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CAT STAT SIT LOC MAT

AGNT

@1

@1Figure 9.1: Conceptual graph representing \a cat sitting on a mat"requires both the types and relations to form lattices, which we have argued is overly strict, and that only orderedsets are required [50]. These two ordered sets are de�nitional, in that the user imposes the partial order relation.Since previous chapters have dealt with encoding de�ned taxonomies, we omit further discussion of the type andrelation lattices.The generalization hierarchy, on the other hand, is derived using a set of canonical formation rules that de�nehow graphs relate. If graph g1 can be derived from graph g2 using the canonical formation rules, then g1 mustcontain at least as much information as g2. A conceptual graph system begins with a set of given graphs, called thecanonical basis. All other valid graphs used by the system must be derivable from the canonical basis.Spanning trees are a valuable tool for improving the operational e�ciency of graphs and the generalizationhierarchy. We only deal with atomic conceptual graphs in which all relations are both dyadic and invertible. Atomicconceptual graphs contain no logical connectives (i.e. they are connected), no logical quanti�ers (other than theimplicit existential), and no nesting (i.e. there is only one context) [26, 41]. The inverse of a dyadic conceptualrelation R is a relation R�1 that is semantically identical to R with the direction of the arrows reversed. Forexample, the inverses of AGNT and PARENT are AGNT OF and CHILD, respectively. Similar assumptions havebeen made in [41, 107, 111, 160].We �rst discuss the notions of cardinality constraints and functional relations. Although cardinality can beexpressed using sets or complex nesting of contexts, it is important to have the ability to express such constraintssimply and declaratively. Graph normalization techniques introduced in [107] are expanded upon in section 9.3 toprepare for constructing the spanning tree normal form that we introduce in section 9.4. Of particular importanceto operational e�ciency is the elucidation of functional relations in graphs. We then explore their use in thegeneralization hierarchy to specify a generalization hierarchy normal form, to enhance search operations such asmatching and retrieval, and to e�ciently perform topological traversals.9.2 Cardinality ConstraintsAlthough some conceptual relations are functional in character, CG theory provides no simple way to represent theseand other forms of cardinality constraints declaratively, without resorting to the use of actors, sets or complex nestingof contexts. Actors imply computation of dependent concepts from independent concepts, while sets do not restrictthe number of relations of a particular type, which can be a valuable constraint for normalization and matching. Forexample, the canonical graph: [EAT]!(AGNT)![ANIMATE] does not tell us whether an act of eating must haveexactly one agent or may have multiple agents (i.e. if AGNT is a functional relation of EAT). Another example is:[PERSON]!(SPOUSE)![PERSON], which says that the spouse of a person must be person, but does not constraina person to have at most one spouse. For illustration, we assume that both of these cases are functional.De�nition 9.1 A cardinality constraint, @n (n 2 Z+), between a concept c and a relation r states that at most nrelations of type r may be connected to c.A cardinality constraint is denoted on the arc between the concept and the relation. Thus, the above examplebecomes: [EAT]-@1!(AGNT)![ANIMATE]. Restricting a relation to one occurrence for a concept (i.e. n = 1) isa functional cardinality constraint, and it is these constraints that we focus on. The connection to logic is simple:if the variable representing the independent concept appears in two instances of the relation, then the variablesrepresenting the dependent concepts must be equal. This provides a sort of uniqueness constraint. Our exampletranslates to: 9x9y (EAT(x) ^ ANIMATE(y) ^ AGNT(x; y) ^8z, AGNT(x; z) � z = y). We do not suggest that all



CHAPTER 9. ORGANIZING HIERARCHIES OF GRAPHS 101functional dependencies can or should be expressed in this way. Rather, we feel that by notating functional relations,normal forms for CGs will be more distinct and easier to determine.Cardinality constraints blend well with set cardinality [63, 136]. For set coercion, a cardinality constraint can bemoved into the set notation. On expansion, the set cardinality can be moved out to a cardinality constraint. To ensureset joins, we make concept sets functional. As an example, for: [DANCE]!(AGNT)![PERSON: Liz], set coercion on PERSON results in: [DANCE]-@1!(AGNT)![PERSON: fLizg], whereas set expan-sion on: [DANCE]-@1!(AGNT)![PERSON: fLiz,Kirbyg@2] results in: [PERSON:Liz] (AGNT) @2-[DANCE]-@2!(AGNT)![PERSON:Kirby].9.3 NormalizationNormalization is important to enhance the similarity among graphs and can be achieved via transformation rules[107]. We assume that all relations are invertible so, e.g., the inverse of WORKS FOR is EMPLOYS, whereas theinverse of SPOUSE is itself (i.e. it is symmetric). In [50], we show how our representation automatically performssome simpli�cation, reducing redundancy that can arise during joins.Explicitly representing functional relations can be exploited to determine a precedence between a relation R andits inverse R�1. Priority is given to functional relations. Thus, assuming a world in which a person has at mostone nationality, we would prefer the graph: [PERSON]-@1!(CITIZENSHIP)![COUNTRY] to: [COUNTRY]!(CITIZEN)-@1![PERSON]. If both R and R�1 are functional, we incorporate both (i.e. we perform symmetrycompletion [107]). By doing this, we can traverse all functional relations in the direction of their arcs. If neither Rnor R�1 are functional, other preference schemes need to be speci�ed.Normalization will also incorporate selectional constraints related to the graph, particularly those which addfunctional relations between concepts. To illustrate, the well-known example in Figure 9.1 shows a normalizedversion of the CG, in which the concept SIT imposes the selectional constraint that it has exactly one agent.9.4 Spanning Tree Normal FormIt is easy to specify a spanning tree for any conceptual graph, with coreference linking identical concepts as in thelinear form. Any traversal of a graph that visits every concept and relation de�nes a spanning tree: the �rst nodevisited is the root and cycles are broken by introducing coreference. Our goal is to specify a spanning tree normalform (STNF) that can be used to improve the e�ciency of CG operations, by exposing functional relations, as wellas to organize and search the generalization hierarchy. In [160] there is also a proposal for a normal form that isa spanning tree, but the tree is determined in an ad hoc manner (alphabetical order is used to select the root andrelations to expand partial trees).De�nition 9.2 A spanning tree T for a conceptual graph G is a connected acyclic subgraph of G containing all theconcepts of G (but not necessarily all the relations). For each spanning tree, one concept is designated the root.In the linear form [136], concepts and relations form the nodes of a spanning tree, and arcs are labeled withdirectional arrows. For STNF, only concepts are nodes while relations are arc labels. The direction of arcs isimplicitly downward. Although this format is suitable for binary relations, which form the majority of conceptualrelations [123], it may be possible to accommodate monadic and higher-order relations; we do not explore this here.We assume that our graph is normalized as described in section 9.3 and that we have linear extensions � and � ofthe type and relation hierarchies, respectively. Since some graphs may require multiple root elements, we actuallyconstruct a spanning forest. We maintain the individual trees in a list ordered by the type of the root concepts(according to � ). When drawing forests, we add an untyped dummy root to connect the trees together.We give below an algorithm that takes as input a normalized conceptual graph G, and outputs a spanning forestF that represents G in STNF. The concepts and relations of G are the ordered lists C and R, respectively. Eachnode in the forest is a concept c to which a (possibly empty) list of children is associated (via children(c)). Each



