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2 � L. Fegaras and D. Maier1. INTRODUCTIONOne of the reasons for the 
ommer
ial su

ess of the relational database systemsis that they o�er good performan
e to many business appli
ations, mostly due tothe use of sophisti
ated query pro
essing and optimization te
hniques. However,many non-traditional database appli
ations require more advan
ed data stru
turesand more expressive operations than those provided by the relational model. Cur-rently, there are two major approa
hes for addressing the needs of these appli
a-tions [Carey and DeWitt 1996℄. One is obje
t-relational databases (ORDBs), whi
hextend the relational model with obje
t-oriented features, and the other is obje
t-oriented databases (OODBs), whi
h add database 
apabilities to obje
t-orientedprogramming languages.OODBs provide powerful data abstra
tions and modeling fa
ilities but they usu-ally la
k a suitable framework for query pro
essing and optimization. In addition,many early OODB systems la
ked a de
larative language for asso
iative a

ess todata. Instead, they used simple pointer 
hasing to perform obje
t traversals, whi
hdoes not leave many opportunities for optimization. There is an in
reasing numberof 
ommer
ial OODB systems today, su
h Poet, GemStone, Obje
tStore, Obje
-tivity, Jasmine, and Versant, that support a higher-lever query language interfa
e(often along the lines of SQL). In addition, there is now an obje
t data standard,
alled ODMG 3.0 [Cattell 2000℄, whi
h supports a de
larative higher-level obje
tquery language, 
alled OQL.One of the key fa
tors for OODB systems to su

essfully 
ompete with relationalsystems as well as to meet the performan
e requirements of many non-traditionalappli
ations is the development of an e�e
tive query optimizer. There are manyaspe
ts to the OODB query optimization problem that 
an bene�t from the al-ready proven relational query-optimization te
hnology. However many key featuresof OODB languages present new and diÆ
ult problems not adequately addressedby this te
hnology. These features in
lude obje
t identity, methods, en
apsula-tion, subtype hierar
hy, user-de�ned type 
onstru
tors, large multimedia obje
ts,multiple 
olle
tion types, arbitrary nesting of 
olle
tions, and nesting of query ex-pressions.We propose an e�e
tive framework with a solid theoreti
al basis for optimizingOODB query languages. We have 
hosen to 
on
entrate on the OQL language ofthe ODMG 3.0 standard, whi
h 
losely resembles the query language of the O2OODBMS [Deux 1990℄. We 
hose OQL be
ause even though it is a small language,and hen
e easier to 
omprehend, it 
ontains most of the language features thatare showing up in other obje
t query languages and proposed relational extensions,su
h as SQL3 [Bee
h 1993℄, now 
alled SQL:1999 [Eisenberg and Melton 1999℄. Ifwe are able to handle OQL in full generality, we believe our work will be widelyappli
able to other query languages.OQL queries in our framework are translated into a 
al
ulus format that serves asan intermediate form, and then are translated into a version of the nested relationalalgebra. We use both a 
al
ulus and an algebra as intermediate forms be
ausethe 
al
ulus 
losely resembles 
urrent OODB languages and is easy to put into
anoni
al form, while the algebra is lower-level and 
an be dire
tly translated intothe exe
ution algorithms supported by database systems.
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tive Cal
ulus � 3Our 
al
ulus is 
alled the monoid 
omprehension 
al
ulus [Fegaras and Maier1995℄. As we will demonstrate in this paper, our 
al
ulus 
aptures most features ofOQL and is a good basis for expressing various optimization algorithms 
on
isely.It is based on monoids, a general template for a data type, whi
h 
an 
apturemost 
olle
tion and aggregate operators 
urrently in use for relational and obje
t-oriented databases. Monoid 
omprehensions | similar to set former notation butappli
able to types other than sets | give us a uniform way to express queries thatsimultaneously deal with more than one 
olle
tion type and also naturally 
omposein a way that mirrors the allowable query nesting in OQL. Further, 
omprehensionexpressions permit easy integration of fun
tional subexpressions. We demonstratethe expressive power of our 
al
ulus by showing how to map the major features ofOQL into the monoid 
al
ulus.We will show in this paper that the monoid 
al
ulus is amenable to eÆ
ientevaluation. We give initial eviden
e by exhibiting a simple normalization systemfor putting expressions into a 
anoni
al form. The main 
ontribution of this paper isthe des
ription of a framework for optimizing monoid 
omprehensions. We fo
us ona very important optimization problem, query unnesting (sometimes 
alled queryde
orrelation), and propose a pra
ti
al, e�e
tive, and general solution [Fegaras1998b℄. Our method generalizes many unnesting te
hniques proposed re
ently inthe literature. Our framework is 
apable of removing any form of query nestingin our 
al
ulus using a very simple and eÆ
ient algorithm. The simpli
ity of ourmethod is due to the use of the monoid 
omprehension 
al
ulus as an intermediateform for OODB queries. The monoid 
omprehension 
al
ulus treats operations overmultiple 
olle
tion types, aggregates, and quanti�ers in a similar way, resulting in auniform way of unnesting queries, regardless of their type of nesting. Our unnestingalgorithm is 
ompositional, that is, the translation of an embedded query does notdepend on the 
ontext in whi
h it is embedded; instead, ea
h subquery is translatedindependently, and all translations are 
omposed to form the �nal unnested query.This property makes the soundness and 
ompleteness of the algorithm easy to prove.Our unnesting algorithm is 
omplete, eÆ
ient, and easy to implement. It is the�rst de
orrelation algorithm developed for a non-trivial database language provento be 
omplete. In addition, we believe and we plan to show in a future work, thatit 
an be adapted to handle obje
t-relational and relational queries.This paper is organized as follows. Se
tion 2 des
ribes the monoid 
ompre-hension 
al
ulus. Se
tion 3 gives the translation of some OQL query forms intomonoid 
omprehensions. Se
tion 4 des
ribes a simple normalization algorithm thatunnests most simple forms of nesting that do not require outer-joins, outer-unnests,or grouping. Se
tion 5 proposes extensions to the basi
 framework for alleviatingrestri
tions about idempotent operations and for 
apturing advan
ed list opera-tions, ve
tors, and arrays. Se
tion 6 des
ribes a version of the nested-relationalalgebra that supports aggregation, quanti�
ation, and the handling of null values(using outer-joins and outer-unnests). The semanti
s of these operations is given interms of the monoid 
al
ulus. Se
tion 7 presents transformation rules for unnestingOODB queries. Se
tion 8 reports on the implementation of an ODMG-based sys-tem based on our theoreti
al framework and Se
tion 9 evaluates the performan
eof our implementation using sample queries. Finally, Se
tion 10 
ompares our workwith related work and Se
tion 11 des
ribes our 
urrent and future plans related to



4 � L. Fegaras and D. Maierthis proje
t.2. THE MONOID COMPREHENSION CALCULUSSeveral re
ent proposals for obje
t-oriented database languages, in
luding OQL,support multiple 
olle
tion types, su
h as sets, bags, lists, and arrays. These ap-proa
hes de�ne a language syntax, but they frequently fail to provide a 
on
retesemanti
s. For example, is the join of a list with a set meaningful? If so, whatis the result type of this join? More generally, what are the pre
ise semanti
s ofqueries over multiple 
olle
tion types? To answer these questions we need to forma theory that generalizes all 
olle
tion types and their operations in a natural way.This theory must 
apture the di�eren
es between the 
olle
tion types in su
h a waythat no in
onsisten
ies are introdu
ed, and, more importantly, must abstra
t theirsimilarities. By abstra
ting 
ommon semanti
 features, we derive a framework thattreats 
olle
tions uniformly in a simple and extensible language. The primary fo
usof su
h a framework is the bulk manipulation of 
olle
tion types. Bulk operationsare both the sour
e of expressiveness and the basis for eÆ
ient exe
ution.Consider lists and sets. What are the semanti
 properties that make lists di�erentfrom sets? Intuitively, one may ex
hange two elements of a set or insert a set elementtwi
e into a set without 
hanging the set. These properties do not hold for lists. Toformalize these observations, we indi
ate how sets and lists are 
onstru
ted and thenimpose these properties on the set and list 
onstru
tors. One way of 
onstru
tingsets is to union together a number of singleton set elements, e.g., f1g [ f2g [ f3g
onstru
ts the set f1; 2; 3g. Similarly, one way of 
onstru
ting lists is to appendsingleton list elements, e.g., [1℄++[2℄++[3℄ 
onstru
ts the list [1; 2; 3℄ (where ++ isthe list append fun
tion). Both [ and ++ are asso
iative operations, but only [is 
ommutative and idempotent (i.e., 8x : x [ x = x). It is the 
ommutativityand idempoten
e properties of [ that make sets di�erent from lists. As to theirsimilarities, both the set and list 
onstru
tors have an identity. The empty set fgis the identity of [, while the empty list [ ℄ is the identity of ++. Using terminologyfrom abstra
t algebra, we say that both ([; fg) and (++; [ ℄) are monoids, and, morespe
i�
ally, ([; fg) is a 
ommutative and idempotent monoid.Primitive types, su
h as integers and booleans, 
an be represented as monoidstoo, but with possibly a 
hoi
e of monoid. For example, both (+; 0) and (�; 1) areinteger monoids and both (_; false) and (^; true) are boolean monoids. As it willbe apparent when monoid operations are des
ribed, the 
hoi
e of a monoid dependson a parti
ular interpretation of a primitive type in a query. We 
all the monoidsfor primitive types primitive monoids.In 
ontrast to primitive types, 
olle
tion types, su
h as sets, bags, and lists, areparametri
 types that 
apture homogeneous 
olle
tions of obje
ts. The typesset(hname : string; age : inti) and set(set(int)) are examples of 
olle
tion types. We
all the monoids for 
olle
tion types 
olle
tion monoids. Ea
h 
olle
tion monoidmust have a unit fun
tion that takes an element of some type as input and 
onstru
tsa singleton value of the 
olle
tion type. For example, the list unit fun
tion takesan element a and 
onstru
ts the singleton list [a℄. Any list 
an be 
onstru
ted fromthe three list monoid primitives: the empty list [ ℄, the list unit fun
tion, and thelist append ++.Sin
e all types are represented as monoids, a query in our framework is a map
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t Queries Using an E�e
tive Cal
ulus � 5from some monoids to a parti
ular monoid. These maps are 
alled monoid ho-momorphisms. For example, a monoid homomorphism from lists to sets in ourframework is 
aptured by an operation of the formhom[++;[℄(f)A;where A is a list and f is a fun
tion that takes an element x of A and returns a setf(x). Basi
ally, this monoid homomorphism performs the following 
omputation:result := fg;forea
h x in A doresult := result [ f(x);return result;In other words, hom[++;[℄(f)A repla
es [ ℄ in A by fg, ++ by [, and the singletonlist [x℄ by f(x). Therefore, if A is the list [a1; : : : ; an℄, whi
h is generated by[a1℄++ � � �++[an℄, then the result is the set f(a1) [ � � � [ f(an).A monoid homomorphism 
aptures a divide-and-
onquer 
omputation sin
e anylist A = [a1; : : : ; an℄ 
an be divided into two lists A1 and A2 su
h that A =A1++A2. In that 
ase, the operation hom[++;[℄(f)A 
an be de
omposed into(hom[++;[℄(f)A1) [ (hom[++;[℄(f)A2).Unfortunately, not all monoid homomorphisms are well-formed. For example,sets 
annot be 
onverted unambiguously into lists be
ause of nondeterminism. Thissemanti
 restri
tion is purely synta
ti
 in our framework. That is, it depends onthe stati
 properties of the monoids involved in a homomorphism, su
h as the
ommutativity and the idempoten
e properties. Thus well-formed queries will notresult in any ill-de�ned homomorphisms.The monoid homomorphism is the only form of bulk manipulation of 
olle
tiontypes supported in our framework. But, as we will demonstrate, monoid homomor-phisms are very expressive. In fa
t, a small subset of these fun
tions, namely themonoid homomorphisms from sets to sets, 
aptures the nested relational algebra(sin
e these homomorphisms are equivalent to the extension operator ext(f) forsets, whi
h has been shown to be at least as expressive as the nested relationalalgebra [Buneman et al. 1995; Breazu-Tannen et al. 1992℄). But monoid homomor-phisms go beyond that algebra to 
apture operations over multiple 
olle
tion types,su
h as the join of a list with a bag returning a set, as well as predi
ates and aggre-gates. For example, an existential predi
ate over a set is a monoid homomorphismfrom the set monoid to the boolean monoid (_; false), while an aggregation, su
has summing all elements of a list, is a monoid homomorphism from the list monoidto the numeri
 monoid (+; 0).We will also de�ne a 
al
ulus for this algebra, 
alled the monoid 
omprehension
al
ulus, that 
aptures operations involving multiple 
olle
tion types in de
larativeform. Monoid 
omprehensions are de�ned in terms of monoid homomorphisms,but any monoid homomorphism 
an be expressed by some monoid 
omprehension.Programs expressed in our 
al
ulus are far easier to understand and manipulatethan the equivalent algebrai
 forms. In a way, monoid 
omprehensions resemblethe tuple relational 
al
ulus, but here query variables may range over multiple
olle
tion types, while the output of the 
omprehension may be of a yet di�erent
olle
tion type.



6 � L. Fegaras and D. Maiertype T� � Z� C/Iint + 0 Cint � 1 Cint max 0 CIbool _ false CIbool ^ true CIA. Primitive Monoids
type T� � Z� U�(a) C/Iset(�) [ fg fag CIbag(�) ℄ ffgg ffagg Clist(�) ++ [ ℄ [a℄B. Colle
tion MonoidsTable 1. Examples of MonoidsFor example, the following monoid 
omprehension:[f (a; b) [℄ a [1; 2; 3℄; b ff4; 5gggjoins the list [1; 2; 3℄ with the bag ff4; 5gg and returns the following set (it is a setbe
ause the 
omprehension is tagged by [):f(1; 4); (1; 5); (2; 4); (2; 5); (3; 4); (3; 5)g:Another example is +fa [℄ a [1; 2; 3℄; a � 2g;whi
h uses the merge fun
tion + of the monoid (+; 0) to add integers. This expres-sion returns 5, the sum of all list elements greater than or equal to 2.The rest of this se
tion gives a formal de�nition of monoids and monoid opera-tions.2.1 MonoidsDefinition 1 (Monoid). A monoid of type T is a pair (�;Z�), where � is anasso
iative fun
tion of type T � T!T and Z� is the left and right identity of �.The type T�T!T in the above de�nition denotes the type of binary fun
tions thattake two values of type T as input and return a value of type T . Fun
tion � is 
alledthe merge fun
tion and value Z� is 
alled the zero element of the monoid (�;Z�).A

ording to the de�nition, the zero element satis�es Z��x = x�Z� = x for everyx. A monoid (�;Z�) may be a 
ommutative monoid (i.e., when � is 
ommutative)or an idempotent monoid (i.e., when 8x : x� x = x), or both. In our framework, ifa monoid is not idempotent, it must be anti-idempotent: 8x 6= Z� : x�x 6= x, andif it is not 
ommutative, it must be anti-
ommutative: 8x 6= y; x 6= Z�; y 6= Z� :x� y 6= y�x, for reasons that will be dis
ussed in Se
tion 2.2. For example, (+; 0)is a 
ommutative and anti-idempotent monoid, while ([; f g) is a 
ommutative andidempotent monoid.Sin
e the merge fun
tion uniquely identi�es a monoid, we will often use the mergefun
tion name as the monoid name. In addition, we will use the notation T� torepresent the type of the monoid with merge fun
tion �.Table 1 presents some examples of monoids. The C/I 
olumn indi
ates whetherthe monoid is a 
ommutative or idempotent monoid (if a monoid is not tagged byI, it is anti-idempotent, and if it is not tagged by C, it is anti-
ommutative). Anexample of an idempotent and anti-
ommutative monoid, whi
h 
aptures ve
torsand arrays, is presented in Se
tion 5.3.



Optimizing Obje
t Queries Using an E�e
tive Cal
ulus � 7The monoids in Table 1.A are 
alled primitive monoids be
ause they 
onstru
tvalues of a primitive type. The monoids [, ℄, and ++ in Table 1.B 
apture the well-known 
olle
tion types for sets, bags, and linear lists (where ℄ is the additive unionfor bags). They are 
alled 
olle
tion monoids. Ea
h 
olle
tion monoid (�;Z�)needs the additional de�nition of a unit fun
tion, U�, whi
h, along with merge andzero, allows the 
onstru
tion of all possible values of the monoid type T�. Forexample, the unit fun
tion for the set monoid is �x: fxg, where expression �x:edenotes the fun
tion f with f(x) = e. That is, the set unit fun
tion takes a value xas input and 
onstru
ts the singleton set fxg as output. Consequently, a 
olle
tionmonoid is asso
iated with a triple (�;Z�;U�) and 
orresponds to a parametri
 typeT�(�), where � is a type parameter that 
an be bound to any type with equality,in
luding another 
olle
tion type1.We will use the shorthand �fe1; : : : ; eng to represent the 
onstru
tion U�(e1)�� � ��U�(en) over the 
olle
tion monoid �. In parti
ular, we will use the shorthandsfe1; : : : ; eng for sets, ffe1; : : : ; engg for bags, and [e1; : : : ; en℄ for lists.We de�ne the mapping  from monoids to the powerset of fC; Ig as: C 2  (�)if and only if � is 
ommutative and I 2  (�) if and only if � is idempotent. Thepartial order � between monoids is de�ned as:
 � � �  (
) �  (�):For example, ++ � ℄ � [ sin
e [ is 
ommutative and idempotent, ℄ is 
ommutativebut not idempotent, and ++ is neither 
ommutative nor idempotent.2.2 Monoid HomomorphismsWe now de�ne our algebrai
 operator, whi
h is parameterized by input and outputmonoids. The main purpose of this operator is to give formal semanti
s to monoid
omprehensions, to be dis
ussed in Se
tion 2.3. Our monoid 
al
ulus is de�ned interms of monoid 
omprehensions ex
lusively.Definition 2 (Monoid Homomorphism). A homomorphism hom[�;
℄(f)Afrom the 
olle
tion monoid (�;Z�;U�) to any monoid (
;Z
), where � � 
, isde�ned by the following indu
tive equations:hom[�;
℄(f) (Z�) = Z
hom[�;
℄(f) (U�(a)) = f(a)hom[�;
℄(f) (x� y) = (hom[�;
℄(f) (x)) 
 (hom[�;
℄(f) (y)):That is, A is a 
olle
tion of type T�(T 0) for some type T 0 and f is a fun
tion fromT 0 to T
. Basi
ally, the expression hom[�;
℄(f)A repla
es Z� in A by Z
, � by
, and U� by f . For example, for H = hom[++;[℄(f) , De�nition 2 is equivalent1Using terminology from abstra
t algebra, (�;Z�;U�) is a free monoid and U� is a naturaltransformation from the identity to the T� fun
tor that satis�es the universal mapping prop-erty (also known as uniqueness property or adjun
tion) that for any f : �! T�(�) there is aunique fun
tion hom[�;
℄(f) (given in De�nition 2) su
h that hom[�;
℄(f) Æ U� = f . Fun
tionhom[�;
℄(f) is 
alled the homomorphi
 extension of f . The interested reader is referred to thebook by B. Pier
e [1991℄ for a more formal treatment of monoids and monoid homomorphisms.