CHAPTER 9. ORGANIZING HIERARCHIES OF GRAPHS 102child contains a pair: the child concept and the connecting relation. The root of the tree containing a concept c isobtained by calling tree(c; F ).Algorithm 3 STNF(input: G =< C;R >; output: F )1. F := C2. for each concept c 2 C; children(c) := ;3. for each relation r(ci; cj) 2 R (taken in order)4. if (tree(cj ; F ) = cj AND tree(ci; F ) 6= tree(cj ; F )) then5. children(ci) := children(ci) [ f< r; cj >g6. F := F � fcjg7. else8. children(ci) := children(ci) [ f< r; coref(cj) >g9. endFirst, we start with a forest consisting of each concept in the graph G as a tree (lines 1 and 2). We considerrelations one at a time and update the forest as necessary. A node is always placed below the entering concept ci,labeled with the relation type. If the exiting concept, cj , is the root of a di�erent tree in the forest from ci simplyconnect this tree below ci (lines 5 and 6). We do this by adding the relation/concept pair to the children list of ciand removing the tree rooted at cj from the forest. If, however, cj is not a root or is in the same tree as ci, the nodebelow ci will contain a coreference label linking to cj (line 8). Once we have visited all relations, we have a spanningforest for our graph. The time complexity of this algorithm is near linear in the number of concepts and relations inthe input graph if the tree function is implemented using a union-�nd algorithm.The order in which we visit relations (line 3) is important. We consider all functional relations, before any non-functional ones. Within these groups, the order depends on the types of the relation and two incident concepts. Theorder of precedence is the relation, followed by the entering concept and lastly the exiting concept. Exploring theconsequences of choosing di�erent precedence orderings is a topic for further research. It may still be possible forthere to be two or more arcs with precisely the same relation and incident concept types. In this case, contextualinformation may be needed for selection. In this preliminary analysis, we simply select one arbitrarily, and this isthe only place where non-uniqueness can enter into the process. Thus, our construction computes a spanning treenormal form that is nearly unique for normalized graphs. As an example of this construction, Fig. 9.2 shows theSTNF of the graph in Fig. 9.1. Note that both AGNT and LOC are functional relations of SIT. The last relationvisited is STAT, which is added using coreference. In diagrams, we notate functional relations using thick lines andnon-functional ones with thin lines.
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*xFigure 9.2: Spanning tree normal formAnother well-known example, with a cycle, is: a monkey eating a walnut using the walnut's shell as a spoon [136].Figure 9.3 shows the normalized graph as well as its STNF. For illustrative purposes, we assume that an entity canonly be (intransitively) a part of at most one other entity, and that an instance of eating has one agent and oneobject. Thus the relation PART is inverted to PART OF. We assume that the linear ordering of relations is AGNT <OBJ < PART OF < INST < MATR. We �rst add MONKEY and WALNUT as children of EAT, then a coreferencelink to WALNUT as a child of SHELL, and �nally we add the non-functional relations INST and MATR in the treerooted at EAT.For a more complicated example, consider the statement: a woman eating a dinner cooked by her husband, whichis shown in Figure 9.4. In this case, we end up with two trees since both EAT and COOK only have exiting relations
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@1Figure 9.3: A cyclic graph and a tree representationin the normalized form. Assuming the types are ordered by COOK < EAT < WOMAN < MAN, we obtain theSTNF as shown.
MAN

AGNTWOMAN OBJEAT

SPOUSE DINNER

COOKAGNT

MAN:*x

AGNT
COOK

OBJ

DINNER:*y

EAT

@1

@1@1

SPOUSE

@1

@1

@1

OBJ

AGNT OBJ

WOMAN:*z

SPOUSESPOUSE

*x

*y

*zFigure 9.4: A woman eating a dinner cooked by her husbandIn [50], we describe more fully the advantages of STNF. Graphs in STNF admit a direct implementation usingorder sorted feature structures [4, 5]; we developed a variant of sparse terms for this purpose. We demonstrate howthe canonical formation rules can be performed on graphs in STNF, in particular how uni�cation can be exploitedto e�ciently implement these rules by observing the constraints imposed by functional relations. Since these issuesare outside the scope of this thesis, we choose to omit details.9.4.1 PivotingGiven a graph in STNF, we may need a certain concept to be the root of one of the trees in the forest in orderto perform graph matching, to obtain di�erent viewpoints of a graph, or to further normalize the spanning tree forstorage in the knowledge base. We call this process pivoting. Although there are several possibilities for pivoting,we have chosen one that is particularly simple, yet useful for organizing the knowledge base. We call the nodeof a concept in a spanning forest that maintains the type information (and possibly has a subtree) the dominantnode. All other, coreferring nodes are called subordinate. Basically, to pivot a concept that is not already a root isaccomplished by replacing the dominant node for the concept by a subordinate node and adding the subtree rootedat this node as a top level tree in the forest. Pivoting can easily be carried out, as shown in the following �gurewhich shows pivoting of the STNF form of the graph in Fig. 9.3 on the concepts \WALNUT" and \SHELL".9.5 Representing the Generalization HierarchyA CG database contains of some of the (in�nitely many) canonical graphs that can be obtained from the canonicalbasis B using the canonical formation rules. The generalization hierarchy organizes graphs into a partially orderedset of equivalence classes [41, 111], where each graph in a class is canonically derivable from all others in the class, and
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*zFigure 9.5: Examples of pivoting the graph in Figure 3one class subsumes another if each graph in the latter is derivable from each graph in the former. The generalizationhierarchy consists of both the canonical basis (which represents things that could exist) and the database graphs(which represent things that do exist). Although B may not form an anti-chain, there is a subset B0 of B that formsthe initial level, or co-atoms, of the generalization hierarchy. Our goal is to use STNF to assist in the organizationand search of this hierarchy. The advantages of explicitly maintaining the generalization hierarchy are describedmore fully in [42]. This hierarchy can be encoded so that many operations among graphs in the hierarchy can beperformed e�ciently using only taxonomic operations, avoiding matching altogether. In our case, we maintain thefull hierarchy, but mark one parent of each graph as dominant, to identify a spanning tree.We �rst describe the process of constructing the spanning tree for the generalization hierarchy incrementally,leading to another normal form. We start with an empty generalization hierarchy consisting only of [>] and [?]. Weneed to order the children of any element, so we de�ne a total order on graphs (perhaps based on the linear extensionsof the type and relation hierarchies, and the form of the graphs). The method used to specify this ordering is notimportant to the following discussion.Suppose we have a generalization hierarchy organized with an underlying spanning tree TG and we wish to add agraph Q in STNF. We essentially use the algorithm of [42] to search the hierarchy and �nd the immediate predecessors(IP) and immediate successors (IS) of Q. We store graphs so that every STNF graph G is a simple specializationof its parent G0 in TG. That is, G and G0 have a direct matching (i.e. their feature term implementations areuni�able, and the term of G0 subsumes that of G). This cannot be achieved for all ancestors of G, but if it holdsfor all ancestors in TG (i.e. graphs on the path from G to the root [>]), then we can improve search and matchingoperations. The position of Q in TG is below the leftmost IP.As we �nd each predecessor C of Q in TG, we modify the form of Q. Since both C and Q are in STNF, thespanning trees in the forest C will be contained in the trees of Q (modulo symmetric relations and coreference). Foreach tree of C whose root is not a root of Q, we pivot. Pivoting does not destroy the STNF properties, but createsadditional trees, so we essentially 
atten Q until C is more evident in its forest. When all the ancestors of Q in TGhave been processed, Q will be in generalization hierarchy normal form (GHNF). The advantage of a storing graphsin GHNF is that if we have graphs Q and Q0 for which Q subsumes Q0 in TG, then Q and Q0 have a direct andsimple matching. That is, not only is Q0 a specialization of Q, the feature terms representing Q and Q0 are relatedby term subsumption.9.5.1 Depth-�rst topological traversalsThe spanning tree TG underlying the generalization hierarchy can be viewed as representing a left-to-right (LR)depth �rst (DF) traversal of the generalization hierarchy. We show here a relation between LR-DF traversals andDF topological traversals, where a topological traversal is any traversal that obeys the topological property that anode cannot be visited until all of its parents have been visited. In [42], the advantages of searching the hierarchyfor IP and IS topologically are described.We make the distinction between breadth �rst (BF) and depth �rst topological traversals. In BF traversals, wevisit nodes by level. The level in an ordinary BF traversal is the length of the shortest path to the root, since we placean element in the search queue when it is �rst accessible. The level for a topological BF traversal, however, is the



CHAPTER 9. ORGANIZING HIERARCHIES OF GRAPHS 105length of the longest path to the root because we place an element in the search queue only when last accessible (whenthe last parent has been visited). DF traversals, on the other hand, select the next candidate node to visit with thelongest leftmost path to the root (in a LR traversal), where con
icts are resolved by choosing the leftmost element.For ordinary DF traversal, a candidate is any unvisited node that is connected by an arc to the tree traversed so far.When observing the topological property, the only candidates are those whose parents have all been visited.It should be clear that BF and DF topological traversals are implemented di�erently (using a queue in the formerand a stack in the latter) and may visit nodes in di�erent orders. The proposal in [42] performs a BF topologicalsearch of the generalization hierarchy to perform updates and retrievals. We feel that it is interesting to exploreDF topological searches for several reasons. First, such a search would result in �nding the �rst member of IPearlier than a BF topological search. Second, we show how the spanning tree TG can be used to perform a DFtopological traversal without needing to mark elements as visited. Third, we can utilize GHNF more fully to improvethe e�ciency of graph comparisons.Although we cannot use the LR-DF traversal suggested by TG in the search algorithm, there is an interestingconnection between DF traversals and DF topological traversals. If TG represents a LR-DF traversal of a hierarchyP , then a right-to-left (RL) DF traversal of TG is a RL-DF topological traversal of P .Theorem 9.1 Suppose G is a rooted directed acyclic graph and TG is the tree resulting from a LR-DF traversal ofG. Then a RL-DF traversal of TG is a RL-DF topological traversal of G.Proof: Consider any point in a traversal of TG. Suppose the next node to visit, v, with parent p in TG, has an unvisitedparent p1. Since p1 is unvisited, it must be to the left of p in TG, but then during the initial DF traversal p1 would have beenvisited before p, and so v would be below p1 not p in TG. 2Thus, a simple RL-DF traversal of TG performs a DF topological traversal of the ordered set without the overheadof checking when all parents have been visited.In order to fully utilize the spanning tree structure of the generalization hierarchy and the GHNF form of graphs,we describe a modi�cation of the search algorithm of [42]. The problem is to �nd the immediate predecessors (IP)and then the immediate successors (IS) of a graph Q, which may or may not be in the hierarchy. We assume thatafter a comparison between Q and a graph u in which u > Q, it is desirable to compare the children of u with Qso that we can bene�t from the result of the match (while still obeying the topological property). By following thedepth �rst topological traversal described above, this can be achieved with very little e�ort: we don't even need tomark elements as visited. By marking only those which successfully match Q, we can perform the search with aminimum amount of administration. Furthermore, since graphs are in GHNF, we will successively compare graphswhose GHNF forms most closely match until a subtree is traversed or until a graph is found which doesn't match Q.Another advantage of this approach is that by performing a DF topological search, the focus (as described in [42])becomes restricted more quickly, providing a more constrained target for guiding the search.9.6 ConclusionWe have explored the use of spanning tree representations of graphs and the generalization hierarchy in conceptualstructures. We �rst proposed a means of declaratively representing cardinality constraints. Of particular interest arefunctional relations, which restrict the number of occurrences of a particular relation type to one. These constraintsare important for improving the e�ciency of matching and other graph operations. We extended and re�ned CGnormalization, as introduced in [107], through the use of functional relations. We developed a spanning tree repre-sentation of CGs, leading to a spanning tree normal form (STNF) that is based on semantic content and is less adhoc than some previous proposals. Graphs represented in STNF have a natural implementation using a variation oforder-sorted feature structures, providing a scheme in which graph operations can bene�t from the e�ciency of fea-ture term uni�cation. Finally, we showed how identifying an underlying spanning tree for the generalization hierarchycan bene�t both storage and traversals. A spanning tree can assist in a further re�nement of STNF to generalizationhierarchy normal form (GHNF) in which all graphs on the same path to the root are uni�able. Furthermore, by



CHAPTER 9. ORGANIZING HIERARCHIES OF GRAPHS 106traversing this left-to-right depth �rst tree in a right-to-left depth �rst manner, we achieve a depth �rst topologicaltraversal that can be used as an alternative search procedure of [42]. An advantage of this search, in addition to itse�ciency and simplicity, is that graphs which are closely related have a higher chance of being compared successively,so we can take advantage of the results of previous matches.



Chapter 10A Hierarchical Organization ofLandscape Models\No man can reveal to you aught but that which already lies half asleepin the dawning of your knowledge" { Kahlil GibranDue to the spatial scale at which most empirical landscape studies are performed, replication is rarely feasible, andexperimenters may require arti�cial replication through the use of landscape models that are synthetically generated.In our view, a landscape is a heterogeneous region on the surface of the earth, and a landscape model is a simpli�edrepresentation (e.g. as a digital map) of a landscape of interest. A generator of landscape models is a procedure forproducing landscape models.Arti�cial generation of landscape models is becoming increasingly prevalent in landscape ecology and is usefulfor a variety of purposes, including comparison with real data, testing general theoretical hypotheses, and providinginput to simulation models. However, the number of generators of landscape models is increasing and there isno framework within which generators can be analyzed, compared and organized. In this chapter, we propose ahierarchical framework that uni�es landscape models within a formal organizational system. A landscape model thatis arti�cially generated using a simple random process is called a neutral model. Generators of neutral models produceinstances of landscape models with two or more patch types, and constrain the patterns generated by specifying theproportion of the model covered by each patch type. We develop a generalization of neutral models, where landscapemodels are generated according to a set of constraints on possible patterns. A set of constraints is a landscape modelprototype.Di�erent landscape model prototypes can be compared according to the number and type of restrictions, where aprototype is considered \less neutral" or \more restricted" than another if the former has a superset of the constraintsof the latter. This relation produces a hierarchy that captures gradients of neutrality among prototypes. Thehierarchy thus formalizes, in a mathematically elegant manner, a multi-dimensional transition from neutral modelsthat impose few restrictions on pattern generation to predictive models that impose a variety of more ecologicallymotivated constraints on the generation of landscape models. In a more practical context, this hierarchy may beused to guide the development of landscape model generators, to aid selection of appropriate existing generators,and to assist in the analysis of models derived from real landscapes through the use of landscape model prototypes.10.1 IntroductionA landscape is a heterogeneous region of the earth that is composed of a mosaic of di�erent patches, and generallycontains a few interacting ecosystems [10]. Landscapes may be de�ned from the viewpoint of a particular organism,although a common viewpoint is from the human perspective, where a landscape is generally in the range of 103 to106 ha (e.g. [150]). A landscape model is a simpli�ed representation (e.g. as a digital raster map) of a landscape ofinterest, either real or theoretical, and is produced from natural (e.g. remote sensing) or arti�cial (e.g. simulation107



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 108modeling) sources. We must distinguish between three things, each of which may be viewed as a model: an instanceof a landscape model refers to a particular map that represents a landscape, a prototype of a landscape model refersto a set of constraints on the generation of landscape models, and a generator of landscape models is a procedure forsynthetically producing model instances from model prototypes.The spatial scale of many landscape studies limits the ability to perform experiments in a traditional way: itis di�cult to exert the required control for manipulative experiments, and hard, if not impossible, to �nd truereplicates. With the increase in modeling related technology and techniques, many studies have used computer-generated landscapes both for arti�cial replication and for studying theoretical properties of idealized landscapes.Research on the generation of landscape models can be classi�ed in two main groups. The goal of one group hasbeen to produce accurate prediction or duplication of the patterns seen in real landscapes (e.g. [59]). We refer tosuch model generators as predictive. The goal of the other group has been to generate landscape patterns that exhibita simpli�ed, but known, structure, and are generated by a random process. These types of generators have beentermed neutral models since they are neutral with respect to ecological processes responsible for patterns observedin real landscapes [66]. The patterns that emerge in neutral models are the patterns expected in the absence of anyecological e�ects. Thus, neutral models can form a null hypothesis for testing for the e�ect of ecological processes onnatural landscape patterns. A potential focus for hypotheses that relate ecological process and pattern is to explainthe di�erence between neutral model patterns and patterns observed in real landscapes.Work on neutral models has proceeded steadily over the last few years (e.g. [25, 66, 67, 148]), but is now rapidlyexpanding, as the number of presentations that focused on neutral models at a recent landscape ecology symposiumtesti�es (e.g. [64, 73, 83, 100, 157]). However, although the development and use of neutral models and neutralmodel generators has proliferated, no unifying framework for organizing and categorizing models has emerged. Eventhe notion of a neutral model is becoming vague as neutral model generators are enriched with new features (e.g.[64, 65]).We develop a general, and formal, view for arti�cial generation of landscape models. We de�ne a landscapemodel prototype to be a set of constraints that restricts the generation of landscape models. Intuitively, a landscapemodel prototype is an abstract ideal of a landscape model, and can be viewed as specifying some characteristicsof landscape models that are generated using this prototype. For example, a prototype may include restrictions tolandscape indices (e.g. richness or contagion) or may be more complex, involving non-trivial spatial or temporalrelations. Specialized generators must be developed to produce landscape models for di�erent types of constraints.A variety of such generators already exist, and more are continually being developed.Prototypes separate processes on landscapes into those aspects that account for the resulting pattern (i.e. theprocesses embodied in the constraints) from those that are not considered. The patterns that emerge from landscapemodel prototypes are the expected patterns in the absence of all ecological e�ects not incorporated into the setof constraints. Landscape model prototypes also form a null hypothesis for landscape patterns, and can be usedfor testing the e�ect of ecological processes acting on patterns in natural landscapes that are not accounted for inthe constraints. Hypotheses may attempt to explain the di�erence between the patterns observed in the prototypeinstances and real landscapes.A given set of constraints will generate a distribution of landscape models with expected characteristics, andmay be deterministic or stochastically distributed. As the number of constraints increase, the expected patterngenerated becomes more restricted, providing a gradient from simple models to more complex, predictive models.This relation forms a hierarchy, or partial order [38], on landscape model prototypes. The highest element of thehierarchy imposes no constraints on landscape structure and hence all landscape patterns have equal probability. Wedevelop a framework within which this hierarchy of landscape models can be constructed, and describe its utilityto landscape ecology for managing and analyzing sets of landscape models, landscape model prototypes and modelgenerators.Our framework provides a number of signi�cant contributions to landscape ecology. First, by formalizing theabstract notion of a prototype, we provide a common ground upon which di�erent generators can be compared.This not only may avoid re-developing existing generators, but provides a structure within which generators can becontrasted, and gaps identi�ed. In addition, the resulting hierarchy provides a means for a common organization oflandscape model generators, producing a structure for access to existing generators. Finally, the prototype hierarchy