8 � L. Fegaras and D. Maierto H([ ℄) = f gH([a℄) = f(a)H(x++y) = H(x) [H(y):If A is the list [a1; : : : ; an℄, then H(A) 
omputes the set f(a1) [ � � � [ f(an). Forinstan
e, if f(x) = fx+ 1g, then H(A) = fa1 + 1; : : : ; an + 1g.The 
ondition � � 
 in De�nition 2 is important. If the 
olle
tion monoid � isa 
ommutative or idempotent monoid, then 
 must be too. For example, the bag
ardinality fun
tion 
an be expressed as hom[℄;+℄(�x: 1)A, whi
h is well-formed,while the similar fun
tion for sets hom[[;+℄(�x: 1)A is not (sin
e + is 
ommutativebut not idempotent). Without this restri
tion we would have [Breazu-Tannen andSubrahmanyam 1991℄:1 = hom[[;+℄(�x: 1) (fag)= hom[[;+℄(�x: 1) (fag [ fag)= (hom[[;+℄(�x: 1) (fag)) + (hom[[;+℄(�x: 1) (fag))= 1 + 1 = 2:This restri
tion also prohibits the 
onversion of sets into lists (sin
e [ 6� ++).Furthermore, De�nition 2 justi�es the restri
tion that non-
ommutative monoidsshould be anti-
ommutative and non-idempotent monoids should be anti-idempotent.If we allow a non-idempotent monoid � to satisfy x�x = x for at least one x = x0(but not for all x, sin
e � is not idempotent), then we will have hom[�;
℄(f) (x0) =hom[�;
℄(f) (x0 � x0) = (hom[�;
℄(f) (x0)) 
 (hom[�;
℄(f) (x0)), whi
h is notalways true for an arbitrary non-idempotent monoid 
. The observations aboveare generalized in the following theorem.Theorem 1. A well-formed monoid homomorphism hom[�;
℄(f) preserves theproperties of the monoid 
.Proof. Let H = hom[�;
℄(f) ; then � � 
, sin
e H is well-formed. We willprove that for any valid instan
e, x, of the monoid �, the value H(x) is a validinstan
e of 
. We 
onsider idempoten
e only; 
ommutativity 
an be handled in asimilar way. If � is idempotent, then H(x�x) = H(x). Thus, H(x)
H(x) = H(x),whi
h means that 
 is not anti-idempotent. This is true sin
e � � 
, whi
h impliesthat 
 is idempotent. If � is anti-idempotent, then 
 
an be either idempotent oranti-idempotent. If 
 is anti-idempotent, then for H(x) 6= Z
 : H(x) 
 H(x) 6=H(x) ) H(x�x) 6= H(x), whi
h implies that x�x 6= x. If 
 is idempotent, thenH(x) 
 H(x) = H(x) ) H(x � x) = H(x), whi
h does not ne
essarily 
on
i
twith x� x 6= x.The following are examples of well-formed monoid homomorphisms:map(f)x = hom[[;[℄(�a: ff(a)g)xx� y = hom[[;[℄(�a: hom[[;[℄(�b: f(a; b)g) y)xe 2 x = hom[[;_℄(�a: (a = e))x�lter(p)x = hom[[;[℄(�a: if p(a) then fag elsefg)xlength(x) = hom[++;+℄(�a: 1)x;where map(f)x maps the fun
tion f over all elements of the set x, x� y 
omputesthe Cartesian produ
t of the sets x and y, and �lter(p)x sele
ts all elements a of
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t Queries Using an E�e
tive Cal
ulus � 9the set x that satisfy the predi
ate p(a).2.3 Monoid ComprehensionsQueries in our 
al
ulus are expressed in terms of monoid 
omprehensions. Infor-mally, a monoid 
omprehension over the monoid � takes the form �f e [℄ q g. Themerge fun
tion � is 
alled the a

umulator of the 
omprehension and the expres-sion e is 
alled the head of the 
omprehension. Ea
h term qi in the term sequen
eq = q1; : : : ; qn; n � 0, is 
alled a quali�er, and is either� a generator of the form v e0, where v is a range variable and e0 is an expression(the generator domain) that 
onstru
ts a 
olle
tion, or� a �lter pred, where pred is a predi
ate.Formally, monoid 
omprehensions are de�ned in terms of monoid homomorphisms:Definition 3 (Monoid Comprehension). A monoid 
omprehension over aprimitive or 
olle
tion monoid � is de�ned by the following indu
tive equations:�f e [℄ g = � U�(e) for a 
olle
tion monoid �e for a primitive monoid � (D1)�f e [℄x u; q g = hom[
;�℄(�x:�f e [℄ q g)u (D2)�f e [℄ pred; q g = if pred then �f e [℄ q g else Z� (D3)where 
 is the 
olle
tion monoid asso
iated with the expression u and is possiblydi�erent from �.While the monoid � of the output is spe
i�ed expli
itly, the 
olle
tion monoid
 asso
iated with the expression u in x u 
an be inferred (by the typing rulesto be given in Se
tion 2.5). The main purpose of the de�nition above is to givesemanti
s to monoid 
omprehensions, not to suggest in any way how they areimplemented. Monoid 
omprehensions 
an be e�e
tively translated into eÆ
ientevaluation algorithms, as we will show in Se
tion 7.Note that ++fx [℄x f1; 2gg is not a well-formed 
omprehension, sin
e it istranslated into a homomorphism from [ to ++ (it maps sets into lists), while+fx [℄ x ff1; 2ggg is well-formed and 
omputes 1 + 2 = 3. That is, if one ofthe generators in a monoid 
omprehension is over a 
ommutative or idempotentmonoid, then the 
omprehension a

umulator must be a 
ommutative or idempo-tent monoid, respe
tively. This 
ondition 
an be 
he
ked stati
ally, sin
e the 
om-mutativity and idempoten
e properties of a monoid are spe
i�ed expli
itly whenthis monoid is de�ned (see Se
tion 2.5).Relational joins 
an be represented dire
tly as 
omprehensions. The join of twosets x and y is: [f f(a,b) [℄ a x, b y, p(a,b) g,where p is the join predi
ate and fun
tion f 
onstru
ts an output set element giventwo elements from x and y. For example, if p(a,b) = (a.C=b.C) ^ (a.D> 10) andf(a,b) = h C=a.C, D=b.D i (i.e., a re
ord 
onstru
tion), then this 
omprehensionbe
omes: [f h C=a.C, D=b.D i [℄ a x, b y, a.C=b.C, a.D> 10 g.



10 � L. Fegaras and D. MaierIf we use the rules in De�nition 3, this 
omprehension is translated into algebrai
form as hom[[;[℄(�a. hom[[;[℄(�b. if (a.C=b.C) ^ (a.D> 10)then fh C=a.C, D=b.D igelse fg) y) x.This evaluation resembles a nested loop, but we will show in Se
tion 7 that 
om-prehensions similar to the one above 
an be e�e
tively translated into joins.Furthermore, 
omprehensions 
an be used to join di�erent 
olle
tion types. Forexample,[f (x; y) [℄x [1; 2℄; y ff3; 4; 3ggg = f(1; 3); (1; 4); (2; 3); (2; 4)g:Another example is nest(k)x equal to[f hKEY = k(e); INFO = [f a [℄ a x; k(e) = k(a)gi [℄ e xg;whi
h is similar to the nesting operator for nested relations, but it is a bit moregeneral and gives output in a di�erent form. Similarly, the inverse fun
tion, unnest,is unnest(x) = [f e [℄ s x; e s:INFOg:The last 
omprehension is an example of a dependent join in whi
h the value of the
olle
tion s:INFO in the se
ond generator depends on the value of s, an elementof the �rst relation x. Dependent joins are a 
onvenient way of traversing nested
olle
tions. Other examples of 
omprehensions are the following:�lter(p)x = [f e [℄ e x; p(e)g
atten(x) = [f e [℄ s x; e sgx \ y = [f e [℄ e x; e 2 y glength(x) = +f 1 [℄ e xgsum(x) = +f e [℄ e xg 
ount(x; a) = +f 1 [℄ e x; e = agmaximum(x) = maxf e [℄ e xg9a 2 x : e = _f e [℄ a xg8a 2 x : e = f̂ e [℄ a xga 2 x = _f a = e [℄ e xg:The expression sum(x) adds the elements of any non-idempotent monoid x, e.g.,sum([1; 2; 3℄) = 6. The expression 
ount(x; a) 
ounts the number of o

urren
esof a in the bag x, e.g., 
ount(ff1; 2; 1gg; 1) = 2. Re
all that the (max; 0) monoidis both 
ommutative and idempotent, and thus x in maximum(x) 
an be of any
olle
tion type.Theorem 2. Monoid 
omprehensions and monoid homomorphisms have the sameexpressive power.Proof. De�nition 3 expresses 
omprehensions in terms of monoid homomor-phisms. Thus, we need to prove that any monoid homomorphism 
an be ex-pressed in terms of monoid 
omprehensions. In parti
ular, we will prove theequations hom[�;
℄(f) (A) = 
f y [℄x A; y f(x)g for a 
olle
tion monoid 
and hom[�;
℄(f) (A) = 
f f(x) [℄ x Ag for a primitive monoid 
. The uni-versal property for homomorphisms indi
ates that, for a 
olle
tion monoid 
,8x : hom[
;
℄(U
)x = x. A

ording to De�nition 3, for a 
olle
tion monoid
, 
f y [℄x A; y f(x)g = hom[�;
℄(�x: hom[
;
℄(�y:U
(y)) (f(x))) (A) =hom[�;
℄(f) (A), whi
h proves the �rst equation. For a primitive monoid 
,
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lass Person ( extent Persons key ssn )f attribute long ssn;attribute string name;attribute stru
t( street: string, zip
ode: string ) address;g;
lass Instru
tor extends Person ( extent Instru
tors )f attribute long salary;attribute string rank;attribute sethstringi degrees;relationship Department dept inverse Department::instru
tors;relationship sethCoursei tea
hes inverse Course::taught by;g;
lass Department ( extent Departments keys dno, name )f attribute long dno;attribute string name;attribute Instru
tor head;relationship sethInstru
tori instru
tors inverse Instru
tor::dept;relationship sethCoursei 
ourses o�ered inverse Course::o�ered by;g;
lass Course ( extent Courses keys 
ode, name )f attribute string 
ode;attribute string name;relationship Department o�ered by inverse Department::
ourses o�ered;relationship Instru
tor taught by inverse Instru
tor::tea
hes;relationship sethCoursei is prerequisite for inverse Course::has prerequisites;relationship sethCoursei has prerequisites inverse Course::is prerequisite for;g; Fig. 1. The ODL S
hema of the University Database
f y [℄x A; y f(x)g = hom[�;
℄(�x: hom[
;
℄(�y: y) (f(x))) (A), whi
h inturn is equal to hom[�;
℄(f) (A), whi
h proves the se
ond equation.2.4 Monoid TypesIn our treatment of queries we will 
onsider the following types to be valid:Definition 4 (Monoid Type). A monoid type takes one of the following forms:
lass name (a referen
e to a user-de�ned 
lass)T (a primitive type, su
h as int or bool)T (t) (a 
olle
tion type, su
h as list(int))hA1 : t1; : : : ; An : tni (a re
ord type)where t; t1; : : : ; tn are monoid types.Thus, monoid types 
an be freely nested.Our type system is ri
h enough to 
apture most ODMG ODL data types. We willuse the University s
hema shown in Figure 1 as a running example for our queries.Note that the 
lass Instru
tor is a sub
lass of the 
lass Person. ODL relationships
an be 1:1, 1:N, or N:M. When used in OQL queries, a binary relationship betweenthe 
lasses A and B o�ers two ways of relating A and B obje
ts: given an instan
eof A, to retrieve the related instan
e(s) of B, and given an instan
e of B, to retrieve
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onstantv variablee:A re
ord proje
tionhA1 = e1; : : : ; An = eni re
ord 
onstru
tionif e1 then e2 else e3 if-then-else statemente1 op e2 where op is a primitive binary fun
tion, su
h as +;=;<;>�v : t: e fun
tion abstra
tione1(e2) fun
tion appli
ationZ� zero elementU�(e) singleton 
onstru
tione1 � e2 merging�f e [℄ q1; : : : ; qn g 
omprehensionFig. 2. The Monoid Comprehension Cal
ulusthe related instan
e(s) of A. A 
lass extent, su
h as the extent Instru
tors for the
lass Instru
tor, is a set of all persistent instan
es of this 
lass. Extents are theonly entry points to the database. We assume persisten
e by rea
hability, whi
hindi
ates that, not only the members of an extent, but also all the obje
ts that
an be rea
hed from these members, are persistent. In our treatment of types,relationships are handled as attributes and extents as sets of 
lass referen
es, su
has Courses: sethCoursei. A 
lass itself is treated as an aggregation (a re
ord) of itsattributes.2.5 The Monoid Comprehension Cal
ulusOur monoid 
omprehension 
al
ulus 
onsists of a number of synta
ti
 forms thatoperate over monoid types. These synta
ti
 forms 
an be 
omposed to 
onstru
tyet more 
ompli
ated terms. Not every 
ombination of synta
ti
 forms is well-formed though. Ill-formed expressions 
an be dete
ted and terms 
an be assignedunique types with the help of a typing system, whi
h is usually spe
i�ed by a setof typing rules. We �rst present the monoid 
al
ulus and then the typing rules ofthe 
al
ulus.Definition 5 (Monoid Comprehension Cal
ulus). The monoid 
al
ulus
onsists of the synta
ti
 forms in Figure 2, where e, e1; : : : ; en are terms in themonoid 
al
ulus, v is a variable, t is a monoid type, and q1; : : : ; qn are quali�ers ofthe form v e or e.For example, the following expression:[f e.name [℄ el ℄f d.instru
tors [℄ d Departments, d.name=\CSE" g,e el, _f 
.name=\
se5331" [℄ 
 e.tea
hes g g,whi
h is based on our example OODB s
hema, is a valid expression in the 
al
ulus.It returns all CSE instru
tors who tea
h 
se5331. For ea
h department with nameCSE, the inner bag 
omprehension returns all instru
tors in the department. Thus,the result of the bag 
omprehension is of type bag(bag(Instru
tor)). Sin
e variableel ranges over the result of the bag 
omprehension, the type of el is bag(Instru
tor).Variable e ranges over el, whi
h indi
ates that the type of e is Instru
tor. The _-



Optimizing Obje
t Queries Using an E�e
tive Cal
ulus � 13� ` 
 : type of the 
onstant 
 (T1)� ` null : � (T2)� ` v : �(v) (T3)� ` e : hA1 : t1; : : : ; An : tni� ` e:Ai : ti (T4)� ` e1 : t1; : : : ; � ` en : tn� ` ha1 = e1; : : : ; an = eni: ha1 : t1; : : : ; an : tni (T5)� ` e1 : bool; � ` e2 : t; � ` e3 : t� ` if e1 then e2 else e3 : t (T6)�[t1=v℄ ` e : t2� ` �v : t1: e : t1! t2 (T7)� ` e1 : t1! t2; � ` e2 : t1� ` e1(e2) : t2 (T8)� is 
olle
tion monoid� ` Z� : T�(�) (T9)

� ` e : t� ` U�(e) : T�(t) (T10)� is primitive monoid� ` e1 : T�; � ` e2 : T�� ` e1 � e2 : T� (T11)� is 
olle
tion monoid� ` e1 : T�(t); � ` e2 : T�(t)� ` e1 � e2 : T�(t) (T12)� ` e : T�; � is primitive monoid� ` �f e [℄ g : T� (T13)� ` e : t; � is 
olle
tion monoid� ` �f e [℄ g : T�(t) (T14)� ` e2 : T
(t2); 
 � �;�[t2=v℄ ` �f e1 [℄ r g : t1� ` �f e1 [℄ v e2; r g : t1 (T15)� ` e2 : bool; � ` �f e1 [℄ r g : t� ` �f e1 [℄ e2; r g : t (T16)Fig. 3. The Typing Rules of the Monoid Cal
ulus
omprehension 
aptures an existential quanti�
ation; it returns true if there is atleast one 
ourse 
 in e.tea
hes that has 
.name=\
se5331".We use the shorthand x � u to represent the binding of the variable x with thevalue u. The meaning of this 
onstru
t is given by the following redu
tion rule:�f e [℄ r; x � u; sg �! �f e[u=x℄ [℄ r; s[u=x℄g; (N1)where e[u=x℄ is the expression e with u substituted for all the free o

urren
esof x. Another shorthand is the pair (x; y), whi
h is equivalent to the re
ordhfst = x; snd = yi. In addition, as synta
ti
 sugar, we allow irrefutable pat-terns in pla
e of lambda variables, range variables, and variables in bindings. Infun
tional programming languages [Peyton Jones 1987℄, a pattern is irrefutable ifit is either a variable or a tuple 
onsisting of irrefutable patterns. Patterns su
h asthese 
an be 
ompiled away using standard pattern de
omposition te
hniques [Pey-ton Jones 1987℄. For example, [fx + y [℄ (x; (y; z)) A; z = 3g is equivalent to[f a:fst + a:snd:fst [℄ a A; a:snd:snd = 3g.Figure 3 gives the typing rules of the terms in the monoid 
al
ulus. The name vin Figure 3 indi
ates a variable name, names starting with A are attribute names,names starting with e represent terms in our 
al
ulus, � is a type variable, andnames starting with t represent types. The notation � ` e : t indi
ates that the terme is assigned the type t under the substitution �. If a type equation is a fra
tion, thenumerator is the premise while the denominator is the 
onsequen
e. For example,Equation (T4) indi
ates that if e is a tuple of type hA1 : t1; : : : ; An : tni, then thetype of e:Ai is the ith 
omponent of the tuple type, ti. The substitution list � bindsvariable names to types (�(v) returns the binding of v in � and �[t=v℄ extends �with the binding from v to t). The �-variable, v, in Equation (T7) is annotated