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 109can be used to guide the analysis of data sets of landscape models, assisting the identi�cation of characteristics forwhich the data set deviates from random.The next section develops the notion of neutral models, as introduced by Garder et al. [66]. This is followedby a de�nition of landscape model prototypes. Section 10.4 uses this formal description to construct a hierarchy ofprototypes. Finally, we describe the potential uses of landscape model prototypes and the prototype hierarchy forlandscape ecology.10.2 Background: Neutral modelsLandscape patterns may be represented using a two-dimensional array of cells, where each cell is occupied by somevalue, which we call a landscape feature. A patch is formed where adjacent cells are occupied by the same landscapefeature. The neutral models introduced in Gardner et al. [66] are whole mosaic models [10] that are constructedusing methods derived from percolation theory [137]. In their simplest form, each cell in the model is occupied byone of two distinct landscape features, which may di�erentiate, for example, community types that are susceptibleor unsusceptible to disturbance. These models are speci�ed by two parameters:p : the fraction of the landscape occupied by one of the featuresm : the linear dimension of the map (i.e. the length of one side)By a simple random process, cells are occupied by feature 1 with a probability p, and feature 2 with a probabilityof (1�p). These models are similar to landscape maps that have been classi�ed into two categories, but are \neutral"with regard to the physical and biological processes that create real landscape patterns. Figure 10.1 shows threeexample neutral models for various values of p.
Figure 10.1: Example neutral models. Each instance was generated on a 30�30 grid (m=30), with varying proportionsof the white feature (p = 0.4, 0.6 and 0.8).Gardner et al. [66] used such simple neutral models to examine the e�ect of varying model size on patch sizeand shape in order to de�ne appropriate scales for landscape analysis, and later Gardner et al. [68] examinede�ects on animal movements. Turner et al. [148] simulated disturbances on neutral landscapes with di�erentproportions of susceptible habitat. The disturbances were modeled as random events that occur with a givenfrequency (probability of initiating) and intensity (probability of spreading to neighboring cells). They showed thatthe disturbance characteristic (frequency vs. intensity) primarily responsible for the propagation and extent of adisturbance depends on landscape connectivity (i.e. the value of p). In this last study, signi�cant changes in modelbehaviour were detected near the percolation threshold (i.e. the value of p at which a patch of type feature 1 traversesthe landscape model). In these simple neutral models, the percolation threshold occurs at a value of p = 0:5928 forvery large models.Gardner and O'Neill [67] introduced a contagion factor (see section 10.3) that can be used to create landscapemodels with larger contiguous patches while retaining the same relative proportion of features in the model. They



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 110used these contagious landscapes to study the potential for movement and resource use by species living in patchylandscapes. They found that the percolation threshold varies inversely with contagion. Turner et al. [149] comparedthe results of simulating natural disturbance on real landscape models (Yellowstone National Park) with results fromthe same simulations run on neutral models that have an equivalent proportion of the �re susceptible communitytype. A number of these studies propose that signi�cant departures by real landscapes from the expected patternsgenerated by a neutral model may be used to form and test hypotheses about the relationship between the observedpatterns and ecological processes [66, 149].Neutral models have a number of important uses in landscape ecology, some of which are mentioned below.Comparison with real data. This is the main use endorsed by Gardner et al. [66] and Caswell [25]. Here, aneutral model is used as an ideal against which to compare real landscape data. Using a landscape statistics toolsuch as FRAGSTAT [99, 126], we can compute statistics that may di�erentiate between landscape patterns (e.g.average patch size, number of patches, patch adjacency, fractal dimension, contagion, etc.) [146]. Deviations fromthe neutral model permit an estimate of the e�ect of ecological interactions on the pattern observed in nature, andmay lead to hypotheses regarding ecological processes responsible for these di�erences in pattern.Testing broad-scale landscape hypotheses. Neutral models can be used to test hypotheses about landscapephenomena, such as the spread of disturbance and animal movements. The simpli�ed structure of neutral modelspermit a clear analysis of how changing the parameter p e�ects the characteristics of interest. This is how neutralmodels were exploited in [68, 148]. Another use in this context is to analyze properties of neutral models themselves,using tools such as FRAGSTAT [99], in order to determine how the value of p a�ects the value of di�erent landscapeindices, such as average patch size.Comparison with output from predictivemodels. Since we know the characteristics of neutral models, they areuseful for comparison with the output from predictive models of landscapes. The di�erence between real landscapedata and the predictions of a model are one measure of a model's ability to predict landscape patterns [66]. Neutralmodels provide a baseline that can be used to measure the improvement in predictability that is achieved by modelinggeomorphological, climatic, biotic and other ecological e�ects.Input to simulation models. Replication of landscapes is a di�cult problem in landscape ecology. By specifyingcertain constraints, generation using neutral models provides a means of approximating replicates of landscapes withsome speci�c characteristics (e.g. a �xed contagion). These arti�cial replicates can be used as input to landscapesimulation models that generate new landscape models from a given input model (e.g. SELES [56]).10.3 Landscape Model PrototypesOur objective is to extend the core ideas of neutral models into a general framework for reasoning with landscapemodels that are arti�cially generated. The loose de�nition of a neutral model given by Caswell [25] is: \a neutralmodel is an expected pattern in the absence of speci�c ecological processes". Rather than focus on the absence (i.e.neutrality) of speci�c processes, we feel that models should be de�ned in terms of the presence of speci�c processes.That is, \a landscape model prototype is an expected pattern in the presence of speci�c constraints on that pattern".These pattern constraints, which we describe in detail below, dictate the expected pattern. We now give a formalde�nition:De�nition 10.1 A landscape model prototype is a set of pattern constraints that restrict the possible generation oflandscape models. An instance of a prototype is a landscape model generated under the set of constraints.Thus a landscape model prototype describes the expected pattern of a landscape and in essence gives a distributionof possible instances, which are particular landscape patterns generated using the given set of constraints.



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 11110.3.1 Pattern constraintsThere are many ways in which ecological information may be incorporated into landscape model prototypes. Wehave already seen two pattern constraints, as used in the simplest neutral models [66]: the model size m and thelandscape area ratio (where landscape feature 1 had a relative distribution of p, and feature 2 had a distribution of1� p). In addition, these models restrict richness to the interval [1; 2]. Thus, these models are random with respectto pattern, but always have a maximum richness of 2 and a landscape area ratio (LAR) for feature 1 normallydistributed around p. The RULE program [65] permits the generation of models that precisely satisfy p. Richness,model size and LAR can be viewed as constraints on the patterns generated by these neutral models (i.e. they arenot completely random). That is, a neutral model with p = 0:4 and m = 30 can be represented as a landscape modelprototype with the constraints: fLAR = (0:4; 0:6), size = 30� 30, richness 2 [1; 2]g.Additional constraints may be speci�ed by restricting values of other landscape indices (e.g. contagion or averagepatch size), or by incorporating feature responses to spatially explicit landscape parameters such as elevation or soiltype. We now discuss a number of constraints that can be imposed on the generation of landscape pattern. Thislist is not intended to be exhaustive. The example instances were generated using the spatially explicit landscapedynamics simulator SELES [56].Constraints on bounds: Since a landscape model must be represented in a �nite amount of memory, bounds onthe grid size and maximum number of cell values are important. Restricting the grid size (i.e. the number of cells)is a fundamental constraint, and is related to the extent (i.e. the physical area represented by the entire model) andthe grain (i.e. the physical area represented by each cell in the model) of the landscape of interest, where extent =number of cells � grain.Normally, each cell is represented by an integer, and so the number of potential cell values is bounded by themaximum size of integer that can be represented. In the case of the neutral models of Gardner et al. [66], each cellcould be represented by a single bit, limiting the number of cell values to two (0 and 1). For instances generatedfrom prototypes that specify only bound constraints, there will be no expected pattern; the feature in each cell iscompletely independent of all other cells, and hence no expected value (or expected distribution) can be predicted.Constraints on landscape indices: In the literature to date, neutral models have been restricted to two landscapefeatures (i.e. patch type richness is � 2). We can extend this to any number of features, permitting richness in a rangeof values (e.g. richness 2 [1; 5]). For a particular application, each feature can be assigned di�erent characteristics(e.g. to describe di�erential e�ects of a particular disturbance). In the context of percolation theory [137], insteadof restricting each cell to either percolate or not percolate, varying degrees of percolation properties can be assignedto di�erent cell types. For studies of the spread of disturbance in neutral models (e.g. [148]), this corresponds topermitting varying susceptibility to disturbance spread (e.g. �res or insect outbreaks) for each feature, as opposedto the simple binary properties of susceptible vs. unsusceptible. In the absence of contagion, this is very simple: fork features, we need to specify k relative abundance probabilities (which must sum to 1). A model containing at mostk features can easily be generated.We mentioned above that Gardner and O'Neill [67] propose contagion as a landscape index that may be used toconstrain pattern generation for the two feature neutral models. However, when combined with an arbitrary richnessconstraint, the notion of contagion becomes more complex. In the two feature model, only one number was neededto represent contagion: an index indicating the probability that two adjacent cells will have the same feature. Now,in addition, we can specify contagion among di�erent features.To take a more concrete example, suppose our features are tree species. For a cell of type Douglas-�r (Pseudotsugamenziesii), we may specify not only the probability that an adjacent cell is Douglas-�r, but also the probability thatit is Western hemlock (Tsuga heterophylla), Red alder (Alnus rubra), etc. Thus we have k2 contagion values tospecify. In some situations, it may be di�cult to have precise ecological data to specify this accurately. We cansimplify matters by only requiring one contagion value c that speci�es the probability that adjacent cells will havethe same feature. That is, for each pair of identical features (e.g. Douglas-�r next to Douglas-�r), the contagionvalue is c, and for each pair of di�erent features, no contagion is speci�ed.



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 112Simultaneously preserving the probability distribution (i.e. LAR) and contagion is not trivial, but can be ac-complished by a formal generalization of contagion, which we develop in the appendix at the end of this chapter.Examples of landscape instances generated using di�erent values for contagion are shown in Figure 10.2. All threemodels have four features with equal relative proportions (0.25).
(a) (b) (c)Figure 10.2: Instances of landscape model prototypes produced on a 100� 100 grid. Each model has four featureswith equal landscape area ratios (i.e. equal relative proportions). The value of contagion di�ers for each modelinstance, taking on the values 0.6, 0.8 and 0.99, respectively. The prototype for instance (a) is therefore fLAR =(0:25; 0:25; 0:25; 0:25), size = 100� 100, richness 2 [1; 4], contagion = 0:6g.Although contagion is an intuitive and common index for landscapes, there is nothing ecologically inherentthat distinguishes it from other indices. We could, in theory, restrict the value of any landscape index to constrainpossible landscapes. For example, we could set Shannon's diversity index or edge fractal dimension, and only generatelandscapes that have a particular expected value for these indices. Furthermore, we could specify restrictions to morethan one landscape index simultaneously, and generate landscapes that satisfy all the values of these indices. In thisway, we view landscape model prototypes as models that are not neutral with respect to a given set of explicitconstraints (landscape indices in this case), but neutral with respect to everything else.Spatial constraints: There is no mechanism in the models of Gardner et al. [66] to incorporate the e�ects of phys-iography when generating landscape models. The distribution of real landscape features may be strongly in
uencedby some physical characteristics of the landscape, and we may want to integrate them into model generation. We canincorporate responses to spatial parameters (e.g. topography, soil type, slope, etc.) as constraints on the probabilitydistributions of features, providing a spatial context for pattern generation. Such parameters a�ect both the relativeproportion and spatial distribution of the features in the model. We call such models site speci�c due to the locale�ect of parameter values at a given site. This use of spatial parameters essentially replaces a statistical approachto spatial distribution with a more empirical based, process oriented approach.These parameters can be derived from real data, or can themselves be arti�cially generated. For example, atopography parameter can be derived from a real landscape through cartographic techniques, or it may represent atheoretical topography derived through fractal model generation (e.g. [56, 116, 117]). Spatial parameters are matchedto the landscape model, so that each cell in the landscape model has a corresponding value in the parameter model.Generating a site speci�c model involves calculating, for each cell, the relative probability of occurrence for eachfeature. This is akin to deriving a local LAR. This information is then used to either randomly determine a featurefor the cell, based on this distribution or it can be further constrained (e.g. with contagion). Note that as prototypesbecome \less" neutral, the signi�cance of contagion in forming patches decreases. Contagion can be viewed as theaggregation of ecological processes that explain why features are often grouped into patches. As these ecologicalprocesses are integrated into a model through spatial constraints, the need for a contagion factor decreases, sincefeatures will become more naturally aggregated.These site speci�c models can range from more neutral models (i.e. site independent, aspatial distributions oflandscape features) to complex models that specify relationships for many parameters. This extends our notion ofgradients of neutrality, from prototypes that specify aspatial constraints, to prototypes that incorporate a spatial



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 113context that in
uences pattern generation, taking one more step towards predictive models.Figure 10.3 shows an instance of a site speci�c model for which features vary with altitude. Each of the �vefeatures di�ers in its response to elevation. The darker features respond \better" to lower elevation, while lighterfeatures respond \better" to higher elevation. That is, at low elevations, the relative probability of darker featuresis higher than lighter features, and vice versa at high elevations.The model instance is draped over the elevation map that was used to create it, providing a contextual view ofthe instance. Note that using the same set of constraints, but a di�erent elevation map, would produce a di�erentmodel instance. In this example, no contagion was used.
Figure 10.3: Geometric view of an instance of a landscape model prototype with spatial constraints. The instanceis overlaid on the elevation model used to create it. The model size of this instance is 100� 100, and the number offeatures is 5. The underlying elevation model provides a context in which spatial constraints, in the form of elevationresponses, a�ect pattern generation. Thus, the prototype for instance (a) is fsize = 100 � 100, richness 2 [1; 5],spatial responses to elevationg.Temporal constraints: We can also constrain pattern generation temporally through the use of an existing modelinstance. If we view the existing instance as a previous state of the landscape, this creates a temporal context forpattern generation. Using a combination of the input landscape model, and temporal change sequences (e.g. modelingsuccession or disturbance), a landscape simulator may attempt to mimic ecological and/or abiotic processes in theproduction of landscape pattern in the output model.Specifying temporal constraints may be as simple as providing a Markov chain [10] (i.e. a transition matrix,where entry (i; j) speci�es the probability that a cell with feature i in the input model will have feature j in theoutput model). At the other extreme, temporal constraints may determine the features of the output model basedon an analysis of the input pattern, and possibly other information such as spatial parameters. Depending on thecomplexity of the constraints on temporal sequences, these prototypes may also provide a gradient from models thatare a small step beyond neutral models to more predictive models.Figure 10.4 shows an instance of a prototype (pattern (b)) generated using temporal constraints and an inputmodel (pattern (a)). The temporal sequence is stochastic, and most of the cells obtained their feature from theprevious state; some of the cells (most notably in the centre left of the pattern) obtained di�erent values. Ingeneral, such sequences may model a successional trajectory, the e�ect of a disturbance event, or some other dynamiclandscape process. The speci�cation of temporal constraints, and the generation of sequences of models based onthese constraints is the heart of landscape dynamics simulators, such as SELES [56]. Note that the only constraintsinvolved in the generation of this model instance are richness, model size and temporal responses; the resultingpattern is largely dependent on the input landscape.
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(a) (b)Figure 10.4: Instance of a landscape model prototype (b) generated using stochastic temporal constraints and inputpattern (a). The model size is 30� 30, and richness is 4. The prototype for instance (b) is therefore fsize = 30� 30,richness = 4, temporal responsesg.10.4 A Hierarchy of Landscape Model PrototypesDi�erent combinations of constraints lead to di�erent landscape model prototypes, and the relation among theseprototypes forms a hierarchy. For two prototypes, P1 and P2, if P1 is de�ned by a superset of the constraints of P2,then instances generated by P1 are more restricted than those generated by P2. In this case, we place P1 \lower" inthe hierarchy than P2. The most general prototype, denoted >, is the one that imposes no constraints on patterngeneration. Although such a prototype may have limited practical utility, it does serve as a common starting pointfor all other prototypes. The prototype hierarchy forms a general partial order not just a tree shaped hierarchy, sincea prototype may have multiple parents.This hierarchy provides a framework for systematically cataloging and analyzing landscape pattern. A prototypecan be used to generate a set of instances with an expected pattern under known constraints. Deviations from thisexpected pattern in real landscapes, or simulation results, can help us identify components of pattern not explainedby the constraints of the prototype.Figure 10.5 shows a sample fragment from this hierarchy. Each node in the hierarchy includes the set of constraintsimposed by all nodes above it. Thus, the lowest node represents the prototype with the constraints: frichness = 4,model size = 100, LAR = (0.1,0.2,0.3,0.4), contagion = 0.8, spatial responses to elevational datag. The other nodesin the example contain various subsets of these constraints.The prototype hierarchy organizes work on neutral models and landscape model prototypes both for developersand users of model generators. Some of the potential applications of the hierarchy are described below.Development of landscape model generators: Landscape model generators are procedures for the syntheticproduction of instances of landscape models. In general, they permit the speci�cation of prototypes via parametervalues. Once a set of parameters (constraints) has been provided, landscape instances satisfying those constraints canbe produced. Thus, generators are more abstract than prototypes in that they only restrict which constraints maybe speci�ed, while prototypes also restrict the value of the constraints. Our framework provides a structure withinwhich landscape model generators can be systematically developed and compared. Not only can two generators becontrasted as to which constraints may be speci�ed, but gaps in the suite of existing generators can be identi�ed.In this viewpoint, the hierarchy does not specify values for constraints. The constraints that may be imposed by agenerator determine its position in the hierarchy, and its relation to other generators.A sample fragment of the generator hierarchy is shown in Figure 10.6. Each node represents a generator thatallows speci�cation of the constraints attached to that node and all nodes above it in the hierarchy. For example,
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DimensionFigure 10.6: Sample fragment of the hierarchy of landscape model generators. Each node represents a generator thatpermits speci�cation of the constraints labeling the node and all higher nodes in the hierarchy.A common organization of landscape model generators: Access to existing tools is a prevalent problem.Currently, developers of landscape model generators have no source of information as to which generators alreadyexist, and so run the risk of re-inventing the wheel. Similarly, potential users of generators have no systematizedway of searching for generators. The prototype hierarchy has the potential to alleviate these problems as a commonorganization of model generators. A site on the Internet could be established to maintain the hierarchy, and nodescould have links to sites from which the corresponding generator can be accessed. Thus, once the desired set ofconstraints has been identi�ed, the hierarchy could be traversed, and if the node corresponding to these constraintscould be found, then the landscape model generator exists and can be accessed.With time, this hierarchy may potentially grow to a size where access becomes cumbersome. In this case, theencoding techniques developed previously in this thesis for e�ciently storing and traversing hierarchies could beutilized. A user could enter the desired set of constraints, and the system would automatically �nd the desired nodeif it exists. If no such generator exists, then the set of most closely related nodes could be returned.We envision the prototype hierarchy as providing a cooperative resource for landscape ecologists to share landscapemodel generators, to �nd desired generators, and to identify gaps in the current state of landscape model generation.