14 � L. Fegaras and D. Maierwith its type, t1. This annotation is omitted in our examples be
ause it 
an beinferred from 
ontext in most 
ases. This equation indi
ates that, if the type of e ist2 under the assumption that the type of v is t1, then the type of �v : t1: e is t1!t2(a fun
tion from t1 to t2). Equation (T15) 
he
ks the validity of a 
omprehensionby testing whether 
 � �. Note that, a

ording to these typing rules, the term1 + 2� 3 is type 
orre
t, sin
e T+ = T� = int (from Table 1.A), while x++y [ z isnot type 
orre
t.3. TRANSLATING OQL TO THE MONOID CALCULUSNearly all OQL expressions have a dire
t translation into the monoid 
al
ulus, withthe ex
eption of indexed OQL 
olle
tions. (Se
tion 5 presents a monoid for indexed
olle
tions as well as a 
omprehension syntax to 
apture 
omplex ve
tor and arrayoperations.) Here we illustrate how to translate the main 
onstru
ts of OQL intothe monoid 
al
ulus.A sele
t-from-where OQL statement of the form:sele
t efrom x1 in e1; : : : ; xn in enwhere predis translated into: ℄f e [℄x1 e1; : : : ; xn en; predg:Note that e, ei, and pred 
ould all 
ontain nested 
omprehension expressions, whi
hsupports the 
apability in OQL to have nested queries in the sele
t, where, and from
lauses. For example, the following nested OQL query:sele
t e.name, e.addressfrom el in (sele
t d.instru
torsfrom d in Departmentswhere d.name=\CSE"),e in elwhere exists 
 in e.tea
hes: 
.name=\
se5331"is expressed in the 
omprehension syntax as follows:℄f h Name: e.name, Address: e.address i[℄ el ℄f d.instru
tors [℄ d Departments, d.name=\CSE" g,e el, _f 
.name=\
se5331" [℄ 
 e.tea
hes g g.The sele
t-distin
t OQL statement is translated into a set 
omprehension in asimilar way. For example, the following query against the University s
hema �ndsall departments that have at least one instru
tor who tea
hes more than 8 
oursesper year: sele
t distin
t e.dept.namefrom e in Instru
torswhere 
ount(e.tea
hes) > 8.This query is translated into the following 
omprehension:[f e.dept.name [℄ e Instru
tors, +f 1 [℄ 
 e.tea
hes g> 8 g.
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tive Cal
ulus � 15OQL universal and existential quanti�
ations are mapped into 
omprehensions too,as it is shown in the following query that �nds the instru
tors who tea
h 
ourseswhi
h all have 
se2320 as a prerequisite:sele
t e.namefrom e in Instru
torswhere for all 
 in e.tea
hes:exists d in 
.has prerequisites: d.name = \
se2320".This query is translated into the following 
omprehension:℄f e.name [℄ e Instru
tors,^f _f d.name=\
se2320" [℄ d 
.has prerequisites g[℄ 
 e.tea
hes g g.The OQL group-by syntax is essentially synta
ti
 sugar, sin
e the same results
an be a

omplished with nested queries. For example, the querysele
t dept: dname, largest: max(e.salary)from e in Instru
torsgroup by dname: e.dept.name,whi
h, for ea
h department, it prints the largest salary of all instru
tors working inthe department, is equivalent tosele
t dept: e.dept.name,largest: max(sele
t s.salaryfrom s in Instru
torswhere e.dept.name = s.dept.name)from e in Instru
tors,whi
h, in turn, 
an be expressed in the 
al
ulus as follows:℄f h dept: e.dept.name,largest: maxf s.salary [℄ s Instru
tors, e.dept.name=s.dept.name g i[℄ e Instru
tors g.We will see in Se
tion 7 that nested query forms su
h as these 
an be translatedinto eÆ
ient exe
ution plans that make use of group-by algorithms. In general, agroup-by OQL query takes the following form:sele
t e(A1; : : : ; An; partition)from x1 in u1, x2 in u2(x1), : : :, xm in um(x1; : : : ; xm�1)where p(x1; : : : ; xm)group by A1 : e1(x1; : : : ; xm); : : : ; An : en(x1; : : : ; xm)having h(A1; : : : ; An; partition),where the variable partition is bound to the set of all groups, where ea
h group is are
ord of all xi values that have the same A1; : : : ; An values (it is used for 
omplex



16 � L. Fegaras and D. Maieraggregations). This OQL form is equivalent to:℄f e(A1; : : : ; An; partition)[℄x1 u1; x2 u2(x1); : : : ; xm um(x1; : : : ; xm�1);A1 � e1(x1; : : : ; xm); : : : ; An � en(x1; : : : ; xm);partition � ℄f hx1 : y1; : : : ; xm : ymi[℄ y1 u1; y2 u2(y1); : : : ; ym um(y1; : : : ; ym�1);e1(y1; : : : ; ym) = A1; : : : ; en(y1; : : : ; ym) = An g;p(x1; : : : ; xm); h(A1; : : : ; An; partition)g:For example, the querysele
t salary: max(e.salary), dept: dnamefrom e in Instru
torsgroup by dname: e.dept.name,tea
hes: 
ount(sele
t *from 
 in e.tea
heswhere 
.o�ered by.name = \CSE")is equivalent to:℄f h salary: maxf p.e.salary [℄ p partition g, dept: dname i[℄ e Instru
tors,dname � e.dept.name,tea
hes � +f 1 [℄ 
 e.tea
hes, 
.o�ered by.name=\CSE" gpartition � ℄f h e: s i [℄ s Instru
tors,s.dept.name=dname,+f 1 [℄ 
 s.tea
hes, 
.o�ered by.name=\CSE" g= tea
hes g g.The following table gives the translation of other OQL expressions into themonoid 
al
ulus: e1 interse
t e2 �! [fx [℄x e1; x 2 e2 gfor all x in e : pred �! f̂ pred [℄x egexists x in e : pred �! _f pred [℄x ege1 in e2 �! _fx = e1 [℄x e2 g
ount(e) �! +f 1 [℄x egsum(e) �! +fx [℄ x eg
atten(e) �! [fx [℄ s e; x sg:The restri
tion on monoid 
omprehensions relating idempoten
e and 
ommuta-tivity of the monoids involved turns out not to be a limitation in translation. OQLsele
t statements always return sets or bags, and the only expli
it 
onversion fun
-tion on 
olle
tions is listtoset, whi
h the 
al
ulus allows. Nevertheless, there areOQL language 
onstru
ts that 
annot be simulated in the monoid 
al
ulus. Theyin
lude bag di�eren
e and set or bag element (whi
h retrieves an element from asingleton set or bag, respe
tively).4. PROGRAM NORMALIZATIONThe monoid 
al
ulus 
an be put into a 
anoni
al form by an eÆ
ient rewrite algo-rithm, 
alled the normalization algorithm. The evaluation of these 
anoni
al forms
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tive Cal
ulus � 17(�v:e1) e2 �! e1[e2=v℄ beta redu
tion (N2)hA1 = e1; : : : ; An = eni:Ai �! ei (N3)�f e [℄ q; v (if e1 then e2 else e3); sg �! (�f e [℄ q; e1; v e2; sg)� (�f e [℄ q; :e1; v e3; sg) (N4)for 
ommutative � or empty q�f e [℄ q; v Z
; sg �! Z� (N5)�f e [℄ q; v U
(e0); sg �! �f e [℄ q; v � e0; sg (N6)�f e [℄ q; v (e1 
 e2); sg �! (�f e [℄ q; v e1; sg) � (�f e [℄ q; v e2; sg) (N7)for 
ommutative � or empty q�f e [℄ q; v 
f e0 [℄ r g; sg �! �f e [℄ q; r; v � e0; sg (N8)�f e [℄ q; _f pred [℄ r g; sg �! �f e [℄ q; r; pred; sg for idempotent � (N9)�f�f e [℄ r g [℄ sg �! �f e [℄ s; r g for a primitive monoid � (N10)Fig. 4. The Normalization Algorithmgenerally produ
es fewer intermediate data stru
tures than the initial unnormalizedprograms. Moreover, the normalization algorithm improves program performan
ein many 
ases. It generalizes many optimization te
hniques already used in rela-tional algebra, su
h as pushing a sele
tion before a join and fusing two sele
tionsinto one sele
tion. While normalization does not perform 
ost-based optimization,it does provide a good starting point for it.Figure 4 gives the normalization rules. For example, Rule (N5) applies when a
omprehension has a generator whose domain is a zero value (i.e., Z
) that ap-pears between two possibly empty sequen
es of generators q and s. In that 
ase,the 
omprehension is normalized into the value Z�, sin
e no values are generatedfor the variable v. Rule (N8) is the most important: it 
attens a nested 
ompre-hension (i.e., a 
omprehension that 
ontains a generator whose domain is another
omprehension). Rule (N9) unnests an existential quanti�
ation. There are other
ases of query unnesting, whi
h will be handled in Se
tion 7.One advantage of the normalization algorithm, or any algorithm on 
al
ulusexpressions expressed via pattern-based rewrite, is that it 
an be shown to 
orre
tlypreserve meaning by proving ea
h rewrite transformation is 
orre
t.Theorem 3. The normalization rules in Figure 4 are meaning preserving.A proof sket
h of this theorem is given in Appendix A. In addition, this set ofrewrite rules is terminating and 
on
uent (i.e., it satis�es the Chur
h-Rosser prop-erty). That is, it does not matter in whi
h sequen
e rules are applied to a term, asall sequen
es result in the same 
anoni
al form at the end. The rewrite rules areterminating be
ause they de
rease the number of nesting levels. They are 
on
uent



18 � L. Fegaras and D. Maieras it 
an be seen from Rule N8:�f e [℄ q; v1 
f e1 [℄ r1 g; r; v2 
f e2 [℄ r2 g; sg= �f e [℄ q; r1; v1 � e1; r; v2 
f e2 [℄ r2 g; sg= �f e [℄ q; r1; v1 � e1; r; r2; v2 � e2; sg;whi
h is also the result of �f e [℄ q; v1 
f e1 [℄ r1 g; r; r2; v2 � e2; sg. This identityindi
ates that both 
hains of rewrites (left inner 
omprehension �rst or right inner
omprehension �rst) lead to the same redu
ed form.Rules (N8) and (N9) may require some variable renaming to avoid name 
on
i
ts.If there is a generator v0 e1 in q and a generator v0 e2 in r then variable v0 inr should be renamed. For example, �lter(p)(�lter(q) x) is:[f a [℄ a [f a [℄ a x, q(a) g, p(a) g= [f a [℄ a [f b [℄ b x, q(b) g, p(a) g(by renaming the inner variable a to b) and it is normalized into:[f a [℄ b x, q(b), a�b, p(a) g! [f b [℄ b x, q(b), p(b) g(by Rules (N8) and (N1)), whi
h is a �lter whose predi
ate is the 
onjun
tion ofp and q. As another example of normalization, 
onsider the following nested OQLquery: sele
t distin
t rfrom r in Rwhere r.B in (sele
t distin
t s.Dfrom s in Swhere r.C=s.C),whi
h is expressed in the monoid 
al
ulus as follows:[f r [℄ r R, _f x=r.B [℄ x [f s.D [℄ s S, r.C=s.C g g gand it is normalized into:[f r [℄ r R, x [f s.D [℄ s S, r.C=s.Cg, x=r.B g! [f r [℄ r R, s S, r.C=s.C, x�s.D, x=r.B g! [f r [℄ r R, s S, r.C=s.C, s.D=r.B g(by Rules (N9), (N8), and (N1)), whi
h is equivalent to the following OQL query:sele
t distin
t rfrom r in R, s in Swhere r.C=s.C and s.D = r.B.Note that, although we were able to rewrite this unnested form ba
k into OQL, notevery 
omprehension has a dire
t translation ba
k to OQL.Consider now the query, presented in Se
tion 3, whi
h �nds all CSE instru
torswho tea
h 
se5331:℄f h Name: e.name, Address: e.address i[℄ el ℄f d.instru
tors [℄ d Departments, d.name=\CSE" g,e el, _f 
.name=\
se5331" [℄ 
 e.tea
hes g g.
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t Queries Using an E�e
tive Cal
ulus � 19This query is normalized into:℄f h Name: h.name, Address: h.address i[℄ d Departments, d.name=\CSE", el�d.instru
tors,e el, _f 
.name=\
se5331" [℄ 
 e.tea
hes g g! ℄f h Name: h.name, Address: h.address i[℄ d Departments, d.name=\CSE",e d.instru
tors, _f 
.name=\
se5331" [℄ 
 e.tea
hes g g! ℄f h Name: h.name, Address: h.address i[℄ d Departments, d.name=\CSE",e d.instru
tors, 
 e.tea
hes, 
.name=\
se5331" g(by Rules (N9), (N8), and (N1)).Canoni
al Forms: A path path is a bound variable, the name of a 
lass extent,or an expression path0:name, where name is an attribute name of a re
ord and path0is a path. If a 
omprehension has a 
ommutative a

umulator, then the generatordomains in this 
omprehension 
an be normalized into paths. If in addition allpredi
ates of a 
omprehension are moved at the end of the 
omprehension forminga 
onjun
tion pred of predi
ates, then monoid 
omprehensions 
an be put into thefollowing 
anoni
al form:�f e [℄ v1 path1; : : : ; vn pathn; predg;where ea
h pathi is a path. The proof of this statement is easy. First, it is easy tosee that the previous form is a 
anoni
al form (i.e., it 
annot be normalized further)sin
e there is no normalization rule that redu
es generators over paths. Se
ond, ifthe domain e of a generator v  e in a monoid 
omprehension is a form otherthan a path, then this domain is redu
ed to a simpler form by the normalizationalgorithm. This situation be
omes apparent if we 
onsider all the di�erent formsthat e 
an take. For ea
h su
h form there is a normalization rule, thus leaving theonly form that 
annot be redu
ed, namely a path.Performan
e: Our normalization algorithm unnests all type N and J nestedqueries [Kim 1982℄ (using Rules (N8) and (N9), respe
tively). The importantquestion, though, is whether normalization always improves performan
e. Un-fortunately not: Consider the term [f (v; v) [℄ v [fE [℄w X gg, where E is anexpensive query. This term is normalized into [f (E;E) [℄w X g, whi
h performsthe 
omputation of E twi
e. In this 
ase, the normalized form may perform worsethan the original term. Cases su
h as these o

ur frequently in lazy fun
tional lan-guages [Peyton Jones 1987℄. In those languages, fun
tion appli
ation is evaluatedusing beta redu
tion (Rule (N2)), whi
h, if it is implemented naively as term sub-stitution, may repeat 
omputations (if v appears more than on
e in e1). To avoidsituations like these, the evaluators of these languages use graph redu
tion te
h-niques [Peyton Jones 1987℄ in whi
h all o

urren
es of v in e1 share the same termby pointing to the same memory address, thus forming an a
y
li
 graph. Whenthis term is redu
ed to a value, the term is repla
ed by this value in the graph, thusavoiding the need to 
ompute this value twi
e. If we apply this te
hnique to ournormalization algorithm, the normalized form [f (E;E) [℄w X g will not repeatthe evaluation of E; instead it will use two pointers to the same 
opy of the termE.



20 � L. Fegaras and D. MaierIf we use graph redu
tion during normalization, then, under the naive 
ost fun
-tion des
ribed below, normalization always improves 
ost. Of 
ourse, this resultmay not be ne
essarily true for realisti
 
ost fun
tions and physi
al algorithms.The purpose of this 
ost analysis is to give a simple explanation why normalizationis an e�e
tive optimization te
hnique. It should be noted though that, like anyrelational algebrai
 optimization, normalization is a heuristi
 that improves perfor-man
e in most 
ases. The true e�e
tiveness of an optimization algorithm 
an onlybe asserted by extensive testing applied to real-world appli
ations.We assume that we know the average sizes of all sets rea
hed by paths in thedatabase s
hema: For example, in [f e [℄x X; y x:Ag, the size of x:A is theaverage of all sets x:A, for every x 2 X . The following 
ost fun
tion assumes anaive nested-loop evaluation that does not depend of the order of the joins:size[[�f e [℄ r g℄℄ = size[[r℄℄size[[r; v e℄℄ = size[[e℄℄� size[[r℄℄size[[r; pred℄℄ = size[[r℄℄� sele
tivity[[pred℄℄size[[r; v � e℄℄ = size[[r℄℄size[[ ℄℄ = 1
ost[[�f e [℄ r g℄℄ = 
ost[[e℄℄ + 
ost[[r℄℄ + size[[r℄℄
ost[[r; v e℄℄ = 
ost[[e℄℄ + 
ost[[r℄℄
ost[[r; pred℄℄ = 
ost[[pred℄℄ + 
ost[[r℄℄
ost[[r; v � e℄℄ = 
ost[[e℄℄ + 
ost[[r℄℄
ost[[ ℄℄ = 0where size[[e℄℄ of a 
olle
tion e estimates the size of e while sele
tivity[[pred℄℄ is thesele
tivity of the predi
ate pred. The variable-binding 
ost equation (for v � e)assumes the use of graph redu
tion, i.e., the 
omputation of e is done only on
e,even when v is used more than on
e.For example, the joinX ./x:A=y:B Y has 
ost 
ost[[[f (x; y) [℄ x X; y Y; x:A =y:B g℄℄ equal to size[[X ℄℄ � size[[Y ℄℄ � sele
tivity[[x:A = y:B℄℄. The size fun
tionsatis�es size[[r; s℄℄ = size[[r℄℄ � size[[s℄℄ and the 
ost fun
tion satis�es 
ost[[r; s℄℄ =
ost[[r℄℄ + 
ost[[s℄℄. Under this 
ost fun
tion, we 
an prove that ea
h normalizationrule improves 
ost. For example, the left-hand side of Rule (N8) has 
ost
ost[[�f e [℄ q; v [f e0 [℄ r g; sg℄℄= 
ost[[e℄℄ + 
ost[[q; v [f e0 [℄ r g; s℄℄ + size[[q; v [f e0 [℄ r g; s℄℄= 
ost[[e℄℄ + 
ost[[q℄℄ + 
ost[[[f e0 [℄ r g℄℄ + 
ost[[s℄℄ + size[[q℄℄� size[[[f e0 [℄ r g℄℄� size[[s℄℄= 
ost[[e℄℄ + 
ost[[q℄℄ + 
ost[[e0℄℄ + 
ost[[r℄℄ + size[[r℄℄ + 
ost[[s℄℄ + size[[q℄℄� size[[r℄℄� size[[s℄℄whi
h has an ex
ess of size[[r℄℄ over the 
ost of the right-hand side of the rule:
ost[[�f e [℄ q; r; v � e0; sg℄℄= 
ost[[e℄℄ + 
ost[[q; r; v � e0; s℄℄ + size[[q; r; v � e0; s℄℄= 
ost[[e℄℄ + 
ost[[q℄℄ + 
ost[[r℄℄ + 
ost[[e0℄℄ + 
ost[[s℄℄ + size[[q℄℄� size[[r℄℄� size[[s℄℄:Limitations: Even though the normalization algorithm unnests many forms ofnested queries, there still some forms of queries that 
annot be unnested by it. Thefollowing query 
ontains three examples of su
h forms:
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ulus � 21[f h E=e, M=[f 
 [℄ 
 e.
hildren, ^f 
.age> d.age [℄ d e.manager.
hildren g g i[℄ e Employees, e.salary>maxf m.salary [℄ m Managers, e.age>m.age g g.The subquery [f 
 [℄ 
 e.
hildren, ^f 
.age> d.age [℄ d e.manager.
hildren g g
annot be unnested by the normalization algorithm be
ause the 
omputed set mustbe embedded in the result of every iteration of the outer set 
omprehension. Simi-larly, the universal quanti�
ation (the ^-
omprehension) and the aggregation (themax-
omprehension) 
annot be unnested by the normalization algorithm. These
ases (whi
h are types A and JA nested queries [Kim 1982℄) require the use ofouter-joins and grouping and they will be treated properly in Se
tion 7.5. MODEL EXTENSIONS5.1 Handling In
onsisten
ies due to Idempoten
eIn Se
tion 2.2 we showed that if we allow homomorphisms from idempotent tonon-idempotent monoids, su
h as set 
ardinality, hom[[;+℄(�x: 1) (A), semanti
in
onsisten
ies may result. The reason is that, by de�nition, monoid homomor-phisms are divide-and-
onquer 
omputations. For set 
ardinality, this propertyimplies thathom[[;+℄(�x: 1) (A [B) = (hom[[;+℄(�x: 1) (A)) + (hom[[;+℄(�x: 1) (B)):But this equation is not valid when A \ B 6= f g, be
ause it 
ounts the 
ommonelements between A and B twi
e. The 
orre
t equation should behom[[;+℄(�x: 1) (A [B) = (hom[[;+℄(�x: 1) (A)) + (hom[[;+℄(�x: 1) (B �A)):This observation 
an be generalized to any monoid. The third equation of De�ni-tion 2 should be
ome:hom[�;
℄(f) (x� y) = (hom[�;
℄(f) (x)) 
 (hom[�;
℄(�v:F (v; x)) (y));where fun
tion F is de�ned as follows:F (v; x) = � if v 2 x thenZ� else f(v) for idempotent 
f(v) otherwise.Given this de�nition, if 
 is an idempotent 
olle
tion monoid, then a

ording toTheorem 2:hom[�;
℄(�v:F (v; x)) (x) = 
fw [℄ v x; w F (v; x))g= 
fw [℄ v x; w (if v 2 x thenZ� else f(v))g= 
fw [℄ v x; w Z� g = Z
:Consequently,hom[�;
℄(f) (x� x) = (hom[�;
℄(f) (x)) 
 (hom[�;
℄(F ) (x))= (hom[�;
℄(f) (x)) 
 Z
= hom[�;
℄(f) (x);whi
h holds even when � is anti-idempotent. A similar proof holds for an idempo-tent primitive monoid 
.



22 � L. Fegaras and D. MaierIn addition to the de�nition above, Rule (N7) of the normalization algorithm(Figure 4) must be modi�ed a

ordingly:�f e [℄ q; v (e1 
 e2); sg�! � (�f e [℄ q; v e1; sg) � (�f e [℄ q; v e2; v 62 e1; sg) for � 6� 
(�f e [℄ q; v e1; sg) � (�f e [℄ q; v e2; sg) otherwisefor 
ommutative � and 
. Note that the �rst alternative is when � 6� 
, that is,when � is 
ommutative and 
 is both 
ommutative and idempotent. For example,+f 1 [℄x (f1g [ f1g)g is normalized into (+f 1 [℄x f1gg) + (+f 1 [℄x f1g; x 62f1gg), whi
h is equal to 1 + 0 = 1.5.2 Advan
ed List OperationsA primitive monoid useful for lists is the fun
tion 
omposition monoid, (Æ; �x: x),where the fun
tion 
omposition, Æ, is de�ned by the equation (f Æ g)x = f(g(x))and is asso
iative, but neither 
ommutative nor idempotent. Even though thetype of this monoid, TÆ(�) = �! �, is parametri
, it is still a primitive monoid.For a list X = [a1; a2; : : : ; an℄, Æf�x: f(a; x) [℄ a X g is equal to (�x: f(a1; x)) Æ(�x: f(a2; x)) Æ � � � Æ (�x: f(an; x)). Consequently, Æf�x: f(a; x) [℄ a X g (v) 
om-putes the value f(a1; f(a2; : : : ; f(an; v))). For example, the reverse of the list X isÆf�x: x++[a℄ [℄ a X g ([ ℄) and the �rst element of X is Æf�x: a [℄ a X g (null).The fun
tion 
omposition monoid o�ers enormous expressive power to list oper-ations be
ause it 
an be used to 
ompose fun
tions that propagate a state duringa list iteration. For example, the nth element of a list X , nth(X;n), is(Æf�(x; k): (if k = n then a elsex; k � 1) [℄ a X g (null; length(X))):fst;whi
h uses a 
ounter k as the state to propagate through the iteration over X . Amore 
omplex example is sorting the elements of a list X using a total order �:sort(X) = Æf�z: insert(a; z) [℄ a X g ([ ℄)insert(a; Y ) = (Æf�(z; p): if p _ a � b then ([b℄++z; p) else ([b; a℄++z; true) [℄ b Y g([ ℄; false)):fst:List 
omprehensions of the form Æf�x: f(a; x) [℄ a X g (v) are equivalent to listfolds [Fegaras 1993℄, also known as a 
atamorphism [Meijer et al. 1991℄. Likelist folds, list 
omprehensions 
an 
apture the list primitive re
ursive fun
tion,P(f; v)(X), de�ned by the following re
ursive equations:P(f; v)([ ℄) = vP(f; v)([a℄++x) = f(a; x;P(f; v)(x))as follows:P(f; v)(X) = (Æf�(x; r): (f(a; r; x); [a℄++r) [℄ a X g (v; [ ℄)):fst:Note that P(f; v)(X) represents a paramorphism [Meijer et al. 1991℄, whi
h 
an besimulated easily by a 
atamorphism (i.e., a fold) by returning a pair that 
arriesthe rest of the list along with the result. When some simple synta
ti
 restri
-tions are applied to the list primitive re
ursive fun
tions, these fun
tions pre
isely
hara
terize the polynomial time spa
e [Bellantoni and Cook 1992; Leivant 1993℄.
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tive Cal
ulus � 23Unfortunately, the expressive power gained by the fun
tion 
omposition monoid
omes with a high 
ost. Comprehensions of the form �f e [℄ r; v Æf f [℄ sg (u); q gare very diÆ
ult to normalize and unnest.5.3 Ve
tors and ArraysVe
tors and arrays are important 
olle
tion types for s
ienti�
 and other appli
a-tions [Maier and Van
e 1993; Libkin et al. 1996℄. In 
ontrast to other 
olle
tiontypes, there is no obvious monoid that 
aptures ve
tors e�e
tively. Ve
tor opera-tions should provide random a

ess through indexing as well as bulk manipulation.We will �rst propose an e�e
tive form of ve
tor 
omprehensions and then des
ribe amonoid that 
aptures these 
omprehensions. An example of a ve
tor manipulationis ve
tor reverse, whi
h 
omputes x[n � i� 1℄ for i = 0; 1; : : : ; n� 1 from a ve
torx of size n. This fun
tion 
an be spe
i�ed by�fa[n� i� 1℄ [℄a[i℄ xg;where � is the anti
ipated monoid for ve
tors. Note that we want to a

ess boththe value a and the asso
iated index i from the ve
tor x, but we do not want toimpose any order on the way a[i℄ is a

essed. The generator a[i℄ x a

esses thepairs (a; i) in some unspe
i�ed order, mu
h as elements of a set x are retrieved in a
omprehension by the generator a x. But the 
onstru
ted element of the ve
tor
omprehension above is a[n� i� 1℄, whi
h means that we should be able to storean element at any position in the resulting ve
tor. That is, even though ve
torelements are a

essed in bulk fashion (in pairs of value-index values), ve
tors are
onstru
ted in random fashion by spe
ifying whi
h value is stored at what pla
e.But there is a problem here: what if we have two di�erent values stored in the samepla
e in a ve
tor? We need to perform a merge operation on ve
tors. One solution isto merge the ve
tor elements individually [Fegaras and Maier 1995℄. That is, whentwo elements are stored at the same pla
e in a ve
tor, the resulting ve
tor value is
omputed by merging these two elements. Another solution, whi
h we adopt here,is to 
hoose the latter of the two values if this value is not null, otherwise to 
hoosethe �rst. That way, the last non-null value overwrites the previous values.We will now formalize these observations. We introdu
e a new 
olle
tion monoid(�;Z�;U�) to represent ve
tors of any type. A ve
tor of type ve
tor(�) is rep-resented by the type set(int � �), whi
h spe
i�es a partial mapping from positiveintegers (i.e., ve
tor indexes) to values (of type �). This monoid has the followingprimitives: (The unit fun
tion here is binary, but in fun
tional languages any n-aryfun
tion is equivalent to a unary fun
tion applied to a tuple.)Z� = f gU�(i; a) = f(i; a)gx�y = y [ ([f (i; a) [℄ (i; a) x; f̂ i 6= j [℄ (j; b) y gg):That is, when the ve
tor elements of x are merged with the ve
tor elements of y,the result is y union the elements of x that are not indexed in y. This monoid isidempotent but not 
ommutative. In database terminology, the integer index (the�rst 
omponent of the pair int � �) is the key of set(int � �). The ve
tor mergefun
tion, �, re
e
ts the 
ommon knowledge that, in a ve
tor assignment A[i℄ := v,



24 � L. Fegaras and D. Maierthe new value v overwrites the old value of A[i℄. Like any other monoid, the onlypurpose of the ve
tor monoid is to provide meaning to ve
tor operations, not tosuggest in any way how ve
tors should be implemented.For example, the set f(4; 10); (6; 13); (2; 11); (3; 12)g 
orresponds to the ve
tor< null; 11; 12; 10; null; 13 >. If this set is merged with the set f(1; 5); (5; 7); (3; 6)g,whi
h 
orresponds to the ve
tor < 5; null; 6; null; 7 >, it 
onstru
ts the setf(1; 5); (5; 7); (3; 6); (2; 11); (4; 10); (6; 13)g, whi
h 
orresponds to< 5; 11; 6; 10; 7; 13>.The following are examples of ve
tor manipulations. To make the 
omprehensionsmore readable, we represent a pair of the form (a; i) as a[i℄.sum all(x) = +f a [℄ a[i℄ xgsubseq(x; n; l) = �f a[i� n℄ [℄ a[i℄ x; i � n; i < l + ngpermute(x; p) = �f a[b℄ [℄a[i℄ x; b[j℄ p; i = j g
on
at(x; y; n) = x� (�f a[n+ i℄ [℄ a[i℄ y g)inner(x; y) = +f a� b [℄ a[i℄ x; b[j℄ y; i = j g:Here subseq(x; n; l) returns the ve
tor x[i℄; i = n; : : : ; l+n�1, permute(x; p) returnsthe ve
tor x[p[i℄℄; i = 1; : : : ; n, and inner(x; y) returns the inner produ
t of the twove
tors x and y. A matrix 
an be represented as a ve
tor of ve
tors, but the syntaxbe
omes a little bit awkward:map(f)x = �f (�f f(b) [℄ b[j℄ ag)[i℄ [℄ a[i℄ xg:Fun
tion map(f) maps fun
tion f to all the elements of a matrix. In the 
om-prehension above, x is a matrix and thus a is a ve
tor. Therefore, the head ofthe 
omprehension should be z[i℄ where z is a ve
tor. Thus, z must be anotherve
tor 
omprehension. Fortunately, there is a better approa
h to matri
es. We 
an
onsider the monoid � to be of type set(index � �), where index is a type withequality. For simple ve
tors, index=int; for matri
es, index=int � int. The a
tualtype of the index 
an be inferred at 
ompile time. The following are examples ofmatrix operations (we use the shorthand a[i; j℄ for (a; (i; j))):map(f)x = �f (f(a))[i; j℄ [℄ a[i; j℄ xgtranspose(x) = �f a[j; i℄ [℄ a[i; j℄ xgrow(x; k) = �f a[j℄ [℄ a[i; j℄ x; i = k g
olumn(x; k) = �f a[i℄ [℄a[i; j℄ x; j = k gmultiply(x; y) = �f v[i; j℄ [℄ a[i; j℄ x; v � inner(row(x; i); 
olumn(y; j))g:Here row(x; k) returns the kth row of matrix x while 
olumn(x; k) returns the kth
olumn. The only purpose of the generator a[i; j℄ x in matrix multipli
ationmultiply(x; y) is to generate the indexes i and j. The latter fun
tion is an examplewhere the Haskell approa
h to ve
tors [Thompson 1998℄ (also adopted by Libkinet al. [1996℄), in whi
h ve
tor indexes are �rst generated from integer domains andthen they are used to a

ess ve
tors, is more intuitive than ours.Another example, is matrix tiling where a matrix X is partitioned into 4x4 tilesand ea
h tile is repla
ed by the sum of the values in the tile:tiling(X) = �f (+f b [℄ b[k; l℄ X; i� 4 � k � i+ 4; j � 4 � l � j + 4g)[d i4e; d j4e℄[℄ a[i; j℄ X g:
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ulus � 25Normalization 
an be used to optimize ve
tor and array operations. For example,transpose(transpose(x)) 
an be normalized into a 
omprehension equivalent to x.OQL treats arrays like lists with indexing; it does not provide a 
onvenient ran-dom bulk manipulation, su
h as the one provided by our ve
tor 
omprehensions.OQL 
an be extended though with synta
ti
 
onstru
ts to support our ve
tors. Forexample, map(f)x 
an be expressed in an OQL-like syntax as:sele
t ve
tor (f(a))[i; j℄from a[i; j℄ in x.6. THE INTERMEDIATE OBJECT ALGEBRAIn Se
tion 2.3 we expressed 
omprehensions in terms of homomorphisms (De�ni-tion 3). If homomorphisms were implemented as iterations over 
olle
tions, then
omprehensions would be evaluated in a nested-loops fashion (sin
e 
omprehen-sions with more than one generator are translated into nested homomorphisms).But we 
an do better than that in most 
ases. Resear
h in relational query op-timization has already addressed the related problem of eÆ
iently evaluating joinqueries by 
onsidering di�erent join orders, di�erent a

ess paths to data, and dif-ferent join algorithms [Selinger et al. 1979℄. To e�e
tively adapt this te
hnologyto handle 
omprehensions, 
omprehensions must be expressed in terms of algebrai
operators, whi
h, eventually, will be mapped into physi
al exe
ution algorithms,like those found in database systems (e.g., merge join, hash join, et
). Se
tion 7des
ribes a framework for translating terms in our 
al
ulus into eÆ
ient algorithms.This translation is done in stages. Queries in our framework are �rst translatedinto monoid 
omprehensions (as it is des
ribed in Se
tion 3), whi
h serve as anintermediate form, and then are translated into a version of the nested relationalalgebra that supports aggregation, quanti�
ation, outer-joins, and outer-unnests.At the end, the algebrai
 terms are translated into exe
ution plans. This algebrais 
alled the intermediate obje
t algebra. We use both a 
al
ulus and an algebraas intermediate forms be
ause the 
al
ulus 
losely resembles 
urrent OODB lan-guages and is easy to normalize, while the algebra is lower-level and 
an be dire
tlytranslated into the exe
ution algorithms supported by database systems.We 
lassify the intermediate algebrai
 operators into two 
ategories: basi
 andextended. We will prove that the basi
 algebra is equivalent to the monoid 
om-prehension 
al
ulus, that is, all basi
 algebrai
 operators 
an be expressed in termsof the monoid 
al
ulus and vi
e versa. The purpose of the extended algebrai
 op-erators will be apparent when we present our query unnesting method (Se
tion 7).6.1 The Basi
 Intermediate AlgebraAs a 
onvenient notation for the semanti
s of the algebrai
 operators, we de�nef e [℄ r g as follows:f e [℄ r g = 8<: [f e [℄ r g r has a 
ommutative and idempotent generator℄f e [℄ r g r has a 
ommutative generator++f e [℄ r g otherwise. (D4)Figure 5 de�nes the basi
 algebrai
 operators in terms of the monoid 
al
ulus.These operators generalize the operators of the nested relational algebra, so theyhave a straightforward explanation:



26 � L. Fegaras and D. MaierX./pY = f (v; w) [℄ v X; w Y; p(v;w)g (O1)�p(X) = f v [℄ v X; p(v)g (O2)�pathp (X) = f (v; w) [℄ v X; w path(v); p(v;w)g (O3)��=ep (X) = �f e(v) [℄ v X; p(v)g (O4)Fig. 5. The Semanti
s of the Basi
 Intermediate Algebra� ` X : T�(t1); � ` Y : T
(t2); � ` p : t1 � t2!bool; � = max(�;
)� ` X./pY : T�(t1 � t2) (T17)� ` X : T�(t); � ` p : t!bool� `�p(X) : T�(t) (T18)� ` X : T�(t1); � ` path : t1!T
(t2); � ` p : t1 � t2!bool; � = max(�;
)� `�pathp (X) : T�(t2 � t1) (T19)� ` X : T
(t1); � ` e : t1!T�; � ` p : t1!bool� `��=ep (X) : T� (T20)� ` X : T
(t1); � ` e : t1!T�; � ` f : t1! t2� ` p : t1!bool; � ` g : t1! t3� `��=e=fp=g (X) : T�(t1 � T�) (T21)Fig. 6. The Typing Rules of the (Basi
 and Extended) Algebrai
 Operators� join, X./pY , joins the 
olle
tions X and Y using the join predi
ate p. This joinis not ne
essarily between two sets; if, for example, X is a list and Y is a bag,then, a

ording to Equation (D4), the output is a bag.� sele
tion, �p(X), sele
ts all elements of X that satisfy the predi
ate p.� unnest, �pathp (X), returns the 
olle
tion of all pairs (x; y), for ea
h x 2 X andfor ea
h y 2 x:path, that satisfy the predi
ate p(x; y).� redu
e,��=ep (X), 
olle
ts the values e(x) for all x 2 X that satisfy p(x) usingthe a

umulator �. The redu
e operator 
an be thought as a generalized versionof the relational proje
tion operator.The �rst four rules in Figure 6 are the typing rules for the basi
 algebrai
 operators.Theorem 4. The basi
 intermediate algebra is equivalent to the monoid 
al
ulus.Proof. The rules in Figure 5 translate the algebra into the 
al
ulus. The
al
ulus-to-algebra translation algorithm is a

omplished by the following rewrite
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ulus � 27rules: [[�f e [℄ g℄℄w E = ��=�w:e�w:true(E) (C1)[[�f e1 [℄ v e2; r g℄℄w E = [[�f e1 [℄ r g℄℄(w;v) (��w:e2�(w;v):true(E)) (C2)[[�f e [℄ p; r g℄℄w E = [[�f e [℄ r g℄℄w (��w:p(E)) (C3)A monoid 
omprehension �f e1 [℄ v  e2; r g that may appear at any point in a
al
ulus form (in
luding the ones inside other 
omprehensions) is translated intoan algebrai
 form by [[�f e1 [℄ r g℄℄v e2. The 
omprehension�f e1 [℄ r g is translated by
ompiling the quali�ers in r from left to right using the term E as a seed that growsat ea
h step. That is, the term E is the algebrai
 tree derived at a parti
ular pointof 
ompilation. The subs
ript variables, w, are all the range variables en
ounteredso far during the translation. The validity of the above rules 
an be easily provedusing the semanti
s in Figure 5.Note that the Rule (C2) 
ompiles every 
omprehension generator into an unnest.This step may not be ne
essary if e2 is a 
lass extent, in whi
h 
ase it may be better
ompiled into a join. In Se
tion 7, we will present an e�e
tive algorithm thattranslates the 
al
ulus into the algebra and at the same time performs heuristi
optimizations and query unnesting. As an example of how 
omprehensions aretranslated into intermediate algebrai
 forms, 
onsider the following[f h E = e.name, C = 
.name i [℄ e Employees, 
 e.
hildren g,whi
h is translated into the algebrai
 form�[=�(e;
):h E=e:name;C=
:name i�(e;
):true (��e:e:
hildren�e:true (Employees)):Algebrai
 forms 
an be displayed as operator trees in whi
h the tree leaves are
olle
tions of obje
ts (e.g., 
lass extents) and the output of the tree root is theoutput of the algebrai
 form. For example, the previous algebrai
 form has thefollowing operator tree:
µe.children

e

c

Employees

∆U / < E=e.name, C=c.name >

The fun
tionality of an algebrai
 form 
an be better understood if we use a stream-based interpretation in whi
h a stream of tuples 
ows from the leaves to the rootof the tree. Under this interpretation, the algebrai
 form above generates a streamof tuples of type set(h e: Employee i) from the extent Employees. Variable e rangesover employees (i.e., it is of type Employee). The unnest operator,�e:
hildren , a

eptsthe stream of tuples of type set(h e: Employee i) and 
onstru
ts a stream of tuplesof type set(h e: Employee, 
: Person i), 
onne
ting ea
h employee with one of hisor her 
hildren. The redu
e operator, �[=<E=e:name;C=
:name>, at the top of this



28 � L. Fegaras and D. MaierX=./pY = f (v0; w) [℄ v X; w if f̂:p(v; w0) [℄ v 6= null; w0 Y gthen [null℄ (O5)elsefw0 [℄w0 Y; p(v;w0)gg=�pathp (X) = f (v0; w) [℄ v X; w if f̂:p(v; w0) [℄ v 6= null; w0 path(v)gthen [null℄ (O6)elsefw0 [℄w0 path(v); p(v; w0)gg��=e=fp=g (X) = f (v;�f e(w) [℄w X; g(w) 6= null; v := f(w); p(w)g)[℄ v Qf (X)g (O7)Fig. 7. The Semanti
s of the Extended Algebraalgebrai
 form, is a generalization of the relational proje
tion operator: It evaluatesthe expression h E=e.name, C=
.name i for every input element and 
onstru
ts aset from these tuples using [.6.2 The Extended Intermediate AlgebraThis se
tion presents an extension to the basi
 algebra well-suited to be the targetof the query unnesting algorithm des
ribed in Se
tion 7. This algorithm uses outer-unnests and outer-joins to relate the data between the inner and outer queries of anested query and then it re
onstru
ts the result of the nested query using a group-by operator. The semanti
s of these operators 
annot be given in terms of themonoid 
al
ulus if the outer query 
onstru
ts a non-idempotent 
olle
tion, be
auseinformation about the exa
t number of 
opies of the data in the outer query maybe lost after the outer join or unnest.We are using the following new 
onstru
ts to de�ne the semanti
s of the extendedalgebra:� Dot-equality x := y is de�ned if both x and y belong to the same 
olle
tion C. Ifthe 
olle
tion C is idempotent, su
h as a set, then dot-equality is simply valueequality. Otherwise, every element x in C is dot-di�erent from any other elementy in C. Note that dot-equality is stronger than OID equality. For example, thesame obje
t x may appear multiple times in a list, su
h as [x; x℄, but the �rstelement of this list is dot-di�erent from the se
ond. Even though dot-equalityfor C 
an be easily implemented by labeling the 
opies of an element in C withunique identi�ers (su
h unique TIDs), it 
annot be expressed in terms of C usingour basi
 algebra.� Qf (X) is equal to f f(a) [℄ a X g but with all dupli
ate elements under dot-equality removed.These 
onstru
ts satisfy the following properties for a fun
tion h:fh(�f e [℄ v0 X; v0 := v; r g) [℄ v X g = fh(�f e [℄ v0 � v; r g) [℄ v X g (P1)Q�(v;w):v(f (v0; w0) [℄ v0 X; r g) = X (P2)
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tive Cal
ulus � 29Property (P1) indi
ates that the generator v0 X 
an be safely removed from theinner 
omprehension sin
e the elements v0 are dot-equal to the elements v of theouter 
omprehension. Property (P2) indi
ates that, if we proje
t over the elementsof X and remove all dupli
ates, we get X .The extended algebra operators are given in Figure 7 and are des
ribed below:� outer-join, X=./pY; is a left outer-join between X and Y using the join predi-
ate p. The domain of the se
ond generator (the generator of w) in Equation (O5)is always non-empty. If Y is empty or there are no elements that 
an be joinedwith v (this 
ondition is tested by the universal quanti�
ation), then the do-main is the singleton value [null℄, i.e., w be
omes null. Otherwise ea
h quali�edelement w of Y is joined with v.� outer-unnest, =�pathp (X), is similar to �pathp (X), but if x:path is empty forx 2 X or p(x; y) is false for all y 2 x:path, then the pair (x; null) appears in theoutput.� nest, ��=e=fp=g (X) in a way resembles��=ep (X); it 
ombines the fun
tionality ofthe nested relational operator, nest, with the fun
tionality of redu
e. In Equa-tion (O7), the nest operator uses the group-by fun
tion f : If two values v and wfrom a set X are dot-equal under f (i.e., f(v) := f(w)), their images under e (i.e.,e(v) and e(w)) are grouped together in the same group. After a group is formed,it is redu
ed by the a

umulator � and a pair of the group-by value along withthe result of the redu
tion of this group is returned. Fun
tion g indi
ates whi
hnulls to 
onvert into zeros (i.e., into Z�). For example, the nest operation�[=�(d;e):e=�(d;e):d�(d;e):true=�(d;e):e(X) = [f (d0;[f e [℄ (d; e) X; e 6= null; d0 := dg)[℄ d0 Q�(d;e):d(X)ggroups the input (whi
h 
onsists of pairs (d; e) of a department d and an employeee) by d and 
onverts the null e's into empty sets. Q�(d;e):d(X) is a generalizedproje
tion that retrieves the d 
omponent of ea
h pair (d; e) in X and removesthe dupli
ate d's.7. QUERY UNNESTINGThere are many re
ent proposals on OODB query optimization that are fo
used onunnesting nested queries [Cluet and Moerkotte 1995a; Cluet and Moerkotte 1995b;Claussen et al. 1997; Steenhagen et al. 1994℄ (also known as query de
orrelation).Nested queries appear more often in OODB queries than in relational queries,be
ause OODB query languages allow 
omplex expressions at any point in a query.In addition, OODB types are allowed to have attributes with 
olle
tion values(ie., nested 
olle
tions), whi
h lead naturally to nested queries. Current OODBsystems typi
ally evaluate nested queries in a nested-loop fashion, whi
h does notleave many opportunities for optimization. Most unnesting te
hniques for OODBqueries are a
tually based on similar te
hniques for relational queries [Kim 1982;Ganski and Wong 1987; Muralikrishna 1992℄. For all but the trivial nested queries,these te
hniques require the use of outer-joins, to prevent loss of data, and grouping,to a

umulate the data and to remove the null values introdu
ed by the outer-joins.
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onsidered in isolation, query unnesting itself does not result in performan
eimprovement. Instead, it makes possible other optimizations that would not be pos-sible otherwise. More spe
i�
ally, without unnesting, the only 
hoi
e of evaluatingnested queries is a naive nested-loop method: For ea
h step of the outer query, allthe steps of the inner query need to be exe
uted. Query unnesting promotes all theoperators of the inner query into the operators of the outer query. This operatormixing allows other optimization te
hniques to take pla
e, su
h as the rearrange-ment of operators to minimize 
ost and the free movement of sele
tion predi
atesbetween inner and outer operators, whi
h enables operators to be more sele
tive.All early unnesting te
hniques were a
tually sour
e-to-sour
e transformationsover SQL 
ode, mostly due to the la
k of a group-by operator in the relationalalgebra to express grouping. The absen
e of a formal theory in a form of an algebrato express these transformations resulted in a number of bugs (su
h as the infamous
ount bug [Ganski and Wong 1987℄) whi
h were eventually dete
ted and 
orre
ted.Sin
e OODB queries are far more 
omplex than relational queries, it is more 
ru
ialto express the unnesting transformations in a formal algebra that will allow us toprove the soundness and 
ompleteness of these transformations. The �rst workwith that goal in mind was by Cluet and Moerkotte [1995a, 1995b℄, whi
h 
overedmany 
ases of nesting, in
luding nested aggregate queries, and validated all thetransformations. Their work was extended by Claussen et al. [1997℄ to in
ludeuniversal quanti�
ation. Chernia
k and Zdonik [1998a, 1998b℄ have used formalmethods to validate query unnesting transformations, but their work is a moderategeneralization of Kim's query unnesting te
hniques for relational queries.This se
tion des
ribes a query de
orrelation algorithm that unnests all possibleforms of query nesting in our language. Our unnesting algorithm extends previouswork in two ways. First, it is not only sound, but it is also 
omplete. That is,our framework is 
apable of removing any form of nesting. Se
ond, our unnestingalgorithm is more 
on
ise, more uniform, and more general than earlier work, mostlydue to the use of the monoid 
omprehension 
al
ulus as an intermediate formfor OODB queries. The monoid 
omprehension 
al
ulus treats operations overmultiple 
olle
tion types, aggregates, and quanti�ers in a similar way, resulting in auniform way of unnesting queries, regardless of their type of nesting. In fa
t, manyforms of nested queries 
an be unnested by the normalization algorithm for monoid
omprehensions. The remaining forms require the introdu
tion of outer-joins andgrouping. Our algorithm requires only two rewrite rules to unnest the queries that
annot be handled by the normalization algorithm.7.1 Examples of UnnestingAs an example of how OODB queries are unnested in our model, 
onsider thefollowing nested 
omprehension 
al
ulus expression:QUERY A:[f h D=d, E=[f e [℄ e Employees, e.dno = d.dno g i [℄ d Departments g,whi
h, for ea
h department, returns the employees of the department. The nest-ing inherent in this query 
an be avoided by using an outer-join 
ombined withgrouping [Muralikrishna 1992℄, as it is shown in Figure 8.A. The nest opera-tor, �[=ed , groups the input by the range variable d, 
onstru
ting a set of all
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Fig. 8. The Algebrai
 Form of Some OODB Queriese's that are asso
iated with the value of d. This set be
omes the value of therange variable m. That is, this nest operator reads a stream of tuples of typeset(h d: Department, e: Employee i) and generates a stream of tuples of typeset(h d: Department, m: set(h e: Employee i) i). The join before the nesting in Fig-ure 8.A is a left outer-join: If there are no employees or the predi
ate e.dno=d.dnois false for all employees in a department d, then the result of the join is d asso-
iated with a null value, i.e., the value of the range variable e be
omes null. Thenest operator 
onverts this null value into the empty set. That is, the outer-joinintrodu
es nulls and the nest operator 
onverts nulls into zeros.Another interesting example is the expression A � B, whi
h is equivalent to8a 2 A : 9b 2 B : a = b. It 
an be expressed in our 
al
ulus as follows:QUERY B: ^f _f true [℄ b B, a=b g [℄ a A g.The inner 
omprehension, whi
h 
aptures the existential quanti�
ation, 
he
ks ifthere is at least one b 2 B with a = b (it 
an also be written as _f a=b [℄ b Bg).The algebrai
 form of QUERY B after unnesting is shown in Figure 8.B. Duringthe outer-join, if there is no a with b=a, then a will be mat
hed with a null value.In that 
ase, the nest operator will 
onvert the null value into a false value, whi
his the zero element of _. The redu
tion at the root tests whether all m's are true.



32 � L. Fegaras and D. MaierIf there is at least one false m, then there is at least one a in A that has no equalin B.A more 
hallenging example is the following double-nested 
omprehension:QUERY C:[f h E=e, M=+f 1 [℄ 
 e.
hildren,^f 
.age> d.age [℄ d e.manager.
hildren g g i[℄ e Employees g,whi
h, for ea
h employee, 
omputes the number of the employee's 
hildren whoare older than the oldest 
hild of the employee's manager. The algebrai
 form ofQUERY C is shown in Figure 8.C. Here, instead of an outer-join, we are using anouter-unnesting: the =�e:
hildren operator, whi
h introdu
es a new range variable,
, whose value is the unnesting of the set e.
hildren. If this set is empty, then 
be
omes null, i.e., the employee e is padded with a null value. Sin
e we have adouble-nested query, we need to use two nested unnest-nest pairs. The top nestoperator groups the input stream by ea
h employee e, generating the number of
hildren of e. Note that every operator in our algebra 
an be assigned a predi
ate(su
h as the predi
ate k=true in the top nest operation) to restri
t the input data.The se
ond nest operator groups the input stream by both e and 
 (i.e., by the tuple(e; 
)) and, for ea
h group, evaluates the predi
ate 
.age > d.age and extends theoutput stream with an attribute k bound to the 
onjun
tion of all the predi
ates(indi
ated by the ^ a

umulator).The following 
omprehension �nds the students who have taken all database
ourses. It uses a predi
ate that has the same pattern as that of A � B:QUERY D:[f s [℄ s Students, ^f _f true [℄ t Trans
ript, t.id=s.id, t.
no=
.
no g[℄ 
 Courses, 
.title = \DB" g g.The algebrai
 form of this query is shown in Figure 8.D. This query 
an be evaluatedmore eÆ
iently if we swit
h Courses with Trans
ripts, as it is shown in Figure 8.E.In that 
ase, the resulting outer-joins are both assigned equality predi
ates, thusmaking them more eÆ
ient. Optimizations su
h as this justify query unnesting.7.2 Our Query Unnesting MethodFigure 9 shows how our unnesting algorithm unnests QUERY D. Every 
ompre-hension is �rst normalized and then translated into an algebrai
 form 
onsistingof regular joins, sele
tions, unnests, and redu
tions, the last being the root of thealgebrai
 form. We will see that this translation is straightforward. The outermost
omprehension has one output (the result of the redu
tion) and no input streams.For example, the dashed box A in Figure 9 represents the outer 
omprehensionin QUERY D. The shaded box on the redu
tion represents a nested query. Thealgebrai
 form of an inner 
omprehension (i.e., a 
omprehension inside another
omprehension) has one input stream and one output value: The input stream isthe same stream of tuples as that of the operation in whi
h this form is embeddedand the output is the result of this form. For example, the dashed box B in Fig-ure 9 represents the universally quanti�ed 
omprehension (with a

umulator ^):the input of this box is the same input stream as that of the redu
tion in box A
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Fig. 9. Unnesting QUERY D(namely the stream of employees), sin
e box B is embedded in the predi
ate ofthe redu
tion. The output value of the box B, n, is used in the predi
ate of theredu
tion in the box A. Similarly, the existential quanti�
ation (with a

umulator_) is translated into box C.Our unnesting algorithm is simple: For ea
h box that 
orresponds to a nestedquery (i.e., Boxes B and C in the 
urrent example), it 
onverts redu
tions into nests(group-bys), and the joins and unnests that lay on the input-output path of thebox into outer-joins and outer-unnests, respe
tively. At the same time, it embedsthe resulting boxes at the points immediately before they are used. For example,box C will be embedded before the redu
tion in box B and the output value ofbox C will be used as the result of the innermost form. Similarly, box B will beembedded immediately before its output value is used in box A.There is a very simple explanation why this algorithm is 
orre
t (a formal proofis given in Appendix A): A nested query is represented as a box, say box C, that
onsumes the same input stream as that of the embedding operation and 
omputesa value m that is used in the embedding query (box B). If we want to spli
e this boxonto the stream of the embedding query we need to guarantee two things. First,box C should not blo
k the input stream by removing tuples from the stream.This 
ondition is a
hieved by 
onverting the blo
king joins into outer-joins andthe blo
king unnests into outer-unnests. Se
ond, we need to extend the streamwith the new value m of box C before it is used in the redu
tion of box B. Thismanipulation 
an be done by 
onverting the redu
tion of box C into a nest, sin
e themain di�eren
e between nest and redu
e is that, while the redu
e returns a value(a redu
tion of a stream of values), nest embeds this value to the input stream. Atthe same time, the nest operator will 
onvert null values to zeros so that the streamthat 
omes from the output of the spli
ed box C will be exa
tly the same as it wasbefore the spli
e. There are some important details that we omitted here, but wewill present them later when we des
ribe the unnesting algorithm in detail. Themost important one is whi
h nulls to 
onvert to zeros ea
h time: If we 
onvert thenull 
's (i.e., the 
ourses) to false in the se
ond nest operation �_=true(s;
) in the �nalunnested form in Figure 9, it will be too soon. This nest should 
onvert null t's tofalse and the �rst nest should 
onvert null 
's to true. This di�eren
e is indi
atedby an extra parameter to the nest operator, whi
h is not shown here.