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 116Analysis of landscape pattern: Landscape ecologists bene�t directly from the hierarchy of landscape modelprototypes. Given a data set of one or more landscapes, the hierarchy can guide hypothesis testing to determine thelevel of neutrality of the data set. That is, we can �nd the node P in the hierarchy for which the models generated byprototype P are not signi�cantly di�erent from the models in the data set. We provide below a theoretical exampleof how this can be accomplished. The process of arriving at P may identify deviations from random, or neutral,characteristics. This in turn may lead to hypotheses to explain these di�erences. The node itself is also of interest,since it is the most general prototype that captures the pattern exhibited in the data set, establishing the \level ofneutrality" of the data set. That is, this prototype serves as a predictive model for the data set, and is the mostgeneral such prototype.For example, suppose we have a data set X of landscape models with size m and richness k. Starting near the topof the hierarchy, we can take a basic prototype with constraints only on model size and maximum richness. Using thisprototype, we can generate a number of model instances, which can be used as a random sample of the prototype.Now we can compare an attribute of the data set, such as the average contagion, with that of the sample. Notethat the contagion for the sample provides an expected value for contagion in the absence of additional ecologicalinformation.If no signi�cant di�erence can be detected between the contagion of the data set and that of the sample from theprototype, then the data set has a contagion value that is indistinguishable from random. This isn't to say that thereis no process in these landscapes acting on this attribute, but rather that we cannot distinguish from pattern thatis random with respect to this attribute. We can continue by selecting another attribute, such as LAR or elevationresponses.If, however, we �nd that the attribute value for X di�ers signi�cantly from the expected value of the attribute,then there is some process responsible for this divergence. The identi�cation of this deviation may lead to hypothesesfor explaining the di�erence. For example, if the average contagion for the data set X is greater than the averagecontagion for the sample from the prototype, then this indicates that there is some ecological process responsible forthe higher degree of aggregation in the data set than is expected from random. This may lead to a hypothesis toexplain the aggregation seen in the data set.We can now continue this process by taking a more constrained landscape model prototype that restricts modelsize, maximum richness and contagion. In this way we are able to systematically exploit the model generatorsavailable in order to classify a landscape on the neutrality gradient, and generate hypotheses to explain deviationsfrom random. If we �nd a prototype P for which all attributes of the data set are indistinguishable from the instancesproduced by P, then this prototype not only identi�es the level of neutrality for the data set, but it can also serveas a predictive generator for the data set (at least for the attributes tested during this analysis).10.5 ConclusionWe have formalized landscape model generators using the notion of a landscape model prototype, which is a setof constraints that restricts the generation of pattern. These prototypes induce a hierarchy that provides a formalframework within which model generators can be constructed, compared and accessed. This hierarchy can be used toguide the analysis of pattern from a data set of landscape models, and captures the idea of \gradients of neutrality".That is, prototypes provide some measure of distance from neutrality, and the hierarchy embodies the variety of waysin which models can diverge from random in a multi-dimensional space of possible constraints on pattern generation.Analysis of data sets of landscape models can exploit this hierarchy to guide identi�cation of di�erences between thedata set and random. In addition, we described how one can determine the node in the hierarchy for which there areno signi�cant di�erences between the models generated by the prototype represented by this node and the modelsin the data set. This not only establishes the level of neutrality for the data set, but also the prototype at this nodeacts as a predictive model for the data set.



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 117Chapter Appendix: Formal Basis for Landscape Model Generatorsthat Permit General Richness, LAR and Contagion ConstraintsIn this appendix, we provide a mathematical derivation for landscape model generators that can satisfy generalconstraints on richness, landscape area ratio and contagion. Gardner and O'Neill [67] provided the mathematicalbasis for combining landscape area ratio (LAR) and contagion for models with a richness of 2. However, their resultsdo not permit a direct generalization to an arbitrary number of landscape features. Our goal is to provide a meansof generating landscape models that satisfy constraints on richness, LAR and contagion. Clearly, not all possiblecombinations of constraints are satis�able. For example, the constraints richness = 2 and LAR = (1.0,0.0) implythat contagion must be 1. Even though these constraints are not completely independent, we can attempt to satisfythe contagion constraint while maintaining the richness and LAR constraints. Here, we provide a formal derivationfor this landscape model generator.In general, for k features, there can be up to k2 contagion factors, where contagion factor cij can be viewed as aprobability index that a cell of feature i is next to a cell of feature j. This can be speci�ed using a k � k array Ckk.Each contagion factor cij may take on any value in [�1; 1], where a value greater (less than) than 0 denotes that acell of feature i is more (less) likely to be next to one of feature j than random. A value of 0 denotes that a cells offeature i and j are juxtaposed randomly. That is, the probability that feature j is next to feature i is the same as therelative abundance of feature j in the entire model. We minimally require one contagion factor c that is assumed tobe the contagion for adjacent cells of the same type. This is the situation we used in section 10.3 for examples. Wegeneralize this somewhat, and permit a vector of k contagion factors Ck, where ci denotes the probability index thata cell of feature i will be next to another cell of feature i. The other contagion values (i.e. cij; i 6= j) are assumed tobe 0.The relative abundance vector Pk (i.e. LAR for each of the k features) must clearly sum to 1 (i.e. �ki=1Pk[i] = 1).Our algorithm for constructing the contagion matrix takes as input the relative abundance vector Pk and a contagionfactor vector Ck. Our goal is to generate a contagion matrix Qkk, where each element qij is the probability of featurej being adjacent to feature i, and Qkk somehow satis�es the LAR Pk. In the case of no contagion, each row of Qkkwill be identical to Pk. As contagion is changed (either increasing or decreasing clumping), we must change theentries of Qkk to re
ect this change while still satisfying the relative abundance requirements in Pk over the entirelandscape. Note that if qii = pi, then feature i will not be directly a�ected by contagion. If qii > pi, then feature iwill be more clumped than random and if qii < pi, feature i will be less clumped.In the two feature case, changing contagion while maintaining Pk was simple to achieve, and the mathematicsis given in [67]. Their speci�cation of the problem was di�cult to generalize, so we look at it slightly di�erently.First, we need to formalize what we mean when we say that a contagion matrix Qkk \satis�es" Pk. Our algorithmfor constructing a contagion matrix Qkk starts with each row of Qkk identical to Pk. Clearly, using this matrix togenerate a landscape will be the same as using Pk alone. We then transform Qkk so that Pk is always satis�ed andat the end, Qkk re
ects the desired contagion factors.De�nition 10.2 Suppose we have k features and a relative abundance vector Pk. Then a contagion matrix Qkksatis�es Pk if and only if �kj=1pj � qji = pi.If this equation is satis�ed, then the overall probability that a cell will have feature i (i.e. pi) will be the same asthe sum of the probabilities that an adjacent cell will have feature j times the probability that feature i will be nextto feature j. One property that we require of any contagion matrix (as we do for the relative abundance vector) isthat the sum of the probabilities in any row must be 1 and that all probabilities must be non-negative.Lemma 10.1 Suppose we have we have k features and a relative abundance vector Pk. Then a contagion matrixQkk satis�es Pk if, for all 1 � i; j � k, pi � qij = pj � qji.Proof: Suppose the above property is satis�ed. Consider any feature i. Then �kj=1pj � qji = �kj=1pi � qij = pi ��kj=1qij = pi,since any row of Qkk must always sum to 1. 2