34 � L. Fegaras and D. Maier[[�f e [℄ v X; r; pg℄℄()() f()g = [[�f e [℄ r; p[v℄g℄℄()v (��v:p[v℄(X)) (C4)[[�f e [℄ pg℄℄()w E = ��=�w:e�w:p (E) (C5)[[�f e [℄ v X; r; pg℄℄()w E = [[�f e [℄ r; p[(w;v)℄g℄℄()(w;v) (E./�(w;v):p[(w;v)℄(��v:p[v℄(X))) (C6)[[�f e [℄ v path; r; pg℄℄()w E = [[�f e [℄ r; p[v℄g℄℄()(w;v) (��w:path�(w;v):p[v℄(E)) (C7)[[�f e [℄ pg℄℄uw E = ��=�w:e=�w:u�w:p=�w:w8u (E) (C8)[[�f e [℄ v X; r; pg℄℄uw E = [[�f e [℄ r; p[(w;v)℄g℄℄u(w;v) (E =./�(w;v):p[(w;v)℄(��v:p[v℄(X))) (C9)[[�f e [℄ v path; r; pg℄℄uw E = [[�f e [℄ r; p[v℄g℄℄u(w;v) (=��w:path�(w;v):p[v℄(E)) (C10)[[�f e1 [℄ s; p(
f e2 [℄ r g)g℄℄uw E = [[�f e1 [℄ s; p(v) g℄℄u(w;v) ([[
f e2 [℄ r g℄℄ww E) (C11)
f e2 [℄ r g does not depend on the s generators[[�f f(
f e [℄ r g) [℄ pg℄℄uw E = [[�f f(v) [℄ pg℄℄u(w;v) ([[
f e [℄ r g℄℄ww E) (C12)Fig. 10. Rules for Translating and Unnesting Comprehensions (u 6= () in Rules C8-C10)7.3 The Query Unnesting AlgorithmThe query unnesting algorithm is expressed in Figure 10 in terms of a set of rewriterules. We assume that all 
omprehensions in a query have been put into the 
anon-i
al form �f e [℄ v1 path1; : : : ; vn pathn; predg before this algorithm is applied.That is, all generator domains have been redu
ed to paths and all predi
ates havebeen 
olle
ted to the right of the 
omprehension into pred by anding them together(pred is set to true if no predi
ate exists). The translation of a monoid 
omprehen-sion�f e [℄ r g is a

omplished by using [[�f e [℄ r g℄℄uw E. The 
omprehension�f e [℄ r gis translated by 
ompiling the quali�ers in r from left to right using the term E asa seed that grows at ea
h step. That is, the term E is the algebrai
 tree derivedat this point of 
ompilation. The variables in w are all the variables en
ounteredso far during the translation and u are the variables that need to be 
onverted tozeros during nesting if they are nulls. The situation u = () (i.e., when we have novariables in u) indi
ates that we are 
ompiling an outermost 
omprehension (nota nested one). Rules (C4) through (C7) 
ompile outermost 
omprehensions whileRules (C8) through (C10) 
ompile inner 
omprehensions. Rules (C11) and (C12)do the a
tual unnesting (here u 
an be of any value, in
luding (), and 
 is notne
essarily the same monoid as �).Rule (C4) is the �rst step of the unnesting algorithm: The 
omprehension mustbe the outermost 
omprehension; thus, the �rst generator must be over an extent
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ase, the seed be
omes a sele
tion over X . The notation p[v℄ spe
i�esthe part of the predi
ate p that refers to v ex
lusively and does not 
ontain anyembedded 
omprehensions. The rest of the predi
ate is denoted by p[v℄ and satis�esp[v℄^p[v℄ = p. This de
omposition is used for pushing predi
ates to the appropriateoperators. Rule (C5) is the last rule to be performed, after all generators havebeen 
ompiled. Rule (C6) 
onverts a generator over an extent (a variable) into ajoin. Here we split the predi
ate p into three parts: p[v℄ that refers to v ex
lusively,p[(w; v)℄ that refers to both w and v, and p[(w; v)℄ for the rest of the predi
ate. Notethat all predi
ates with embedded 
omprehensions should be assigned to p[(w; v)℄,sin
e otherwise these embedded 
omprehensions will not be unnested. Details ofhow predi
ates are split into parts will be given later in this se
tion when we presentthe unnesting algorithm in a more operational form. Rule (C7) 
ompiles generatorswith path domains into unnests.Rules (C8) through (C10) apply to inner 
omprehensions and are similar toRules (C5) through (C7) with the only di�eren
e that redu
tions be
ome nests,joins be
ome left outer-joins, and unnests be
ome outer-unnests. The notation w8uindi
ates all the variables in w that do not appear in u. Those variables are theattributes to group by (u are the attributes to 
onvert into zeros when they arenulls). Rules (C11) and (C12) perform the a
tual unnesting. They do exa
tly whatwe have done in Figure 9 when we 
omposed boxes: here the boxes are a
tuallythe results of the translation of the outer and inner 
omprehensions. Rule (C11)unnests a nested 
omprehension in the predi
ate p. It is applied as early as possible,that is, immediately when the generators s do not a�e
t the inner 
omprehension(i.e., when the free variables of the inner 
omprehensions do not depend on thegenerator variables in s). Rule (C12) unnests a nested 
omprehension in the headof a 
omprehension. This unnesting is performed when all the generators of theouter 
omprehension have been redu
ed.For example, QUERY C, QC , is 
ompiled as follows:QC = [[[f hE = e; M = +f 1 [℄ 
 e:
hildren;f̂ 
:age > d:age [℄ d e:manager:
hildren; trueggi[℄ e Employees; trueg℄℄()() f()g= [[[f hE = e; M = +f 1 [℄ 
 e:
hildren;f̂ 
:age > d:age [℄ d e:manager:
hildren; trueggi[℄ trueg℄℄()e Employeesfrom Rule (C4), if we ignore the sele
tion over Employees (be
ause it has a truepredi
ate). From Rule (C12) we have:QC = [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)([[+f 1 [℄ 
 e:
hildren; f̂ 
:age > d:age [℄ d e:manager:
hildren; truegg℄℄eeEmployees)to handle the inner + 
omprehension. From Rule (C10) we have:QC = [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)([[+f 1 [℄ f̂ 
:age > d:age [℄ d e:manager:
hildren; truegg℄℄e(e;
)(=��e: e:
hildren�(e;
):true (Employees)))
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hildren into an unnest:QC = [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)([[+f 1 [℄ k g℄℄e((e;
);k) ([[ f̂ 
:age > d:age [℄ d e:manager:
hildren; trueg℄℄(e;
)(e;
)(=��e: e:
hildren�(e;
):true (Employees))))= [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)([[+f 1 [℄ k g℄℄e((e;
);k) ([[ f̂ 
:age > d:age [℄ trueg℄℄(e;
)((e;
);d) (=��(e;
): e:manager:
hildren�((e;
);d):true(=��e: e:
hildren�(e;
):true (Employees)))))= [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)([[+f 1 [℄ k g℄℄e((e;
);k) (�^=�((e;
);d): 
:age>d:age=�((e;
);d):(e;
)�((e;
);d):true=�((e;
);d):d(=��(e;
): e:manager:
hildren�((e;
);d):true (=��e: e:
hildren�(e;
):true (Employees)))))= [[[f hE = e; M = mi [℄ trueg℄℄()(e;m)(�+=�((e;
);k):1=�((e;
);k):e�((e;
);k):k=�((e;
);k):(
;k) (�^=�((e;
);d): 
:age>d:age=�((e;
);d):(e;
)�((e;
);d):true=�((e;
);d):d(=��(e;
): e:manager:
hildren�((e;
);d):true (=��e: e:
hildren�(e;
):true (Employees)))))= �[=�(e;m):hE=e;M=mi�(e;m):true(�+=�((e;
);k):1=�((e;
);k):e�((e;
);k):k=�((e;
);k):(
;k) (�^=�((e;
);d): 
:age>d:age=�((e;
);d):(e;
)�((e;
);d):true=�((e;
);d):d(=��(e;
): e:manager:
hildren�((e;
);d):true (=��e: e:
hildren�(e;
):true (Employees)))))(using Rules (C11), (C10), (C8), (C8), and (C5)), whi
h is the algebrai
 form shownin Figure 8.C.Figure 11 uses C-like pseudo 
ode to present the unnesting rules in Figure 10in a more operational way. The fun
tion 
all T (e; u; w;E) 
orresponds to [[e℄℄uw E.Thus, T (e; (); (); f()g) translates the term e into an algebrai
 form. Terms aretree-like data stru
tures that represent both 
al
ulus and algebrai
 terms. A pat-tern u is a binary tree stru
ture that represents an empty pattern (), a vari-able v, or a pair of patterns (u1; u2). Central to this program is the fun
tionsplit predi
ate( Term p, Pattern left, Pattern right ) that returns a triple (p1; p2; p3)of terms. Terms p, p1, p2, and p3 are 
onjun
tions of simple predi
ates withp = p1 ^ p2 ^ p3. In parti
ular, p1 holds all simple predi
ates in p that refer tothe pattern variables in right ex
lusively; p2 holds all predi
ates that refer to thepattern variables in both left and right, and p3 holds the rest of the predi
ates. Notethat there are no predi
ates in p that refer to the pattern variables in left ex
lusively,be
ause these predi
ates have been assigned to the operators during previous steps.In addition, if a simple predi
ate is a 
omprehension (i.e., an embedded query inthe predi
ate), then it is always assigned to p3 in order to be unnested later byT . Line (2) in Figure 11 
he
ks whether Rule (C11) 
an be applied. This 
aseholds when the outermost 
omprehension e0 = 
f e2 [℄ r g of the predi
ate p doesnot depend on the range variables of the generators r. This 
ase always applieswhen r is empty and there is an embedded 
omprehension in p. Lines (3) and (4)implement the right side of the Rule (C11). The notation p[e0=v℄ indi
ates thata 
opy of the term p is 
reated but with the subtree e0 in p substituted for thevariable v. Lines (5) through (7) 
he
k whether Rule (C12) 
an be applied andLine (8) applies this rule. Otherwise, either Rule (C5) or Rule (C8) is applied,
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ulus � 37(1) Term T ( Term e, Pattern u, Pattern w, Term E ) f(2) if e = �f e1 [℄ s; pg and the outermost subterm e0 = 
f e2 [℄ r g of p(if one exists) does not depend on s;(3) f Pattern v := new variable();(4) return T (�f e1 [℄ s; p[e0=v℄g; u; (w; v); T (e0; w;w;E) );g(5) else if e = �f e1 [℄ pg(6) f Pattern v := new variable();(7) �nd the outermost term e0 = 
f e2 [℄ r g in term e1;(8) if found return T (�f e1[e0=v℄ [℄ pg; u; (w; v); T (e0; w;w;E) );(9) else if u=() return��=�w:e1�w:p (E);(10) else return ��=�w:e1=�w:u�w:p=�u8v (E);g(11) else if e = �f e1 [℄ v X; r; pg(12) f (p1; p2; p3) split predi
ate(p; w; v);(13) if u = ()(14) if w = () return T (�f e1 [℄ r; p3 g; u; v; ��v:np(E) );else if X is a variable(15) return T (�f e1 [℄ r; p3 g; u; (w; v); E./�(w;v):p2 (��v:p1(E)) );(16) else return T (�f e1 [℄ r; p3 g; u; (w; v); ��w:X�(w;v):p1^p2(E) );else if X is a variable(17) return T (�f e1 [℄ r; p3 g; u; (w; v); E =./�(w;v):p2 (��v:p1(E)) );(18) else return T (�f e1 [℄ r; p3 g; u; (w; v); =��w:X�(w;v):p1^p2(E) );g g Fig. 11. The Query Unnesting Algorithmdepending whether u = () or not. Line (14) applies when both u = () and w = ()(Rule (C4)). Otherwise we have four 
ases: whether u = () or not and whetherthe �rst generator X is over a path or it is over a variable. Lines (15), (16), (17),and (18) 
apture the Rules (C6), (C7), (C9), and (C10), respe
tively.We 
an easily prove that the unnesting algorithm in Figure 10 is 
omplete:Theorem 5. The rules in Figure 10 unnest all nested 
omprehensions.Proof. After normalization, the only pla
es where we 
an �nd nested queriesare the 
omprehension predi
ate and the head of the 
omprehension. These 
asesare handled by Rules (C11) and (C12) respe
tively. Even though Rule (C11) has apre
ondition, it will be eventually applied to unnest any nested query in a predi
ate.(In the worst 
ase, it will be applied when all generators of the outer 
omprehensionhave been 
ompiled by the other rules.)The soundness of our unnesting algorithm is a 
onsequen
e of the following the-orem:Theorem 6. The rules in Figure 10 are meaning preserving. That is:[[�f e [℄ r g℄℄()() f()g = �f e [℄ r g:The proof of this theorem is given in Appendix A (as Corollary 1 based on Theo-rem 7). Here we illustrate the validity of this theorem using an example. When we



38 � L. Fegaras and D. Maierapply the rules in Figure 10, QUERY A be
omes:[[[f hD = d; M = [f e [℄ e Employees; e:dno = d:dnogi [℄ d Department g℄℄()() f()g=�[=�(d;m):hD=d;M=mi�(d;m):true (�[=�(d;e):e=�(d;e):d�(d;e):true=�(d;e):e(Department=./�(d;e): e:dno=d:dnoEmployees)):We will prove that the algebrai
 form above is equivalent to the original 
ompre-hension. The tools that we will use for this proof are the operator de�nitions inFigures 5 and 7, and the normalization algorithm. A

ording to Rule (O4) inFigure 7, the above algebrai
 form is equal to[f hD = d; M = mi [℄ (d;m) (�[=�(d;e):e=�(d;e):d�(d;e):true=�(d;e):e(Department=./�(d;e): e:dno=d:dnoEmployees))g= [f hD = d; M = mi[℄ (d;m) [f (d;[f e0 [℄ (d0; e0) (Department=./�(d;e): e:dno=d:dnoEmployees);e0 6= null; d := d0 g)[℄ d Q�(d;e):d(Department=./�(d;e): e:dno=d:dnoEmployees)gg= [f hD = d; M = [f e0 [℄ (d0; e0) (Department=./�(d;e): e:dno=d:dnoEmployees);e0 6= null; d := d0 gi[℄ d Q�(d;e):d(Department=./�(d;e): e:dno=d:dnoEmployees)g= [f hD = d; M = [f e0 [℄ (d0; e0) [f (d; e) [℄ d Department; e F (d)g;e0 6= null; d := d0 gi[℄ d Q�(d;e):d([f (d; e) [℄ d Department; e F (d)g)g;where F (d) is the right bran
h of the outer join in Rule (O5):F (d) = if f̂ e:dno 6= d:dno [℄ d 6= null; e Employeesg then [null℄else[f e [℄ e Employees; e:dno = d:dnog:But, a

ording to Property (P2), Q�(d;e):d([f (d; e) [℄ d Department; e F (d)g)is equal to Department. Therefore, after normalization, we get:= [f hD = d; M = [f e0 [℄ d0 Department; e0 F (d0); e0 6= null; d := d0 gi[℄ d Departmentg= [f hD = d; M = [f e0 [℄ d0 Department; e0 [f e [℄ e Employees; e:dno = d:dnog;d := d0 gi[℄ d Departmentg= [f hD = d; M = [f e [℄ d0 Department; e Employees; e:dno = d:dno; d := d0 gi[℄ d Departmentg:Finally, a

ording to Property (P1), we 
an safely remove the generator d0  Department from the inner 
omprehension. The �nal form is:[f hD = d; M = [f e [℄ e Employees; e:dno = d:dnogi [℄ d Department g;whi
h is the original 
omprehension.7.4 Simpli�
ationsThere is a large 
lass of nested queries that 
an be further improved after unnesting.Consider for example the following OQL query that, for ea
h department, it �ndsthe total salary of all the employees older than 30 in the department:
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DFig. 12. Various Simpli�
ationssele
t distin
t e.dno, sum(e.salary)from Employees ewhere e.age>30group by e.dno.Even though this query does not seem to be nested at a �rst glan
e, its translationto the monoid 
al
ulus is in fa
t nested:[f hE = e:dno; S = +fu:salary [℄u Employees; u:age > 30; e:dno = u:dnogi[℄ e Employees; e:age > 30g:Our unnesting algorithm generates the algebrai
 form in Figure 12.A, but we wouldprefer to have the form in Figure 12.B, whi
h is more eÆ
ient.This simpli�
ation 
an be easily a

omplished with the help of the followingtransformation rule:�f(b)a (g(a) =./a:M=b:M g(b)) ! �f(a)a:M (g(a));where a and b are range variables in g(a) and g(b), respe
tively. That way, it doesnot make a di�eren
e whether this query is expressed as a group-by query or anested query; both forms are optimized to the same eÆ
ient algebrai
 form.As another simpli�
ation, we 
an use materialized views to handle some formsof un
orrelated nested queries [Cluet and Moerkotte 1995b℄. For example, thefollowing 
omprehension[f hC = 
; D = [f a:X + b:Y [℄ a A; b B; a:N = b:M gi [℄ 
 C g
an be translated as follows:view := [f a:X + b:Y [℄ a A; b B; a:N = b:M g[f hC = 
; D = viewi [℄ 
 C g;where the operator := 
reates a materialized view. All other 
ases of un
orrelatednested queries that 
annot be handled with global views do not require any spe
ial