CHAPTER 10. A HIERARCHY OF LANDSCAPE MODELS 118In the initial state qij = pj , so this property is satis�ed. We now show that we can perform transformations onQkk that preserve this property.Theorem 10.1 Suppose we have we have k features, a relative abundance vector Pk and a contagion matrix Qkkthat satis�es Pk. Given some 1 � i; j � k and a factor � such that max(�qii=qij;�qjj=qji) � � � 1, then after thefollowing transformation, Qkk still satis�es Pk:qii = qii + � � qijqij = qij � � � qij = (1� �) � qijqjj = qjj + � � qjiqji = qji � � � qji = (1� �) � qjiProof: Since only the above four entries are modi�ed, we need only ensure that the property of the above lemma is satis�ed.For the diagonal elements, this is trivially satis�ed: pi � qii = pi � qii and pj � qjj = pj � qjj.For the other two elements, we must satisfy: pi � qij = pj � qji. By our assumption, this property holds before thetransformation. After the transformation, we have: pi � ((1� �) � qij) = pj � ((1� �) � qji). Dividing both sides by (1� �)yields the desired result. 2The proof does not depend on the restriction to the value of �. This restriction ensures that the entries in Qkkremain non-negative. If � > 1, then qij and qji become negative and if � < �qii=qij or � < �qjj=qji then one of qiior qjj becomes negative.Given a relative abundance vector Pk and a contagion factor vector Ck (both of size k), the contagion matrixQkk can be computed as follows: Start with each row of Qkk equal to Pk. For each contagion factor, ci perform theabove transformation on Qkk (where � becomes ci). Once we have Qkk, the landscape model instance Nmm can beeasily generated as follows:1. For the �rst cell n00, select a feature randomly using Pk.2. For each cell ni0 in rest of the �rst row, select a feature randomly using the row of Qkk corresponding to theleft neighbour.3. For each subsequent row:(a) For the �rst cell n0j, select a feature randomly using the row of Qkk corresponding to the neighbour abovein the map.(b) For each remaining cell nij in the row, using the average of the rows of Qkk corresponding to the neighbourleft and above.This algorithm will tend to have a diagonal bias, which can be partially alleviated by alternately traversing rowsleft and right. This will still leave a slight vertical bias, but not very pronounced except at high values of contagion.Other generation techniques may be possible to generate maps using the contagion matrix, but without any bias.The model instances shown in [67] have a clear horizontal bias, and must have been computed without consideringthe vertical neighbours.



Chapter 11Conclusion\There is in nature what is within reach and what is beyond reach"{ GoetheReasoning is a fundamental problem in a variety of human intellectual endeavors. Taxonomies assist the reasoningprocess by clarifying and categorizing knowledge. This thesis is an attempt to bring taxonomic reasoning to centrestage, and to push forth some of the frontiers of research. From a pragmatic viewpoint, we have formalized researchon managing large taxonomies, a task known as taxonomic encoding. Our formal framework encapsulates the essenceof encoding and we are able to characterize all known encoding techniques within it.During our analysis of encoding, we developed sparse logical terms as a universal implementation for encoding.We explored the utility of sparse terms for encoding, both theoretically and empirically.Although partial orders are an elegant and mathematically formal basis for representing taxonomic knowledge,we became dissatis�ed with their limited expressive ability. Rather than shift to the other extreme, where taxonomicinformation is hidden within a description logic (such as KL-ONE) and can only be extracted via classi�cation, wefeel that explicit maintenance of taxonomic knowledge is essential for taxonomic reasoning. To pursue this line ofthought, we formally extended partial orders to incorporate additional information, and developed a sort logic forreasoning within this more expressive framework. To maintain tractable reasoning, we also derived a restricted formof the logic.In the course of this thesis, it became apparent that taxonomies were prevalent in almost every �eld. We followedshallow explorations of a number of applications, such as natural language processing, and delved deeper into threeof the �elds that are rich with possibilities.Research on using logical terms for encoding led to a viewpoint that coreference in logical variables imposesrequirements that are too strict. By viewing the symmetry of coreference as the product of two asymmetric referenceconstraints, a taxonomy may be constructed, where each node represents an equivalence class of variables (i.e.variables that corefer). In current logic programming systems, variable coreference classes are constructed, butcannot be related to one another.Conceptual structures was the �rst �eld to which our initial research on encoding was applied. It became apparentthat encoding has a great potential impact on the �eld due to the variety of (potentially large) taxonomies that areused in the formalism. In addition, our research led us to further application of sparse terms to implement normalizedconceptual graphs.The �nal area of application for this thesis is ecological modeling. Although hierarchies have been used in anumber of domains, we applied taxonomic reasoning to unbroken ground in landscape ecology. By formalizing ahierarchy of landscape models, we have been able to bridge the gap between predictive and theoretical models oflandscapes, to provide a framework within which generators of landscape models can be designed, compared andaccessed, and to guide analysis of sets of landscape data.119



CHAPTER 11. CONCLUSION 12011.1 Signi�cance of ResearchThe overall goal of this thesis was to forge ahead with research on reasoning with taxonomies, to develop a formalfoundation upon which systems that use taxonomies can rest, and to apply the theory to a variety of applications.The research that comprises this thesis has had a number of impacts on several �elds, as outlined below:1. The theoretical work on encoding has provided a foundation on which di�erent encoding algorithms and tech-niques can be compared and critiqued. Prior to this development, encoding research was somewhat ad hoc,with no context or means to critically evaluate advances in the �eld. The notion of a spanning set for separatingthe information content of an encoding from the implementational details provides a yardstick for the additionof new techniques, and avoids the potential problem of re-inventing the wheel.2. Our contributions to modulation provide the potential to improve further the e�ciency gained from using thistechnique. Furthermore, our generalization of modulation extends the elegance of modulated encoding intothe realm of practical encoding with dynamic and irregular taxonomies. By relaxing the notion of a module,the e�ort involved in modulation can degrade gracefully over time, rather that break in brittle mathematicalprecision. We have also provided proven algorithms that permit the computation of taxonomic operations ingeneralized modules.3. Our constraint based view of encoding provides a guideline for the use of coreference (i.e. logical variables)in encoding. By providing a formal analysis of encoding in terms of constraints, we have shed light on theadvantages and pitfalls of going beyond tree terms for logical term encodings.4. The theoretical and empirical results of sparse term encodings place sparse terms as a universal encodingimplementation. The general form of sparse term developed for encoding directly subsumes most other encodingimplementations (e.g. integer vectors, logical terms, interval sets), with the exception of bit-vectors. Theempirical evidence provided by encoding two medium size taxonomies from existing applications, however,shows how sparse terms let us have our cake and eat it too. Sparse terms used signi�cantly less space thanbit-vectors, while providing the 
exibility required for dynamic updates to encodings (i.e. partial re-encoding).5. Our work on extending partial orders separates the task of taxonomic, or sort, reasoning from applications thatuse taxonomic information. The sort reasoner is provided with taxonomic knowledge in the form of assertions,and can be called upon to answer queries regarding the taxonomic structure speci�ed. We developed a soundand complete sort logic as a logic for reasoning about sorts (as contrasted with sorted logic for reasoning withsorts). To �nd utility in practical systems, sort reasoning must be e�cient. One of our main contributions isthe development of a tractable restriction of the sort reasoning problem that retains enough expressive powerto capture many common forms of taxonomic knowledge.6. Our development of reference constraints as a generalization of equality constraints in logic and logic pro-gramming is a novel application of reasoning with taxonomies. Although equality constraints form equivalenceclasses of logical variables, reference constraints induce a partial order among these coreference classes. Weprovided a formal description of how reference constraints may be speci�ed in a logic program, and how theresulting reference order can be maintained and satis�ed.Since variables denote individuals, reference constraints lead to the notion of individual level inheritance, wherean individual denoted by a variable may inherit properties from another individual which is denoted by asubsuming variable in the partial order. A variety of systems, especially systems reasoning in ambiguousdomains, can potentially bene�t from an e�cient, formally based implementation of reference constraints andindividual level inheritance.7. The issues involved in maintainingderived hierarchies, such as the generalization hierarchy of conceptual graphs,di�er from encoding issues for de�ned hierarchies, such as class or sort hierarchies. Derived hierarchies may beinduced by the set of data (graphs) in a knowledge base; they are highly dynamic and expensive to compute.Focusing on the �eld of conceptual structures, we developed an approach to normalize graph knowledge bases