40 � L. Fegaras and D. Maiertreatment by our framework. For example, in the query[f hA = a:X; B = [f hA = a:X; B = +f 
:Z [℄ 
 a:Agi[℄ b B; a:N = b:M gi[℄ a Ag;the + 
omprehension has the same value for every a in A. Our unnesting algorithmwill generate the algebrai
 form shown in Figure 12.C for this query, but it is aneasy task for an optimizer to transform this algebrai
 form into the form shown inFigure 12.D (by pulling the outer-join up in the operator tree).8. IMPLEMENTATIONWe have already built a prototype ODMG database management system, 
alled�-DB , based on our framework [Fegaras et al. 2000℄. Our system 
an handle mostODL de
larations and 
an pro
ess most OQL query forms. The �-DB prototypeis not ODMG 
ompliant. Instead it supports its own C++ binding that providesa seamless integration between OQL and C++ with low impedan
e mismat
h. Itallows C++ variables to be used in queries and results of queries to be passed ba
kto C++ programs. Programs expressed in our C++ binding are 
ompiled by aprepro
essor that performs query optimization at 
ompile time, rather than run-time, as is proposed by ODMG. In addition to 
ompiled queries, �-DB provides aninterpreter that evaluates ad-ho
 OQL queries at run-time.The �-DB evaluation engine is written in SDL (the SHORE Data Language) ofthe SHORE obje
t management system [Carey et al. 1994℄, developed at the Uni-versity of Wis
onsin. ODL s
hemas are translated into SDL s
hemas in a straight-forward way and are stored in the system 
atalog. The �-DB OQL 
ompiler isa C++ prepro
essor that a

epts a language 
alled �-OQL, whi
h is C++ 
odewith embedded DML 
ommands to perform transa
tions, queries, updates, et
.The prepro
essor translates �-OQL programs into C++ 
ode that 
ontains 
alls tothe �-DB evaluation engine. We also provide a visual query formulation interfa
e,
alled VOODOO [Fegaras 1999b℄, and a translator from visual queries to OQL text,whi
h 
an be sent to the �-DB OQL interpreter for evaluation.Our OQL optimizer is expressed in a very powerful optimizer spe
i�
ation lan-guage, 
alled OPTL, and is implemented in a 
exible optimization framework,
alled OPTGEN, whi
h extends our earlier work on optimizer generators [Fegaraset al. 1993℄. OPTL is a language for spe
ifying query optimizers that 
aptures alarge portion of the optimizer spe
i�
ation information in a de
larative manner.It extends C++ with a number of term-manipulation 
onstru
ts and with a rulelanguage for spe
ifying query transformations. OPTGEN is a C++ prepro
essorthat maps OPTL spe
i�
ation into C++ 
ode.The �-DB OQL optimizer pro
eeds in eight phases: 1) parsing of OQL queriesand translation from OQL into 
al
ulus, 2) type 
he
king, 3) normalization, 4)translation into algebra and query unnesting, 5) join permutation, 6) physi
al plangeneration, 7) generation of intermediate evaluation 
ode, and 8) translation fromintermediate 
ode into C++ 
ode, or interpretation of the intermediate 
ode.Our unnesting algorithm, whi
h is based on the framework des
ribed in earlierse
tions, turned out to be very easy to implement (it is only 160 lines of C++
ode). In addition to query unnesting, �-DB 
onverts path expressions into pointer
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ulus � 41joins between 
lass extents (when is possible) and it uses information about 1:N
lass relationships to 
onvert unnests into pointer joins between extents (by usingthe inverse relationship).Our query optimizer translates monoid 
omprehensions into algebrai
 operators,whi
h, in turn, are mapped into physi
al exe
ution algorithms, like those foundin relational database systems. This translation is done in stages: queries in ourframework are �rst translated into monoid 
omprehensions, whi
h serve as an in-termediate form, and then are translated into a version of the nested relationalalgebra that supports aggregation, quanti�
ation, outer-joins, and outer-unnests.At the end, the algebrai
 terms are translated into exe
ution plans.A very important task of any query optimizer is �nding a good order to evaluatethe query operations. In the 
ontext of relational databases, this task is known asjoin ordering. The �-DB system uses a polynomial-time heuristi
 algorithm, 
alledGOO [Fegaras 1998a℄, that generates a \good quality" order of the monoid algebraoperators in the query algebrai
 form. GOO is a bottom-up greedy algorithmthat always performs the most pro�table operations �rst. The measure of pro�t isthe size of the intermediate results, but it 
an be easily modi�ed to use real 
ostfun
tions. GOO is based on query graphs and takes into a

ount both the outputsizes of the results 
onstru
ted in earlier steps and the predi
ate sele
tivities. Itgenerates bushy join trees that have a very low total size of intermediate results.After the best evaluation order of operators is derived, the algebrai
 form ismapped into an evaluation plan by a rule-based rewriting system. Our system
onsiders the available a

ess paths (indexes) and the available physi
al algorithmsto generate di�erent plans. During this phase, all alternative plans (for the derivedorder of operators) are generated and 
osted and the best plan is sele
ted. Finally,ea
h evaluation plan is translated into an intermediate evaluation 
ode that re
e
tsthe signatures of the evaluation algorithms used in �-DB . This 
ode 
an then betranslated straightforwardly into C++ or interpreted by the �-DB interpreter.The �-DB evaluation engine is built on top of SHORE [Carey et al. 1994℄. Weuse the SDL layer of SHORE ex
lusively in our implementation, be
ause we believeit is more resilient to 
hanges than the Shore Storage Manager and is easier to use.An alternative would have been to write our own value-added server on top of thestorage manager. Mu
h of our e�ort has been devoted to make the implementationof the evaluation engine as simple as possible without sa
ri�
ing performan
e. Thisrequired a very 
areful design. For example, one of our design requirements wasto put all the evaluation algorithms in a library so that the query evaluation 
odewould 
onsist of 
alls to these algorithms. This approa
h sounds obvious enoughand simple to implement, but it required some spe
ial te
hniques (des
ribed below)borrowed from the area of fun
tional programming.Algebrai
 operators, su
h as R ./R:A=S:B S, are intrinsi
ally higher-order. Thatis, they are parameterized by pie
es of 
ode (i.e., fun
tions) that spe
ify someof the operation details. For the previous join, the pie
e of 
ode is the predi
ateR:A = S:B. Most 
ommer
ial DBMSs evaluate query plans using a plan interpreter.Very few systems a
tually 
ompile plans into 
ode, and when they do so, it is onlyfor pro
edures written in a database language. If it were to be implemented inC++, the join operator 
ould be spe
i�ed as



42 � L. Fegaras and D. MaierRelation join ( Relation x, Relation y, bool (pred) (tuple,tuple) ),where pred is the address of the predi
ate fun
tion. The same holds for any evalu-ation plan operator, su
h as the nested-loop join operator. If a query is to be 
om-piled into exe
ution 
ode with no run-time interpretation of predi
ates, it shouldmake use of higher-order evaluation algorithms. The alternative would be to de�nethe evaluation algorithms as kinds of ma
ros to be ma
roexpanded and individuallytailored for ea
h di�erent instan
e of the evaluation operator in the query plan. Forexample, the nested-loop join would have to be a fun
tion with a \hole" in its body,to be �lled with the predi
ate 
ode. Then the entire 
ode, the evaluation fun
tionand the predi
ate, would be generated and inserted inside the query 
ode. Thisapproa
h is 
lumsy and makes the development and extension of the evaluationalgorithms very tedious and error-prone.One very important issue to 
onsider when writing evaluation algorithms isstream-based pro
essing of data (sometimes 
alled iterator-based pro
essing orpipelining). It is highly desirable to avoid materializing the intermediate data in ase
ondary storage whenever it is possible. The �-DB system pipelines all evaluationalgorithms. Instead of using threads to implement pipelining, as it is traditionallydone in most systems, we developed a spe
ial te
hnique borrowed from the areaof lazy fun
tional languages. Ea
h of our evaluation algorithms is written in su
ha way that it returns a pie
e of data (one tuple) as soon as it 
onstru
ts one. Toretrieve all the tuples, the algorithm must be 
alled multiple times. For example,the pipeline version of the nested-loop join will have the signaturetuple nested loop ( Stream sx, Stream sy, bool (pred) (tuple,tuple) ),where Stream is a stream of tuples equipped with standard operations, su
h as�rst and next. In 
ontrast to the standard nested-loop algorithm, this algorithmexits when it �nds the �rst quali�ed tuple (that satis�es pred). To pipeline analgorithm, we 
onstru
t a suspended stream, whi
h is a stru
ture with just one
omponent: an embedded fun
tion, whi
h, when invoked, 
alls the evaluation al-gorithm to 
onstru
t one tuple. For example, to pipeline our nested-loop algo-rithm, we 
onstru
t a suspended stream whose embedded fun
tion, F, is de�nedas tuple F () return nested loop(s1,s2,pred); , where s1 and s2 are the streams that
orrespond to the join inputs and pred is the address of the predi
ate fun
tion.When a tuple is needed from a suspended stream, its embedded fun
tion is 
alledwith no arguments to return the next tuple. This approa
h is a 
lean and eÆ
ientway of implementing pipelining. This type of evaluation resembles lazy evaluationin fun
tional programming languages. Here, though, we provide an expli
it 
on-trol over the lazy exe
ution, whi
h gives a better handle of 
ontrolling the datamaterialization in a se
ondary storage.The intermediate evaluation 
ode, whi
h is generated from a query evaluationplan, is a purely fun
tional program that 
onsists of 
alls to the evaluation algo-rithms. The fun
tional parameters of the 
alls (su
h as the predi
ate fun
tion ofthe nested-loop join), are represented as anonymous fun
tions (lambda abstra
-tions). If the intermediate 
ode is 
ompiled into C++, the lambda abstra
tions aretranslated into named C++ fun
tions by a simple defun
tionalization pro
ess. Ifthe intermediate 
ode is interpreted, ea
h 
all to an evaluation algorithm is exe-
uted without mu
h overhead be
ause fun
tion addresses are stored into a ve
tor
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ulus � 431 sele
t x: e.name, y: (sele
t 
.name from 
 in e.tea
hes) from e in Instru
tors2 sele
t x: e.name, y: 
ount(e.dept.instru
tors) from e in Instru
tors3 sele
t x: e.name, y: (sele
t x: 
.name, y: 
ount(
.has prerequisites)from 
 in e.tea
hes) from e in Instru
tors4 sele
t x: dn, y: 
ount(partition) from e in Instru
tors group by dn: e.rank5 sele
t d.name, 
: 
ount(sele
t * from e in d.instru
tors where e.rank=\professor")from d in Departments order by 
ount(sele
t * from e in d.instru
torswhere e.rank=\professor")6 sele
t e.name, 
: 
ount(e.tea
hes) from e in Instru
tors where 
ount(e.tea
hes)�47 sele
t x, y, 
: 
ount(
) from e in Instru
tors, 
 in e.tea
hesgroup by x: e.ssn, y: 
.name having x>60 and y>\CSE5330"8 sele
t x: x, y: 
ount(e) from e in Instru
tors group by x: 
ount(e.tea
hes)having x>09 sele
t x, y, 
: 
ount(e) from e in Instru
tors group by x: 
ount(e.tea
hes),y: (exists 
 in e.tea
hes: 
.name=\CSE5330") having x>010 sele
t x: x, y: 
ount(e) from d in Departments, e in d.instru
torsgroup by x: 
ount(e.tea
hes) having x>011 sum(sele
t sum(sele
t e.salary from e in d.instru
tors) from d in Departments)12 sele
t e.name, X: (sele
t x from 
 in e.tea
hesgroup by x: 
ount(
.has prerequisites)) from d in Departments, e in d.instru
tors13 sele
t e from e in Instru
tors where for all 
 in e.tea
hes:exists d in 
.is prerequisite for: d.name = \CSE5330"Fig. 13. The Ben
hmark Queriesand 
alls to fun
tions are dispat
hed in 
onstant time by retrieving the fun
tiondire
tly from the ve
tor. Lambda abstra
tions are interpreted by using the addressof the interpreter itself as a parameter and by pushing the body of the lambdaabstra
tion into a spe
ial sta
k. This form of dispat
hing makes the interpretervery 
ompa
t (it is 400 lines of C++ 
ode only) and very fast.Currently, the �-DB evaluation engine supports table s
an of a 
lass extent,index s
an, external sorting, blo
k nested-loop join, indexed nested-loop join, sort-merge join, pointer join, unnesting, nesting (group-by), and redu
tion (to evaluateaggregations and quanti�
ations). The �-DB OODBMS is available as an opensour
e software through the web at http://lambda.uta.edu/lambda-DB.html.9. PERFORMANCE EVALUATIONTo evaluate the performan
e of our query unnesting algorithm, we used the �-DBOODBMS to optimize and run 13 nested OQL queries against a sample database.The database s
hema is given in Figure 1 and the OQL queries are shown in Fig-



44 � L. Fegaras and D. Maierure 13. The experiments were performed under the following assumptions:First, the queries that were not unnested by our de
orrelation algorithm wereevaluated in a naive nested loop fashion: for ea
h step of the outer query, the entireinner query was evaluated. The query unnesting algorithm introdu
es outer-joinsand outer-unnests to preserve the tuples of the outer query that are not joined withany tuple from the inner query. The outer-joins introdu
ed by query unnesting areevaluated using outer-blo
k-nested-loop joins. An outer-blo
k-nested-loop join usesa �xed-size memory bu�er to store a large number of tuples from the outer stream,thus redu
ing the number of the inner stream s
ans. Similarly, a left outer-join isimplemented by marking the joined tuples in the bu�er and then by 
he
king forunmarked tuples before the bu�er is repla
ed. We used a bu�er of 1000 tuples inour tests, whi
h means that the inner stream of a join was s
anned about 1000times less than that of the naive nested-loop implementation.Se
ond, in 
ontrast to joins, there are very few ways of evaluating the unnestoperator. In fa
t, �-DB provides only one implementation for the unnest opera-tor: a naive nested loop between ea
h tuple and its 
olle
tion 
omponent beingunnested. This 
ase is also true for the outer-unnests. Thus, if there are no joinsin a query, then the only improvement introdu
ed by query unnesting would 
omefrom moving predi
ates between the inner and outer query, whi
h may result inmore sele
tive unnest operations. Sin
e \predi
ate move around" has already beenshown to be e�e
tive by others [Levy et al. 1994; Mumi
k et al. 1990℄, we de
idedto do ben
hmarks over queries with joins, by translating outer-joins into outer-blo
k-nested loops. This modi�
ation was a

omplished mainly by mapping pathexpressions, su
h as e.dept.instru
tors in Query 2, into pointer joins between 
lassextents. This optimization, whi
h is known as materialization of path expressions,is very e�e
tive when there are multiple paths with the same pre�x. It is also verye�e
tive when 
ombined with query unnesting, sin
e query unnesting promotes thepointer joins of the inner queries to the outer query, thus allowing the mixing ofthe inner and outer operators.Third, the group-by queries (queries 7, 8, 9, and 10) were optimized into group-byoperations only when the queries were unnested. This step was ne
essary sin
e thegroup-by queries in �-DB are �rst translated into nested queries (as it is des
ribedin Se
tion 3) and then these nested queries are translated into group-by operatorsas it is des
ribed in Se
tion 7.4 (using the simpli�
ation transformations for queryunnesting). The reason for doing this transformation in two steps instead of one isthat the original group-by query and the translated nested query are semanti
allyequivalent and the resulting evaluation plan should not depend on the way theuser 
hooses to express the query. Of 
ourse, other systems may 
hoose to do thistranslation in one step, in whi
h 
ase there would be no measurement di�eren
esbetween the nested and unnested versions of queries 7 through 10, sin
e both willresult in the same plan.Finally, both nested and unnested queries were optimized extensively by the �-DB optimizer and the evaluation plans were evaluated in a stream-based fashion.The test database was 
reated in four di�erent sizes, as it is indi
ated by the
ardinalities of the 
lass extents for Departments, Instru
tors, and Courses in Fig-ure 14. The ben
hmarks were run on a lightly loaded Linux workstation with asingle 800MHz Pentium III, 256MB memory, and an ultra 160/m s
si 10000rpm
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tive Cal
ulus � 45Departments/Instru
tors/Courses 10/100/50 20/200/100 30/300/150 50/500/200Query 1: 0.03 / 0.09 0.04 / 0.46 0.14 / 0.99 0.17 / 2.57Query 2: 0.41 / 0.19 0.93 / 1.08 1.51 / 2.05 2.59 / 6.96Query 3: 0.05 / 0.19 0.13 / 0.59 0.18 / 1.29 0.43 / 2.70Query 4: 0.01 / 0.27 0.10 / 1.02 0.03 / 2.42 0.05 / 6.65Query 5: 0.01 / 0.24 0.03 / 0.78 0.04 / 1.96 0.08 / 7.36Query 6: 0.01 / 0.15 0.07 / 0.56 0.10 / 1.16 0.20 / 2.53Query 7: 0.00 / 0.16 0.03 / 2.83 0.07 / 5.56 0.05 / 10.94Query 8: 0.03 / 10.69 0.06 / 76.44 0.15 / 255.92 0.18 / 745.03Query 9: 0.04 / 19.53 0.09 / 168.63 0.26 / 590.28 0.42 / *Query 10: 0.07 / 11.94 0.16 / 92.09 0.24 / 301.30 0.39 / *Query 11: 0.02 / 0.06 0.07 / 0.12 0.09 / 0.21 0.13 / 0.70Query 12: 0.19 / 0.17 0.17 / 0.61 0.30 / 1.14 0.74 / 2.96Query 13: 0.05 / 0.26 0.11 / 1.30 0.16 / 2.59 0.32 / 5.81Fig. 14. Performan
e Evaluation of the Query Unnesting Algorithmdisk. The bu�er pool size of the SHORE 
lient was set to 20MB. The numbersshown in Figure 14 indi
ate pro
essor time in se
onds 
al
ulated using the unixfun
tion 
lo
k. Ea
h entry in the table has two values, n=m, to indi
ate the exe-
ution time of the query in se
onds with (n) and without (m) query unnesting. Astar indi
ates in
omplete exe
ution due to a SHORE server 
rash. From the mea-surements above it is 
lear that query unnesting o�ers a signi�
ant performan
eimprovement for the sele
ted queries.10. RELATED WORKThere are many proposals for obje
t query algebras [Leung et al. 1993; Danforthand Valduriez 1992; Cluet and Delobel 1992; Beeri and Kornatzky 1990; Pistor andTraunmueller 1986℄. In 
ontrast to our algebra, these algebras support multiple bulkoperators. But, as we have demonstrated in this paper, we get enough expressivepower with just one operator, namely the monoid homomorphism. Supporting asmall number of operators is highly desirable, sin
e the more bulk operations analgebra supports, the more transformation rules it needs and, therefore, the harderthe optimization task be
omes.Our framework is based on monoid homomorphisms, whi
h were �rst introdu
edas an e�e
tive way to 
apture database queries by Breazu-Tannen et al. [1991,1992℄ and Breazu-Tannen and Subrahmanyam [1991℄. Their form of monoid ho-momorphism (also 
alled stru
tural re
ursion over the union presentation | SRU)is more expressive than ours. Operations of the SRU form, though, require thevalidation of the asso
iativity, 
ommutativity, and idempoten
e properties of themonoid asso
iated with the output of this operation. These properties are hard to
he
k by a 
ompiler [Breazu-Tannen and Subrahmanyam 1991℄, whi
h makes theSRU operation impra
ti
al. They �rst re
ognized that there are some spe
ial 
aseswhere these 
onditions are automati
ally satis�ed, su
h as for the ext(f) operation(whi
h is equivalent to hom[�;�℄(f) for a 
olle
tion monoid �). In our view, SRUis too expressive, sin
e in
onsistent programs 
annot always be dete
ted in that



46 � L. Fegaras and D. Maierform. Moreover, the SRU operator 
an 
apture non-polynomial operations, su
has the powerset, whi
h 
ompli
ate query optimization. In fa
t, to our knowledge,there is no normalization algorithm for SRU forms in general (i.e., SRU forms 
an-not be put in 
anoni
al form). On the other hand, ext(f) is not expressive enough,sin
e it does not 
apture operations that involve di�erent 
olle
tion types and it
annot express predi
ates and aggregates. Our monoid 
omprehensions is the mostexpressive subset of SRU proposed so far, in whi
h in
onsisten
ies 
an always bedete
ted at 
ompile time, and, more importantly, where all programs 
an be put in
anoni
al form.Monad 
omprehensions were �rst introdu
ed by Wadler [1990℄ as a generalizationof list 
omprehensions. Monoid 
omprehensions are related to monad 
omprehen-sions but they are 
onsiderably more expressive. In parti
ular, monoid 
omprehen-sions 
an mix inputs from di�erent 
olle
tion types and may return output of adi�erent type. This mixing is not possible for monad 
omprehensions, sin
e theyrestri
t the inputs and the output of a 
omprehension to be of the same type.Monad 
omprehensions were �rst proposed as a 
onvenient database language byTrinder, Chan, and Wadler [Trinder and Wadler 1989; Trinder 1991; Chan andTrinder 1994℄, who also presented many algebrai
 transformations over these formsas well as methods for 
onverting 
omprehensions into joins. The monad 
ompre-hension syntax was also adopted by Buneman et al. [1994℄ as an alternative syntaxto monoid homomorphisms. The 
omprehension syntax was used for 
apturing op-erations that involve 
olle
tions of the same type, while stru
tural re
ursion wasused for expressing the rest of the operations (su
h as 
onverting one 
olle
tiontype to another, predi
ates, and aggregates).In an earlier work [Fegaras 1993℄, we used an alternative representation for lists,
alled the insert-representation, to 
onstru
t list values. This method is 
ommonlyused in fun
tional programming, mainly be
ause it uses two 
onstru
tors only,
ons and nil, to 
onstru
t list values, instead of using three: append, singleton,and nil. We have found that the append-representation is superior to the insert-representation when it 
omes to adding extra properties to the append 
onstru
tor,su
h as 
ommutativity and idempoten
e, to de�ne bags and sets.Our normalization algorithm is in
uen
ed by Wong's work on normalization ofmonad 
omprehensions [Wong 1993; Wong 1994℄. He presented some very power-ful rules for 
attening nested 
omprehensions into 
anoni
al 
omprehension formswhose generators are over simple paths. These 
anoni
al forms are equivalent toour 
anoni
al forms for monoid 
omprehensions. His work, though, does not ad-dress query unnesting for 
omplex queries (in whi
h the embedded query is part ofthe predi
ate or the 
omprehension head), whi
h 
annot be unnested without usingouter-joins and grouping.There is an in
reasing number of re
ent proposals on OODB query optimization.Some of them are fo
used on handling nested 
olle
tions [Ozsoyoglu and Wang1992; Colby 1989℄, others on 
onverting path expressions into joins [Kemper andMoerkotte 1990; Cluet and Delobel 1992℄, others on unnesting nested queries [Cluetand Moerkotte 1995b; Cluet and Moerkotte 1995a℄, while others are fo
used onhandling en
apsulation and methods [Daniels et al. 1991℄.Query de
orrelation was �rst introdu
ed in the 
ontext of relational queries [Kim1982; Ganski and Wong 1987; Muralikrishna 1992℄, mostly in the form of sour
e-
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tive Cal
ulus � 47to-sour
e transformations. There is a number of proposals lately that, instead ofrewriting 
orrelated queries into more eÆ
ient queries or algebrai
 forms, proposenew evaluation algorithms that perform better than the default nested loop eval-uation of embedded queries. Examples of su
h methods in
lude magi
 de
orrela-tion [Mumi
k et al. 1990℄, whi
h promotes predi
ates in the inner loop of the nestedloop evaluation of 
orrelated queries, and predi
ate move around [Levy et al. 1994℄,whi
h moves predi
ates around the query graph. Our de
orrelation algorithm notonly moves predi
ates to the right pla
e, it also intermixes operators between outerand inner queries, thus supporting more possibilities for join permutations, whi
hmay lead to better plans.Our query unnesting algorithm is in
uen
ed by the work of Cluet and Moerkotte[1995a, 1995b℄, whi
h 
overed many 
ases of nesting in OODBs, in
luding nestedaggregate queries, and, more importantly, validated all the transformations. Theirwork was extended by Claussen et al. [1997℄ to in
lude universal quanti�
ation.Our work proposes a rewriting system for 
omplete unnesting, while their work
onsiders algebrai
 equalities for some forms of unnesting.The work of Lin and Ozsoyoglu [1996℄ addresses nested queries in a di�erentway. Nested OQL queries in their approa
h are �rst translated into generalizedpath expressions that have enough expressive power to 
apture outer-joins andgrouping. This translation may be very ineÆ
ient at the beginning due to a largenumber of redundant joins, but an optimization phase exists where path expressionsare translated into joins and redundan
ies are eliminated. No proof was providedthough to show that their two-phase unnesting method avoids redundan
ies in allforms and generates the same quality of plans as those of other unnesting te
hniques.Furthermore, no proof was given about the 
orre
tness and 
ompleteness of theirmethod. We believe though that when these issues are addressed properly, theirte
hnique may turn out to be very e�e
tive and pra
ti
al.Another approa
h to query unnesting that has the same goals as ours is thatof Chernia
k and Zdonik [1998a, 1998b℄. In 
ontrast to our approa
h, they used anautomati
 theorem prover to prove the soundness of their unnesting rewrite rules,while we proved our transformations by hand. Their work, though, is a moderategeneralization of Kim's query unnesting te
hniques for relational queries, while ours
overs all forms of query nesting for 
omplex OODB queries. The use of a theoremprover is highly desirable for extensible systems, sin
e it makes the query optimizervery 
exible. In parti
ular, with the help of a theorem prover, an optimizer doesnot require validation in a form of a formal proof ea
h time a new algebrai
 operatoror a new rewrite rule is introdu
ed.11. CURRENT AND FUTURE WORKEven though the basi
 framework for query unnesting has already been developed,there are some issues that we are planning to address in future resear
h. The mostimportant one is query unnesting in the presen
e of methods. The problem is notin handling a method invo
ation that 
ontains a query in one of its arguments;this 
ase 
an be handled e�e
tively by our unnesting framework. Instead, theproblem is when the method body itself 
ontains queries. There are a number ofproposals for handling this 
ase. One is breaking the en
apsulation and unfoldingthe method body in the pla
e of the 
all. This approa
h does not apply to re
ursive



48 � L. Fegaras and D. Maiermethods and does not support separate 
ompilation very well, sin
e it requires queryre
ompilation when a method 
hanges. Another approa
h is atta
hing user-de�nedoptimization rules to every 
lass or method, whi
h requires a substantial e�ortfrom programmers. Yet another approa
h is 
onsidering a method as a view andmaterializing it into a table (known as memoization in programming languages).We are planning to investigate all these approa
hes more thoroughly and 
hooseone that best �ts our unnesting algorithm.We are 
urrently developing a formal framework for optimizing obje
t-orientedqueries in the presen
e of side e�e
ts [Fegaras 1999a℄. These queries may 
ontainobje
t updates at any pla
e and in any form. We have proposed a language exten-sion to the monoid 
omprehension 
al
ulus to express these obje
t-oriented featuresand we have given a formal meaning to these extensions. Our method is based ondenotational semanti
s, whi
h is often used to give a formal meaning to imperativeprogramming languages. The semanti
s of our language extensions is expressed interms of our monoid 
al
ulus, without the need of any fundamental 
hange to ourbasi
 framework. Our initial results suggest that our method not only maintainsreferential transparen
y, whi
h allows us to do meaningful query optimization, butit is also pra
ti
al for optimizing OODB queries sin
e it allows the same optimiza-tion te
hniques applied to regular queries to be used with minimal 
hanges forOODB queries.12. CONCLUSIONWe have presented a uniform 
al
ulus based on 
omprehensions that 
aptures manyadvan
ed features found in modern obje
t-oriented and obje
t-relational query lan-guages. We showed that this 
al
ulus is easy to manipulate by presenting a nor-malization algorithms that unnests many forms of nested 
omprehensions. Themain 
ontribution of this paper is the presentation of an e�e
tive framework foroptimizing OODB queries. Queries in our framework are �rst translated into 
om-prehensions and then into a lower-level algebra that re
e
ts many relational DBMSphysi
al algorithms. The algorithm that translates the 
al
ulus into the algebraperforms query de
orrelation by unnesting any form of nested 
omprehensions. Fi-nally, we reported on an implementation of an ODMG-based DBMS based on ouroptimization framework.REFERENCESBee
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al report IRCS Report 94-09.APPENDIXA. PROOFS OF THEOREMSTheorem 3. The normalization rules in Figure 4 are meaning preserving.Proof: We will prove the 
orre
tness of Rule (N8) only, sin
e it is the most diÆ
ultrule to prove; there are similar proofs for the other rules. Even though the proof ofRule (N8) assumes the 
orre
tness of the other rules, there is no 
ir
ularity sin
e theother rules 
an be proved without a referen
e to Rule (N8). We de�ne F�[[q℄℄ [[e℄℄,where q is a sequen
e of quali�ers and e is a term in the 
al
ulus, as follows:F�[[ ℄℄ [[e℄℄ = e (F1)F�[[x u; q℄℄ [[e℄℄ = hom[
;�℄(�x:F�[[q℄℄ [[e℄℄)u (F2)F�[[pred; q℄℄ [[e℄℄ = if pred then F�[[q℄℄ [[e℄℄ else Z� (F3)where 
 in Equation (F2) is the 
olle
tion monoid asso
iated with u. Note that Fis not a fun
tion over values but a fun
tion over terms in the 
al
ulus. It gets asequen
e of quali�ers and a term as input and returns a term as output. It 
an beeasily proved using these equations and De�nition 3 that�f e [℄ q; r g = F�[[q℄℄ [[�f e [℄ r g℄℄ (W1)



52 � L. Fegaras and D. MaierFirst, we will prove that�f e [℄ v 
f e0 [℄ r g; sg = �f e [℄ r; v � e0; sg (W2)using indu
tion over the number of generators in r and using stru
tural indu
tionover the domain of the �rst generator in r. If r does not 
ontain any generator (i.e.,it 
ontains only predi
ates), then the equation above is true. If the �rst quali�er ofr is a predi
ate, then we 
an move the predi
ate at the end of r. Let r = w u; t,where t has n generators. We assume that Equation (W2) is true for a n generatorsin r (indu
tion hypothesis), and we will prove it for r (indu
tion step). Let u be a
olle
tion asso
iated with the monoid �. Then u is Z�, or it is U�(a) for some a,or it is X � Y for some X and Y . If u = Z�, then both sides of the equation areequal to Z�. If u = U�(a), then�f e [℄ v 
f e0 [℄w U�(a); tg; sg = �f e [℄ v 
f e0 [℄w � a; tg; sg= �f e [℄ v 
f e0[a=w℄ [℄ t[a=w℄g; sg= �f e [℄ t[a=w℄; v � e0[a=w℄; sg= �f e [℄w U�(a); t; v � e0; sgfrom Rule (N6), from Rule (N1), and from the indu
tion hypothesis (assuming thatthere are no name 
on
i
ts between variables). We assume that the Equation (W2)is true for X and Y and we will prove it for u = X � Y :�f e [℄ v 
f e0 [℄w (X � Y ); tg; sg= �f e [℄ v (
f e0 [℄w X; tg)
 (
f e0 [℄w X; tg); sg= (�f e [℄ v 
f e0 [℄w X; tg; sg)� (�f e [℄ v 
f e0 [℄w Y; tg; sg)= (�f e [℄w X; t; v � e0; sg)� (�f e [℄w Y; t; v � e0; sg)= �f e [℄w (X � Y ); t; v � e0; sgfrom Rule (N7), and from indu
tion hypothesis. Therefore, the left part of Rule (N8)be
omes �f e [℄ q; v 
f e0 [℄ r g; sg = F�[[q℄℄ [[�f e [℄ v 
f e0 [℄ r g; sg℄℄= F�[[q℄℄ [[�f e [℄ r; v � e0; sg℄℄= �f e [℄ q; r; v � e0; sgfrom Equation (W2). �Theorem 7. The rules in Figure 10 satisfy the following equations:[[�f e [℄ r g℄℄()w E = �f e [℄w E; r g (TH2)[[�f e [℄ r g℄℄uw E = f (u0;�f e [℄w E; w8u 6= null; u0 := u; r g)[℄u0 Q�w:u(E)g for u 6= () (TH3)Proof. Noti
e that, for u = w, we have w8u = (), and Q�w:w(E) = E, in whi
h
ase Equation (TH3) be
omes:[[�f e [℄ r g℄℄ww E = f (w;�f e [℄ r g) [℄w E g (TH4)sin
e w in the inner 
omprehension is restri
ted to be equal to u0 in the outer
omprehension, and, a

ording to Property (P1), the generator w E of the inner
omprehension 
an be safely removed.
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tive Cal
ulus � 53We will prove the Equations (TH2) through (TH4) using stru
tural indu
tion.That is, assuming that all the subterms of a term satisfy the theorem (indu
tionhypothesis), we will prove that a term itself satis�es the theorem (indu
tion step).The indu
tion basis is for the terms that do not 
ontain subterms. All rules inFigure 10 are 
ompositional, whi
h means that the translation of a term is expressedin terms of the translation of its subterms. Thus, the stru
tural indu
tion willfollow the re
ursion pattern of the rules in Figure 10. We will prove the theoremsfor Rules (C5), (C6), (C8), (C9), and (C11). The proofs for the other rules aresimilar.Proof for Rule (C5):[[�f e [℄ pg℄℄()w E = ��=�w:e�w:p (E) from Rule (C5)= �f e [℄w E; pg from Equation (O4)whi
h proves Theorem (TH2). Proof for Rule (C6):[[�f e [℄ v X; r; pg℄℄()w E= [[�f e [℄ r; p[(w; v)℄g℄℄()(w;v) (E ./�(w;v):p[(w;v)℄(��v:p[v℄(X)))= �f e [℄ (w; v) (E ./�(w;v):p[(w;v)℄(��v:p[v℄(X))); r; p[(w; v)℄g= �f e [℄ (w; v) f (w; v) [℄w E; v f v [℄ v X; p[v℄g; p[(w; v)℄g; r; p[(w; v)℄g= �f e [℄w E; v X; p[v℄; p[(w; v)℄; r; p[(w; v)℄g= �f e [℄w E; v X; r; pgfrom Rule (C6), from indu
tion hypothesis (TH2), from Eqs (O2) and (O1), andby using normalization. This proves Theorem (TH2). Proof for Rule (C8):[[�f e [℄ pg℄℄uw E = ��=�w:e=�w:u�w:p=�w:w8u (E)= f (u[v=w℄;�f e [℄w E; w8u 6= null; u[v=w℄ := u; pg) [℄ v Q�w:u(E)g= f (u0;�f e [℄w E; w8u 6= null; u0 := u; pg) [℄u0 Q�w:u(E)g(from Rule (C8) and from Equation (O7)), whi
h proves Theorem (TH3). Prooffor Rule (C9):[[�f e [℄ v X; r; pg℄℄uw E= [[�f e [℄ r; p[(w; v)℄g℄℄u(w;v) (E =./�(w;v):p[(w;v)℄(��v:p[v℄(X)))= f (u0;�f e [℄ (w; v) (E =./�(w;v):p[(w;v)℄(��v:p[v℄(X))); (w; v)8u 6= null; u0 := u;r; p[(w; v)℄g) [℄u0 Q�(w;v):u(E =./�(w;v):p[(w;v)℄(��v:p[v℄(X)))gfrom Rule (C9) and from indu
tion hypothesis (TH3). From Equations (O5)and (O2) and after normalization, we get:E =./�(w;v):p[(w;v)℄(��v:p[v℄(X)) = f (w; v) [℄w E; v F gwhere F = if f̂:p[(w; v℄) [℄w 6= null; v X; p[v℄g then [null℄ elsef v [℄ v X; p[v℄; p[(w; v)℄g. Thus, Q�(w;v):u(E =./�(w;v):p[(w;v)℄(��v:p[v℄(X))) isequal to Q�(w;v):u(f (w; v) [℄w E; v F g), whi
h is equal to Q�w:u(E), a

ord-



54 � L. Fegaras and D. Maiering to Property (P2). Therefore, we have:[[�f e [℄ v X; r; pg℄℄uw E= f (u0;�f e [℄ (w; v) f (w; v) [℄w E; v F g; v 6= null; w8u 6= null; u0 := u; r;p[(w; v)℄g) [℄u0 Q�w:u(E)g= f (u0;�f e [℄w E; v F; v 6= null; w8u 6= null; u0 := u; r; p[(w; v)℄g)[℄u0 Q�w:u(E)g= f (u0;�f e [℄w E; v f v [℄ v X; p[v℄; p[(w; v)℄g; w8u 6= null; u0 := u; r;p[(w; v)℄g) [℄u0 Q�w:u(E)g= f (u0;�f e [℄w E; v X; p[v℄; p[(w; v)℄; w8u 6= null; u0 := u; r; p[(w; v)℄g)[℄u0 Q�w:u(E)g= f (u0;�f e [℄w E; v X; w8u 6= null; u0 := u; r; pg) [℄u0 Q�w:u(E)gsin
e v 6= null. Thus we have a proof of Rule (C9). For Rule (C11), we have two
ases; when u = ():[[�f e1 [℄ s; p(
f e2 [℄ r g)g℄℄()w E= [[�f e1 [℄ s; p(v)g℄℄()(w;v) ([[
f e2 [℄ r g℄℄ww E)= �f e1 [℄ (w; v) ([[
f e2 [℄ r g℄℄ww E); s; p(v)g= �f e1 [℄ (w; v) f (w;
f e2 [℄ r g) [℄w E g; s; p(v)g= �f e1 [℄w E; s; p(
f e2 [℄ r g)g(from Rule (C11), from hypotheses (TH2) and (TH4), and by using normalization)and when u 6= ():[[�f e1 [℄ s; p(
f e2 [℄ r g)g℄℄uw E= [[�f e1 [℄ s; p(v)g℄℄u(w;v) ([[
f e2 [℄ r g℄℄ww E)= f (u0;�f e1 [℄ (w; v) ([[
f e2 [℄ r g℄℄ww E); (w; v)8u 6= null; u0 := u; s; p(v)g)[℄u0 Q�(w;v):u([[
f e2 [℄ r g℄℄ww E)g= f (u0;�f e1 [℄ (w; v) (f (w;
f e2 [℄ r g) [℄w E g); (w; v)8u 6= null; u0 := u; s; p(v)g)[℄u0 Q�(w;v):u(f (w;
f e2 [℄ r g) [℄w E g)g= f (u0;�f e1 [℄ (w; v) (f (w;
f e2 [℄ r g) [℄w E g); (w; v)8u 6= null; u0 := u; s; p(v)g)[℄u0 Q�w:u(E)g= f (u0;�f e1 [℄w E; w8u 6= null; u0 := u; s; p(
f e2 [℄ r g)g)[℄u0 Q�w:u(E)gfrom Rule (C11), from indu
tion hypotheses (TH3) and (TH4), from property (P2),and by using normalization.Corollary 1. The rules in Figure 10 are meaning preserving. That is:[[�f e [℄ r g℄℄()() f()g = �f e [℄ r gProof. This 
orollary is a 
onsequen
e of Eq. (TH2) of Theorem 7 (for w = ()and E = f()g).