CHAPTER 11. CONCLUSION 121and store the graphs in a spanning tree of the underlying partial order. The advantages of normalizing withinthis spanning tree are twofold: (i) the normalization of a graph can depend on its parent in the tree, so thattraversals within the tree can be much more e�cient than traversals in the general partial order; (ii) there area number of bene�ts of traversing such hierarchies in a topological fashion (e.g. more rapid retrieval of a targetgraph), as covered in [42]. However, there are a variety of topological traversals; the one described in [42] isbreadth-�rst. We argued that there are bene�ts to depth-�rst topological traversals, and we showed that if thespanning tree is formed as a left-to-right depth-�rst traversal of the original partial order, then a right-to-leftdepth-�rst traversal of this tree corresponds to a right-to-left depth-�rst topological traversal of the partialorder.8. Arti�cial generation of landscape models is becoming increasingly prevalent in landscape ecology. Due to thespatial scale at which most landscape studies are performed, replication is rarely feasible and experimentersmay require arti�cial replication. Arti�cial generation of landscape models can be used for a variety of purposes,including comparison with real data, testing general theoretical hypotheses, and providing inputs to simulationmodels. However, the number of generators is increasing and there is no framework within which generatorscan be analyzed, compared and organized. We proposed a hierarchical framework that uni�es landscape modelswithin a formal organizational system. By generalizing neutral landscape models, we proposed landscape modelprototypes that induce a hierarchy that represents gradients of neutrality. We described how this hierarchy maybe used to guide the development of landscape model generators, to aid selection of appropriate existing modelgenerators, and to assist in the analysis of models derived from real landscapes through the use of landscapemodel prototypes.11.2 Future Research Directions\The solution to every problem is another problem"{ GoetheThe research presented in this thesis has contributed to a number of disciplines and made a variety of connectionsamong �elds. It has also opened many doors and identi�ed unexplored pathways which were beyond the scope of asingle thesis. This �nal section of the thesis identi�es some promising areas in which research can be continued.Encoding. Using our notion of spanning sets, further theoretical work should be carried out on the limits oftaxonomic encoding. Research continues to push the frontiers in the quest for minimal size encodings (e.g. [79]),and we maintain that the framework provided in this thesis is an appropriate common ground on which newtechniques should be evaluated. More empirical testing of di�erent encoding algorithms and implementationsshould be done. As more taxonomies from real applications become available, this will become easier to perform.Modulation. Although the advantages of modulation are intuitive, there is a real need for empirical testing of itsactual bene�t, and for determining at what size of taxonomy should modulation be attempted. We expectthat the bene�ts of modulation will not show up until taxonomies are quite large, but that this technique willaddress issues of scaling encoding up to much larger taxonomies than are currently encountered. Finally, toaddress issues of e�ciency, there is a need to integrate the linear time modulation algorithm of [76] with ourtechniques, which may require changes to this fast algorithm to accommodate our generalized forms of modules.Sparse Term Encoding. Further theoretical and empirical testing of di�erent encoding techniques is required toprovide a strong basis for comparison of sparse term encoding with other implementation schemes. Also,additional work on sparse term encoding should be researched to implement and test the utility of encoding inhighly dynamic environments.In the theoretical arena, there are a number of dimensions along which comparisons can be made. We selectedtwo techniques that we felt appropriate for encoding dynamically changing taxonomies (transitive closureand compact), and compared the e�ects of di�erent implementations on these techniques. One advantage of



CHAPTER 11. CONCLUSION 122our framework for encoding is that it makes possible such comparisons. Another approach, taken in [43], isto compare di�erent algorithms (that mix technique with implementation). There is a great need for morecomparisons of these kinds, to identify the types of taxonomies that are best suited for di�erent approaches toencoding.Extending Partial Orders. Although we have developed a theoretical foundation for tractable sort reasoning inChapter 7, this work needs to be implemented, and empirical testing can identify the utility of our restrictionsto obtain tractability. Other sets of restrictions can also be developed and contrasted with our proposal todevelop an e�cient sort reasoner.Also, more e�cient encoding techniques that take advantage of the structure of extended partial orders shouldbe developed. For example, two incompatible sorts can share the same position within a term, leading touni�cation failure if an object is postulated to belong to both sorts. This opens a whole area of research forgeneralizing our spanning set framework for encoding extended partial orders.Data Mining. Tree-shaped conceptual hierarchies have been proposed for use in data mining [13, 81, 82]. Thereexists a great potential for generalizing these techniques to use partial orders, and even extended partial orders.Reference Constraints. To fully demonstrate the utility of individual-level inheritance, reference constraints mustbe implemented in a logic programming system. Possibilities include implementation in sparse terms or anotherlogic programming language, such as LIFE [4] or Bin Prolog [140]. A variant of sparse terms has been imple-mented that includes coreference akin to that in LIFE [4]. This variant could be extended in a straightforwardmanner to handle reference constraints. In addition, the e�ects and advantages of di�erent control strategiesas mentioned in Chapter 8 should be explored.Also, applications of hypothetical reasoning such as those outlined in this thesis need to be more thoroughlydeveloped and implemented. The application of individual-level inheritance as a means to integrate top-downhypothetical analysis and bottom-up chart parsing in discourse processing appears to be a promising area topursue in this direction. In addition, the incorporation of reference constraints into Assumption Grammars[142] for natural language processing should be studied.Conceptual Structures. As implementation of the Peirce workbench [44] and other systems for reasoning withconceptual graphs proceeds, there will be opportunities to implement and compare the various approachesto handling taxonomies of complex and dynamically changing information, such as graph knowledge bases.Empirical testing of the advantages of the spanning tree organization for the generalization hierarchy comparedto other organizations of complex data (e.g. [42]) must be performed.Landscape Model Prototypes. Using the hierarchy of landscape model prototypes, existing model generators canbe placed in relation to each other. The next step is to use this hierarchy to provide a common organizationfor model generators, and to organize existing and future generators for simple access by users. The internetis a natural location to place such a hierarchy; a proposal in this direction is in progress.Landscape studies need to attempt to use the hierarchical techniques proposed to guide the analysis of datasets of landscape models. Studies that compare data sets against landscape prototypes will identify gaps in thesuite of available generators.Analysis of Landscape Models using Formal Concept Analysis. The hierarchy of landscape model proto-types developed in Chapter 10 permits analysis of the properties of an entire data set in comparison witharti�cially generated models. Other techniques are necessary for the analysis of the properties of individualmodels in comparison with other models in a given data set. The issues addressed here are quite di�erent, andfocus more on how the models in a data set can be di�erentiated and/or grouped. Such analysis is complex,and researchers have proposed a multitude of indices for the comparison of landscape models in a data set[126]. An attempt to select a core subset from this array of indices has been explored in Riitters et al. [122].However, attempts to derive a core set of indices that is independent from a data set fail to recognize thatdi�erent sets of landscapes have inherently di�erent properties.



CHAPTER 11. CONCLUSION 123We propose an alternate approach for reducing the set of potential indices through the use of formal conceptanalysis [153]. Formal concept analysis is based on a mathematical, set-theoretic model of concepts and concep-tual hierarchies [62, 155]. It was developed as a new approach to data analysis that permits structural analysisof data without reducing the data. Concept analysis provides a formal, objective, data-driven technique forautomatically constructing a hierarchy of relationships from a set of objects (e.g. landscape models) and a set ofattributes (e.g. landscape indices). This hierarchy, known as the formal concept lattice, elucidates relationshipsinherent in the data, and can aid in the selection of key indices for a given set of landscape models. Formalconcept analysis has been applied to a variety of domains with many nice results (e.g. analysis of Rembrantpaintings [155], comparison of recreation opportunities in national parks [139], and information retrieval [29]).In general, a concept lattice provides a hierarchical conceptual clustering of the objects, and also representsall the implications among the attributes [155]. Using the techniques of formal concept analysis, we canautomatically generate a concept lattice that illuminates subtle dependencies contained in the data such as:dependencies among landscape indices; index groupings that cluster or di�erentiate subsets of landscape models;and gradients of complexity within the data set. The concept lattice, if properly drawn, elucidates many ofthe nuances and implications contained in the data set that are not apparent by inspecting the data only.Producing good diagrams of concept lattices is an art in itself, although some progress in automating this taskhas been made [154].Concept analysis is related to cluster analysis [46, 88, 89], although it di�ers in its ability to graphically illustratesubtle properties of the data. A primary distinction between traditional cluster analysis and formal conceptanalysis is that the former produces a tree of clusters grouped according to similarity criteria [127], while thelatter forms a lattice. This not only involves a novel application of reasoning with taxonomies, but permits thedetection of subtle relationships as well as general trends in the data. A wide avenue for future research is topursue the use of formal concept analysis in landscape ecology by studying its utility for the analysis of one ormore sets of landscape models.
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